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ABSTRACT  

SI process consist of three steps; structure selection, parameter estimation, model validation. This paper compared 

method of Particle Swarm Optimization (PSO) and Linear Least Squares solution methods (LLS) (Normal Equation (NE), 

QR decomposition (QR) and Singular Value Decomposition (SVD)) for parameter estimation using polynomial NARMAX 

models. The comparison was tested on Flexible Robot Arm (FRA) dataset. Our analysis suggests that the PSO algorithm is 

comparable to other established algorithms for LLS parameter estimation in terms of model fit accuracy and information 

criteria (Akaike Information Criterion (AIC), Final Prediction Error (FPE) and Model Descriptor Length (MDL)). 

Additionally, the PSO algorithm was found to slightly improve the correlation tests relative to other LLS tested algorithms. 
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INTRODUCTION  

System Identification (SI) is a control 

engineering discipline that develops the mathematical 

model to represent the characteristics of physical model 

[1], [2]. The purpose of identification can be classified in 

several categorized such as to design and implement the 

model [2], [3], to analyse the properties of the model [4] 

and to plan or monitor the engineering projects [5]. 

Usually, SI is popular in process industries to obtain the 

better knowledge for improved the control system. 

However, the application is not limited on industries field 

only, but it has been used in science [6], marine nature and 

society [7], financial aspects [8] and numerous different 

fields. 

The SI can be divided into two types, linear and 

nonlinear model however in real life, all systems are in 

nonlinear form [2]. Many models exist for modelling 

nonlinear system. Among them is the NARMAX model. 

NARMAX is a good for modelling nonlinear system 

because it is efficient, accurate, powerful, and unified 

representations [2], [10]–[12]. There are three important 

steps in NARMAX and its derivatives identification [1]. 

First is structure selection. It is performed to detect the 

hidden structure of a dataset. Then, followed by parameter 

estimation to enhance the target function where it is 

involving the difference between the identified model and 

the actual dataset. Finally, the model was validated by 

using model fit tests and correlation test to ensure the 

accuracy of model fit and to confirm the whiteness of 

residuals in the model developed. 

This research focused on parameter estimation 

part and thus validate for NARMAX model. The structure 

selection part of this experiment was referred to the result 

based on [2]. There are many approaches used for 

parameter estimation stage such as least squares method 

[13]–[17], SVM [8][18], RBF [19], and BPSO [2], RPSO 

[12]. Among them, Least squares solution are the most 

popular technique. 

The solution of LLS problem is very important in 

many fields of applied mathematics [20], such as signal 

processing [21], biomedical engineering [22], 

communication and others. Typically, the parameter 

estimation step is performed using various types LLS 

estimation algorithms because of the excellent 

characteristics where it is stable and efficient in terms of 

numerical computation [23]–[25]. However, this method 

facing a problem where the data have strong outliers 

because of the squaring effect [26]. Several established 

algorithms exist to solve LLS [24], [25]; namely Normal 

Equation, QR Decomposition and Singular Value 

Decomposition. 

In this work, we choose the three establish 

method of LS to compare with another popular technique 

which is PSO. The PSO have been chosen as a method to 

compare because of it is stochastic optimization technique 

in optimization and its ability to perform in 

multidimensional data conditions. PSO is highly efficient 

and powerful algorithm. It is simplicity, stable and the 

speed and convergence are better than other evolutionary 

population-based methods [27]–[29]. Additionally, it 

required less memory when compiled and implemented. 

Both method will be compared in parameter estimation 

NARMAX model process to find the best solution using 

FRA dataset. 

This paper is organized as follows: Literature 

review and some theoretical background are presented in 

Section II and III, respectively. This is followed by the 

methodology (Section IV), results and discussions 

(Section V) and conclusions (Section VI). 

 

LITERATURE REVIEW  

Linear Least Squares (LLS) is a derivative based 

algorithm derived by minimizes the squares of errors as a 

cost function to get the linear relationship between input 

and output [1], [2]. Least squares usually used in 

estimation part, to estimate the unknown parameter value 

and also frequently used in the fitting function to find a 

linear relationship between variable [3], [4]. 

In modelling process LLS is used to fit a model 

to the data by lessening the sum of the squared deviations 
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between the data and the model. The LLS method always 

been chosen in the modelling process because it is a 

simple method, effective and stable [1], [5]. 

However, LLS suffering from high sensitivity to 

outlier [3] effect where the squaring will change the 

magnitude of differences will become  bigger. For 

example, the difference between 30 and 10 is equal to 20 

but the difference between 302 and 102 is equal to 800. 

Additionally, in the literature on [6], LLS method (QR 

Decomposition) was performed in parameter estimation 

part. However, the  works found a problem of LLS where 

this method is dependent on the condition of the regressor 

matrix where it is  highly susceptible to ill-conditioning of 

the matrix and whether it is underdetermined. 

Recently, PSO has received increased interest 

from the researcher. This technique has shown great 

promise in SI field [7]–[11]. It is an evolutionary 

population based optimization. It used the concept from 

swarming behaviours based from the flocks of birds [12], 

[13]. A set of agent is called particle. These particles tend 

to be first initialized at random positions, subsequently 

move within the problem space guided by their individual 

velocities and positions [14], [13], [15]. The search 

process is iteration-based. As a result, the search process is 

repeated until the best solution is found [14], [13], [15]. 

PSO has been chosen to compare with the LLS 

solution in this work because it is simple [24] because it 

has only one operator which is velocity equation thus 

make it easy to translate into programming code. Thus, it 

required less memory when compiled and implemented 

make it less expensive in term of computationally. 

There are several previous works shown the 

successful application of PSO to solve the LS problems. In 

a study conducted by [9], the paper performed PSO and 

LS method was used to estimate the inertia parameters of 

Staubli RX-60 robot and it was shown that PSO is 

outperform than LS in torque performance estimation.  

In paper [8], a comparative study on PSO and 

Orthogonal Least Squares (OLS) for solving NARX 

parameter estimation of a DC motor shows  the positive 

results. The comparison between PSO and OLS was made 

on DC motor NARX model. They found that the PSO is 

comparable to OLS in solving the LS parameter estimation 

posed in the NARX model. 

However, both of the research are limited into 

one method of least squares for solving SI problems in 

parameter estimation part. Paper [9] used Normal 

Equation to solve the LS problem while [8] used QR 

factorization for solving LS in parameter estimation part. 

Thus, this study will cover all of the method 

solution of LLS (NE, QR, and SVD)  and PSO to solve  

the least squares problem. Then the result will be 

compared to find which method gives the best solution for 

solving least squares for system identification using 

NARMAX model. 

 

 

 

 

THEORITICAL BACKGROUND 

 

System identification and NARMAX 

SI can be defined as a LLS problem: 
 

     (1) 
 

Where:- 

𝛲 is  regressor matrix; 𝜃 is  

coefficient vector; 𝑦 is  vector of actual 

observations; 𝜀 is white noise residuals. 

NARMAX model is nonlinear autoregressive 

moving average model with exogenous inputs where it is 

good for modelling non linear system because 

approximate nonlinear systems better as the nonlinearities 

are embedded into the model [6]. It is efficient and 

accurate [16], [6], [17]–[19]. NARMAX model output is 

dependent on its past inputs, outputs and residual. 

NARMAX equation is shown in Equation. (2). 

 

   (2) 

 

where   is the nonlinear function for estimated 

model,  are lagged output 

terms,  are 

lagged input terms. is the input signal time delay and 

normally the value is 1, except when u  is required for 

identification.   

 

Parameter estimation 

This part is a process to estimate unknown the 

parameter value of the system. Two main methods used in 

this work; LLS and PSO. LLS can be divided into three 

common techniques [4, 7, 15] which is a Normal Equation 

(NE), QR Factorization (QR) and Singular Value 

Decomposition (SVD). Based on Equation. (1), if 𝜀 is 

removed, the estimation problem becomes similar to the 

form of  (Equation. (3)): 
 

      (4) 
 

All three have different level computational load 

and precision, the generally normal equation being the 

least precise with obvious computational advantages, SVD 

is the slowest and most precise, while QR decomposition 

provides a good balance between the two. After the 

coefficient vector, , has been estimated, the model  is 

compared with the outputs of the original system, , to 

produce the residuals, . 

 

Normal equation 

NE solves LLS problem [15] by transforming the 

rectangular matrix A into triangular form [7]. See 

Equation. (5) and Equation. (6). 
 

     (5) 
 

      (6) 
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This method is good to use when the matrix is 

well-conditioned since it is faster [20]. 

 

QR factorization 

There are several methods can be used to 

compute the QR decomposition: Gram-Schmidt, 

Householder transform, and using Givens rotations. When 

applied to the Least Squares Problem Equation. (3), 

becomes equivalent to Equation. (7). The decomposition 

process is shown in Equation. (7) to Equation. (9): 
 

         (7) 
 

        (8) 
 

        (9) 
 

Where:-  

 R  is upper triangular, n × n; Q is m×n columns 

of Q are orthogonal. 

 

Singular value decomposition (SVD) 

Singular value decomposition (SVD) is a 

decomposition of matrix that used orthogonal 

transformations into a diagonal system [21]. The theorem 

is presented in Equation. (10) to Equation. (12). 
 

     (10) 

 

       (11)  

 

  =     (12)  

  

SVD  is widely used because [21], [20] it gives 

the most accurate result   because it is numerically stable 

and this method can handle rank deficiency. 

 

Particle swarm optimization (PSO) 

The Particle Swarm Optimization (PSO) 

optimization algorithm was invented by [13] based on 

observation on the organizational behaviour of swarming 

animals. The vanilla PSO algorithm searches for the 

solution based on three major steps [14]: 

1. Initialization of particle positions 

2. Velocity update of particles 

3. Position update of particles 

The basic formula of PSO can be described as: 

 

  (13) 

 

 

      (14) 
 

Where : 
 

 

     

With  

 =   

  

 

  is  constriction factor; is the self-confidence 

constant; The swarm confidence constant; and 

 are distributed random number between 0 and 1; 

is best solution found by the particle ;  Best 

solution found by the swarm;   = Particle position; 

= Particle velocity. 

Thus, this study will cover all of the method 

solution of LLS (NE, QR, and SVD)  and PSO to solve  

the least squares problem. Then the result will be 

compared to find which method gives the best solution for 

solving least squares for system identification using 

NARMAX model. 

 

METHODOLOGY 

 

Hardware description 

All experiments were performed in MATLAB 

r2014a installed in a computer with the following 

specifications: 64-bit Microsoft Windows operating 

system with an installed RAM of 8.0GB and an i5-4200M 

CPU 2.5GHz processor.  Due to the nature of the platform, 

all numerical computation is limited to 64-bit precision.  

 

Dataset description 

The FRA dataset [22][6] is a nonlinear SISO 

system. It is described by the acceleration of a flexible 

robot arm in response to its reaction torque input. The 

FRA dataset consists 1,024 data points and has been used 

by [22] as a benchmark for comparing seven different of 

identification algorithms. The dataset is freely available on 

the internet as part of the Differential Algebra for 

Identifiability of Systems (DAISY) test suite [23]. The 

model order of this system has been stated as four [6][22]. 

 

Experiment flow 

 

Structure selection 

The structure selection part has been done in [6]. 

This experiment used the model structured based on the 

result in [6]. There are five terms for NARX model and 9 

terms for MA part have been selected. The NARX terms 

are . For 

MA terms are , , , 

, , , 

,  and 

. 

 

Parameter estimation 

This part divided into three parts as well as 

NARMAX model is recursive in nature, it has three stages 

which are NARX, MA and NARMAX (the combination of 

NARX and MA). Four methods were used to estimate the 

parameter 𝜃; NE, QR, SVD and PSO. This parameter 

value 𝜃, next will be used to find the fitness and MSE for 
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the model developed. There are some parameters need to 

be set in PSO algorithm. Table 1 shows the details the 

parameter settings used for PSO. The experiments in this 

section have done by performing optimization under 

various combinations of parameters swarm size, maximum 

iterations and several random seeds.  

 

Table-1. Parameter value for PSO. 
 

 
 

The particle dimension was determined  based on  

the number of terms to optimize [16], [8]. In  this 

experiment the terms to be optimized are referred to the 

structure selection experiment done by [6]. The swarm 

size was measured with 10, 20, 30, 40, and 50 particles. 

The test was limited to 50 particles because based on 

literature works [17], [18][24] increasing the number of 

particles beyond this limit might lead to extend the 

computational time without any noticeable reduction in the 

fitness function perform. The velocity value Vmax and Vmin 

are set to control the maximum movement of the particles 

during each iteration [18] thus its avoid searching in 

unfeasible regions [6], [8]. Based on literature in [25], 

Vmax is set into 10-20% of the dynamic range for each 

variable dimension. However, in this works, the value of 

Vmax is tested in range 10 to 50 and the best value used as 

in estimation process.  and  is a minimum and 

maximum range of  for all particles. Usually, the range of 

and   is a value of Vmax. However, in this works, 

we found that the best fitness achieve when the value set 

to    equals to Vmax. Next, the function of seed is to 

ensure the same set of random number are generated for 

every execution of the optimization [6]. Lastly, the 

criterion AIC, FPE and MDL used in this works to 

evaluate the fitness in terms of model fit and the 

complexity of the model. 

 

  

Model validation 

The last part is to check the validity of the model. 

Two types of test will be used: fitting test and correlation 

test.  

Fitting test was used to measure the best model fit 

magnitude. It can be tested using three methods which are 

One-Step-Ahead prediction (OSA), Mean Squared Error 

(MSE) and R-squared analysis. OSA used previous data to 

predict the future value of the ability of the model while 

MSE and R-squared used to indicate the model fit. 

  Next, to confirm the whiteness of residuals, the 

correlation test and histogram plot used. The number of 

Correlation Violations (CRV) was counted based on 

correlation point outside the 95% confidence limit. The 

correlation tests used were [26]: 

 

    (15) 
 

  (16) 
 

    (17) 
 

  (18) 
 

       (19) 
 

Histogram analysis present the distribution of the 

residuals. The bell-shaped distribution results indicate the 

exhibit of the white noise is exist because the white noise 

signal is a random signal[16], [6]. 

 

RESULTS AND DISSCUSSION 

NARX (PSO and LLS) 

This section presented the NARX results for NE, 

QR, SVD and PSO. The identification results show the 

same value and achievement for all the three methods of 

LLS. Thus, it produced the same equation and figure out 

in the same figure for this three method. The NARX 

model developed is written as follows. Equation (20) refer 

to LLS while Equation. (21) refer to PSO algorithm. 

 

 (20) 

 

 (21) 

 

The results summarized in Table-2. As can be 

seen from the results, all four method used indicated very 

good and comparable results in terms of  model fit, fitness 

and MSE value. High R2  value exhibited  supported with 

low MSE value for residuals. However, the correlation 

violations results indicated that the are many correlation 

cooficients were out form the confidence limits. Due to the 

recursive nature of the models, this model will go through 

MA part in the next section and this may improve the 

NARX results.  
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Table-2. Validation Summary LLS and PSO - FRA NAR 

Models. 
 

 
 

FRA MA (LLS and PSO) 

In this section, the prediction error of NARX is 

used as additional input for MA stage. The results of LLS 

and PSO identification for MA part presents in Equation. 

(22) and (23). 

 

     (22) 
 

(23) 

 
Table-3 shows the summary of identification 

results for MA stage. The R-squared results show model 

fit of LLS for training and testing set was very good for all 

method tested. Furthermore, the low MSE value indicate 

that the residual were sufficiently small. In this stage, the 

correlation results improve very well with the decreasing 

numbers of CRV’s. Overall, all the four method tested 

shows similar results. The combination of FRA NARX 

and FRA MA will be presented in the next section to 

create a better NARMAX representation. 

 

 

 

Table-3. Validation Summary LLS and PSO - FRA MA 

Models. 
 

 
 

NARMAX (LLS and PSO) 

This section presents the results of identification 

NARMAX model. All three LLS method showed similar 

results as well as it can be written in the same equation. 

Equation. (24) shows the identified NARMAX model 

using NE, QR and SVD and Equation. (25) is the 

identified model using PSO algorithm. 

 

(24) 
 

(25) 

 

Based on the R-squared results in Table-4, all 

four method used shows the model is well-fitted with the 

R-squared value near to 100%. Compared to the NARX 

model, the NARMAX model improve the MSE , fitness 

and model fit of the model which can be proved with R2 

near to 100%. This is supported a small MSE of residuals 

for all four method tested. The low CRV’s coefficient 

value show the small violation presents in this model. 

Therefore, all four model tested considered valid and 

acceptable for FRA NARMAX model. 
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Overall, all for method tested yielded similar 

results. However, in term of correlation and fitness PSO 

algorithm is outperform than NE, QR and SVD. The more 

correlation violation presents in LLS method because of 

the squaring effect of NE, QR and SVD.  

In identification of real-life system, not all of the 

dynamics in the real system can be modelled fully as there 

are elements in the real system that are not fully 

understood. However, the effect of un-modeled dynamics 

can be minimized by choosing suitable parameters for 

identification and recursive introduction of residuals to 

help improve the model. Based on our experiments, the 

optimal parameters were obtained from the description of 

the dataset provider [22], [23], thus this has been 

addressed and the correlation violations minimized based 

on the available information on the system.  

The results suggest that PSO’s swarm-based 

searching method and numerical-based methods (NE, QR 

and SVD) are quite similar with minor improvements in 

correlation violations and MSE values. Therefore, it can 

be concluded that both methods can achieve superior 

performance for the FRA problem. However, in cases 

where the regressor matrix is ill-conditioned, the PSO 

algorithm may achieve significant advantage compared to 

the numerical methods as the search process is stochastic 

in nature and independent of problems present in the 

regressors. However, this is beyond the scope of this paper 

and will be the objective of our future studies. 

 

Table-4. Validation summary LLS and PSO - FRA 

NARMAX models. 
 

 
 

CONCLUSIONS 

The comparison of PSO and least squres solution 

(NE,QR,SVD) for parameter estimation using NARMAX  

model was succesfully made. The MA part leads to a 

better prediction compared to NARX model. The 

comparison made found that the LLS method have more 

correlation bias compared to PSO method. Based on the 

results, PSO is less sensitive to outliers compared to LLS 

method. In this experiment, it can be conclude that PSO 

method is the best way in solving parameter estimation of 

FRA NARMAX model compared to another three method 

approach (established least squares solution, NE, QR and 

SVD) for NARMAX parameter estimation using FRA 

dataset because it is less bias than LLS method. PSO can 

be another method in solving parameter estimation posed 

in NARMAX model. 
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