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ABSTRACT

In the petroleum literature, non-Darcy flow is assumed to be a near wellbore phenomenon; consequently a gas
reservoir could be divided into Darcy’s flow domain and non-Darcy’s flow domain. Assume only radial flow occurs in the
near wellbore non-Darcy’s flow domain, and assume the radius of this domain is integer multiple of wellbore radius, Lu et
al. (2011) proposed binomial deliverability equations for partially penetrating vertical gas wells and horizontal gas wells.
By solving a set of simultaneous equations with respect to non-Darcy’s flow domain r,, and flow rate at standard conditions
Oy, this paper presents new binomial deliverability equations for horizontal gas wells, which can account for the
advantages of horizontal gas wells where non-Darcy effect is less pronounced than that in vertical gas wells. The
calculation results show that non-Darcy flow domain radius is smaller than 15 times wellbore radius, which further proves
turbulent effect only occurs in the vicinity of wellbore. The calculation results also show that the production rate loss of
horizontal wells caused by the turbulent flow is small.

Keywords: non-darcy flow, productivity, reservoir area, stabilization.

1. INTRODUCTION

Borisov (1964) firstly studied the performance of
a horizontal well and how it produced differently from the
vertical well. The equation Borisov derived makes the
horizontal well perform like an infinite-acting fracture.
Joshi (1986) developed an equation for horizontal well
productivity through dividing the 3-D model into two 2-D
mathematic problems. Babu (1989) developed a horizontal
well performance equation for semi-steady state flow and
a uniform flux assumption at the wellbore instead of
infinite conductivity. This equation is the first to attempt
to deal with a changing wellbore pressure, by using the
uniform flux assumption, i.e. constant influx rate. Lu
(2001) proposed productivity formulae for horizontal
wells based on the average potential and the point
convergence pressure. As opposed to Joshi’s productivity
equation which is obtained from a simplified two-
dimensional model, Lu’s equations are derived from a
three dimensional solution of the Laplace equation. Lu
(2003) proposed productivity formulae for horizontal
wells in steady state with circular cylinder drainage
volume. Lu concluded that if the drainage volume is a
circular cylinder with gas cap or bottom water, the fluid
from the top or bottom boundary flows into a horizontal
well approximately vertically. Gas cap drive or bottom
water drive is the main drive mechanism. Even if there is
edge water drive, it has little influence on the well flow
rate. Escobar and Montealegre-M (2008) provided a
solution for estimation the productivity index in horizontal
wells and they proved to provide better results than
Joshi’s. Lu et al. (2010) pointed out that if the drainage
volume is a circular cylinder without a gas cap or bottom
water, the top and bottom boundaries are impermeable and
only edge water drive is available, and the circular
cylinder radius plays an important role in well
productivity.

The so-called non-Darcy flow effect in a gas
reservoir has been associated with high gas flow rates. The
non-Darcy flow in porous media occurs if the flow
velocity becomes large enough so that Darcy's law for
pressure gradient is no longer sufficient. To describe the
nonlinear flow situation, a quadratic term was included by
Forchheimer to generalize the flow Equation (Lee and
Wattenbarge, 1996):

d—ljzﬁwﬂpv2
dr K 1)

where P is pressure, r is radial distance, £ is gas density, S
is gas turbulence factor, Vvis flow velocity, x4 is gas
viscosity, and K is permeability. Equation (1) is based on
the assumption that only radial flow occurs in the near
wellbore non-Darcy’s flow domain.

Define pseudo pressure as below (Lee and
Wattenbarge, 1996):

rp P
Y(P)=2 j  —dP

o UZ 2)
where P, is a reference pressure, z is gas deviation factor,

v is pseudo pressure. Consequently, pseudo pressure
gradient is expressed as follows (Lu et al., 2011):

a¥y 2P\ u ’
- = — v+
dr (,uzj(l(v ppv j

and gas formation volume factor is (Guo and Ghalambor,
2005) :

3
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where T is reservoir temperature, P,. and T are pressure
and temperature at standard conditions, respectively. Gas
density can be calculated by (Guo and Ghalambor, 2005):

 28.97y,P

Yol

ZRT (5)
where v, is gas specific gravity, R is gas universal
constant, R =8.314J / (mol.K) .

In a radial flow domain, the flow velocity at a
distance r from the center of a circular drainage area is
given by (Lu et al., 2011):

V= Q — BEQM‘ _ PSL‘TZQSC

A A PT.QarL)

(6)

where A is cylinder lateral area, Q is gas flow rate at
reservoir conditions, Lp is well producing length, Q. is
well flow rate at standard conditions. Substituting
Equations (5) and (6) in Equation (3), we obtain (Lu et al.,
2011):

d¥ _ PTO, 28.978y,P2TQ..
= 2 272 2
dr 7T . KL,r 27 uRT_ L r )

As shown in Figure-1, assume only radial flow
occurs in the near wellbore non-Darcy’s flow domain, and
assume non-Darcy’s flow domain is a circular cylinder
with height L, and radius r,, there holds (Lu ez al., 2011):

an _Tw = PSCTQSC 11’1 i +
zT, KLP r,

28.97 By P.TQ;. 11 (8)
27° uRT.L, r, T,

where W, is pseudo pressure at the outer boundary of non-

Darcy’s flow domain, W, is pseudopressure at wellbore.
Cook (1973) defined the Reynolds number as
below:

vpKl/Z

R = 9
eynolds 15 120ﬂ¢3/2 ( )

Darcy flow domain

Radial flow

. . Nan-Darcy g G
‘ flow domain 2 ¥ ¥

‘ g ——p o -
AANR

Figure-1. Schematic of non-darcy flow domain and darcy
flow domain.

Cook (1973) defined the Reynolds number as
below:

vpK”z

R . =—t—
eynolds 3/2
15120

where R,yqs is the Reynolds number, v is the fluid
velocity (m/d); K is permeability (um?); p is fluid density
(g/cm3 ); u is fluid viscosity (mPa.s); ¢ is porosity.

If using field units, Equation (9) should be
written as:

1.014x10*vpK"?
R nolds =
eynolds ¢3/2
# (10)

where v is the fluid velocity (ft/d); K is permeability (mD);
p is fluid density (Ibm/ft’); u is fluid viscosity (cp); ¢ is
porosity.

If the non-Darcy flow domain is a circular
cylinder with height L and radius r, , the fluid velocity on
the lateral surface of the circular cylinder can be expressed
as:

> 10
Q

N
t~

r,

1)

where Q is the production rate, A is the lateral area. In
field units, Equation (11) can be expressed as below:

- 159154.940

nL (12)

Substitute Equation (12) into Equation (10), the
Reynolds number can be written as:

1.614x107° QpK"?
eynolds = L}';“U¢3/2

(13)
where @ is the production rate (MMscf/d), K is

permeability (mD); p is fluid density (Ibm/ft’); u is fluid
viscosity (cp); ¢ is porosity. L is the length of the circular
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cylinder (ft); r, is the radius of non-Darcy flow circular
cylinder (ft).

By solving a set of simultaneous equations with
respect to non-Darcy’s flow domain r, and flow rate at
standard conditions Q. this paper presents new binomial
deliverability equations for horizontal gas wells, which
can account for the advantages of horizontal gas wells
where non-Darcy effect is less pronounced than that in
vertical gas wells.

2. EQUATIONS AND SOLUTIONS
Figure-2 shows the schematic of a circular
cylinder reservoir model. In this paper, well model,
reservoir model, reservoir initial condition and boundary
conditions are the same as those given in Lu et al. (2011).
For a point sink at (x’, 0, z’) on the horizontal
wellbore, there holds,

) 0 0
o) on) e o (ov)= (14)
A0)  (a-)5(3)5(z-2)

where ¢* is point sink mass flow rate, SI unit for g* is
kg/s, p is density, SI unit for p is kg/m3. Note that,

PM
p_Z%T

L _Kop  Koop Ko
Yuax’ Y u oy’ u 0z

P[P
veaf][ e
15)

Define average permeability as below:

K, =(KKK) =K K"

(16)
and define the following dimensionless parameters:

1/2 1/2
() e
k) L K, |

(17)

12
e
P L)\ K,

Kt _KML(VY,-V¥)
¢/’lctL2; ’ 2gRT (18)

Consequently, Equation (14) is changed to,

‘P&N
Z=H
H
—————
—>
L
Z=0

Figure-2. Schematic of a horizontal well in a circular
cylinder reservoir.

oY, oY, oY,

ox; oy, oz, (19)
o¥ , ,

5 b —5(xD —xD)5(yD)5(zD —ZD)

Ip

In steady state,

Y, N 'Y, N oY,

8)612) 6ylz) 522 (20)

—é(xD —x'l))ﬁ(yD)(?(zD—z'D)

Case 1: The lateral boundary pressure is constant,
P,=P, the top and bottom boundaries are impermeable, we
have,

\PD Ip=r,p = eD = \P[D (21)
oY oY
o) ZTp| 0 22)
Oz, '™ Oz, '
bl —q. D =0
"o=lep zp=Hp

r z 03

¥, ZD:OZlPeD =¥, (24)

Solving the diffusivity equation of a horizontal
gas well in a circular cylinder drainage volume with
impermeable top and bottom boundaries, and constant
lateral boundary, we obtain (Lu, 2003):

A AL
P 3zH, 3zH

25(a)

where
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L 4L H H 25(b)
R (4R+LC) 1 (R 1) 1, (R
+—%1In —— |+—In| % —— |——In| —*
L 4R, -L ) 4 \L" 16) 2 L

From Equation (25a), Oy, can be solved,

37 KHT, AY
S (26)
Q. 2TP A
In the Darcy flow domain:
2TP_A
\P _ \P _ sc Qsc (27)

© " 3zKHT,

If there exists non-Darcy’s flow area near
wellbore, combine Equation (27) and Equation (8), we
obtain:

\Pe _\Pn = % 28(a)
37KHT,,

where:

a= —P‘“‘T In In +—2TP“"H 28(b)
7KLT, r, 37 KHT,,
28.97 8y, P’T

b= ﬂ7g2xc2 L 28(0)
28 WRT.L (1, o,

M=|In 2R +1|— SH In| 4sin 7z, sin|
L 4L H H )| 28(d)
R (4RP+L) 1 (R' 1) 1 (R
+—¢In| —¢—— |+-In| = —— |-=In| —=
r \4rRR-r') 4 (L' 16) 2 \L

For Case 1, the binomial deliverability equation
in field units can be expressed as below:

gy | 1420, (1) 09MsTIL| )
KL KH

g (29
4.48x107" _ygT —1 ——1 o8
ul’ r,or)

If there does not exist non-Darcy flow near the
wellbore, the deliverability equation for Case 1 is:

_ 1.059KHAY (30)

O TA

For Case 2, the binomial deliverability equation
in field units is expressed as below:

1.422T . (r,
In| =+ |+
KL B

1.185T{In[4H / (zr,)]+In tan[(#Z,) / (2H)]}
KL

+aag0x0| 2L L L5
ul \r, n )"

If there does not exist non-Darcy flow near the
wellbore, the deliverability equation for Case 2 is:

O 0. (B

0.847KLAY

= (32)
T{In[4H / (7)1} +In tan[(zZ, )/ (2H)]

0,

3. SENSITIVITY ANALYSIS

The deliverability equations (considering non-
Darcy flow near the wellbore) for the above two cases can
be expressed in the following form:

Y, -V, =aQ, +bQ. (33)

Coefficients a and b are actually functions of r, ,
a and b can be expressed as: a = fir,), b = F(r,).
Consequently, there holds:

¥, -, =)0, +Fr)Q;, (34)

If there is non-Darcy flow domain near the
wellbore, there exists the following relationship between
rpand Qg

e _1614x107°0 oK™

eynolds Lr;“u¢3/2 (35)

where R,y,omas 18 the critical Reynolds number which is
between 0.2-0.3. If all the other factors are known except
for Q. and r,, from Equation (35), we know that r, is a
function of Q,,., and the relationship between Q. and r, can
be expressed as follows:

r=y(0.) (36)

If we combine Equation (36) and Equation (34),
we can obtain the following set of simultaneous equations:

Y, =Y, =f()0,+ F(’;'z)Qrzc (37)
rn,=y(0Q,)

in which only Q,. and r, are unknown. If all the other
factors are given, Q, and r, can be calculated with
Matlab® codes.

Using the hypothetical data in Table-1 and the
method of solving the set of simultaneous equations
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mentioned above, the following figures give the non-
Darcy radius r,, the production rate considering non-Darcy
flow Qsc-non-Darcy, and the ratio of Qsc-n(m-Darcy/ Qsc-Durcy with
various values of payzone thickness H and different values
of permeability K and horizontal well length L.

175 === (QsC-non-Darcy - 0,75
170
165 - 0,70
169 - 0,65
% 0@
175 - 0,5%
10 - 0,43
1 -0,
- 0,85
110 - 0B
105
100 - 08
95 T T T T T T T T T 0,@
75, 125.175 225 275 325 375 425 475525 O
orizon als\ﬁellglz_ength, L (?t) z

Figure-3. The effects of L on QOsc.non-parcy and r, (Case 1).

Table-1. Given Gas Reservoir/Well Data.

r, (ft) 0.25 B (1/ft) 2x10°
T (°R) 590 K (mD) 20
r, (ft) 3000 Ve 0.65
(cp) 0.02 | AY (MMpsi‘/cp) | 2.55x10°
P,, (psi) 500 P; (psi) 2200
Z, (ft) 25 z 0.9
Pgc (psi) 14.7 Tse (°R) 520

3.1. Effects of horizontal well length

Figure-3 shows the effect of horizontal well
length L on the non-Darcy radius r, and the production
rate Qgcnon-parey When all the other factors stay constant,
and the reservoir is with impermeple top and bottom
boundaries.

From Figure-3, the production rate Qsc.non-parcy 18
an increasing function of the horizontal well length L. The
non-Darcy flow radius r, decreases with the horizontal
well length L increasing. r, decreases approximately 3
times as the well length L increases from 100 ft to 500 ft.
From Equation (12), when L increases, fluid velocity v
decreases, which introduces smaller 7,

Figure-4 shows the effect of horizontal well
length L on the ratio of Qsc-non-Darcy/Qsc-Darcy when all the
other factors stay constant. Also, From Figure-4, it is
noticed that as the horizontal well length L increases, the
ratio of QOsc.pon-Darcy 10 Qsc-parey als0 increases from 96.75%
to 99.75%. As shown in Figure-3, the non-Darcy flow
radius r, decreases when L increases, which means the
turbulent effect in the vicinity of the wellbore doesn’t get
more serious with L increasing. The increment of the ratio
of Qscnon-Darcy 10 Qsc-parcy €an be attributed to the fact that

the negative effect of turbulent flow on the production rate
is offset by the positive effect of the increasing well
length.

100,00%
99,75%

,50%
,25%
,00%

96,50%

75 Hotizontak\Welkhengihok 4(8)s2s

Figure-4. The effects of L on Qsc.non-parey/ Ose-parcy (Case 1).
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1850 - 0,95
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115@- - 0,80
11 ; ; ; ; ; ; ; ; 0,75

15 25 35 45 55 65 75 85 95 105

Figure-5. The effects of H on Qgc.non-parcy and 1, (Case 2).

3.2. Effects of payzone thickness, H

Figure-5 shows the effect of payzone thickness H
on the non-Darcy radius r, and the production rate Q.o
parey When all the other factors stay constant, and the
reservoir is with impermeable top boundary, and with
bottom water drive.

From Figure-5, it is noticed that the production
rate Qycnon-parcy 15 @ decreasing function of the pay zone
thickness H. The driving force is from bottom water, when
the pseudo-pressure difference is fixed, the big H will
introduce long distance between bottom water and
wellbore, and will further introduce small pressure
gradient and descending flow rate  QOscnon-parcy.
Consequently, the flow velocity decreases, which means
the turbulent effect weakens with increasing H. Then non-
Darcy flow radius also decreases as the pay zone thickness
increases. The non-Darcy radius ranges from 1.1 ft to 0.8
ft, approximately 4.4 times r,, to 3.2 times 7,,.
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Figure-6. The effects of H on Oscnon-Darey! se-parcy
(Case 2).

Figure-6 shows the effect of payzone thickness H
on the ratio of Qycon-parey/Qse-parey When all the other
factors stay constant. From Figure-6, it is noticed that as
the payzone thickness H increases, the ratio of Qgc.non-Darcy
t0 Qsc-parcy also increases from 93.8% to 96.1%. As is
shown in Figure-5, the non-Darcy flow radius r, decreases
when H increases from 20 ft to 100 ft, which means the
turbulent effect in the vicinity of the wellbore weakens
with H increasing. The increment of the ratio of Qgc.on-
parcy 10 Oseparey can be attributed to the fact that the
negative effect of turbulent flow on the production rate
weakens with increasing pay zone thickness H.

3.3. Effects of permeability K

Figure-7 shows the effect of permeability K on
the non-Darcy radius 7, and the production rate  Qqcnon-
parcy When all the other factors stay constant, and the
reservoir is with impermeable top boundary, and with
bottom water drive.

From Figure-7, it is noticed that the Qjc..on-parcy 15
an increasing function of the permeability K, when K
increases from 20 mD to 100 mD, the QOsc.on-Darcy iNCreases
from 125 MMsct/D to 582 MMsct/D. When K increases,
turbulent flow becomes more pronounced, consequently
the non-Darcy flow radius increases from 0.9 ft to 9.2 ft
(approximately 3.6 times 7, to 37 times r,,). Compared to
payzone thickness H and horizontal well length L, the non-
Darcy flow radius 7, ;; more sensitive to permeability K.

Figure-8 shows the effect of permeablitity K on
the ratio of Qsc.non-parcy/Osc-Darey When all the other factors
stay constant. From Figure-8, it is noticed that the ratio of
Osc-non-parcy 0 Qse-parey 18 a decreasing function of the
permeability K. When K increases from 20 mD to 100
mD, the ratio of Qsc.uon-narey 10 Qye-parey decreases from
95.2% to 88.2%. The decrease of the ratio is because when
permeability K increases, the negative effect of turbulent
flow on production rate becomes more pronounced, which
will cause an increasing difference between Oscon-Darcy

and Qsc-Darcy-

=4==0Qsc-Non-Darcy === Non-Darcy Radlys10

o fft)

Non-Darcy
Y3sla

3Q9 :
2 33
2 sz
150

100 T T T T T T T T T 0

15 25 35 45 55 65 75 85 95 105

Figure-7. The effects of K on Qgcnon-parcy and 1, (Case 2).

95,5% -
9%5% -
2]
@5% .
925%,
@5%
9@5% :
%9),5% -
§d5% -

87,5% T T T T T T T T 1

15 25 35 45 55 65 75 85 95 105
Permeability, K (mD)

Figure-8. The effects of K on Qsc.non-barey/Qsc-Darcy
(Case 2).

4. COMPARISON BETWEEN HORIZONTAL
WELLS AND VERTICAL WELLS

Using the data in Table-1 and assuming the open
interval of a vertical well to be 25 ft, the sensitivity
analysis of the permeability K is conducted for both the
vertical well and the horizontal well in a cylindrical
drainage volume with bottom water.

Figure-9 shows the effect of permeability K on
the production rate Qqc.on-narey When all the other factors
stay constant. Note that the producing length of the
horizontal well is 100 ft which is 4 times of the producing
length of the vertical well.

From Figure-9, it is observed that when K
increases from 20 mD to 100 mD, Qscnon-parcy Of the
vertical well increases 3 times (from 50 MMscf/D to 150
MMscf/D), meanwhile Qyc.non-parcy Of the horizontal well
increases 4.6 times (from 125 MMscf/D to 575 MMsct/D).
Thus, the non-Darcy negative effect on production rate for
the vertical well is more pronounced than that for
horizontal well. It is concluded that the bigger the
permeability is, the more obvious advantage the horizontal
well has over the vertical well in terms of Qsc.non-Darcy.
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==¢==Qsc-non-Darcy (vertical well)

== Qsc-non-Darcy (Horizontal well)

=)

C 5

S»

gE

o= et

n X T

oo T T T T T T T T 1
E 15 25 35 45 55 65 75 85 95 105
(m]

Permeability, K (mD)

Figure-9. The effects of K on Osc.non-parcy of Vertical Well
and Horizontal Well.
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Figure-10. The effects of K on Qsc.non-parcy! Osc-Darey OF
Vertical Well and Horizontal Well.

Figure-10 shows the effect of permeablitity K on
the ratio of Qjc.non-Darcy/Ose-parcy When all the other factors
stay constant. When K increases from 20 mD to 100 mD,
Osc-non-Darey/ Ose-parey decreases from 95% to 87.5% for the
horizontal well, meanwhile Qgc.non-parcy/Qsec-parey decreases
from 50% to 30% for the vertical well.  QOscnon-Darcy/Qse-
parcy for the horizontal well is much higher than the
vertical well, which means the negative effect on
production rate caused by the turbulent flow for the
vertical well is more pronounced. The reason for this
phenomenon is the producing length of the vertical well is
much smaller than that of the horizontal well, so even
though the total production rate of the vertical well is low,
the production rate of per unit length of the vertical well is
still higher than that of the horizontal well, in other words,
the fluid speed around the vertical wellbore is high, which
causes a more pronounced non-Darcy effect.

CONCLUSIONS
Based on this study, the following conclusions
are reached:

a) By the method of solving a set of simultaneous
equations, the radius of non-Darcy’s flow domain of a
horizontal gas well can be calculated.

b) From sensitivity analysis, mostly the radius of non-

Darcy’s flow domain is smaller than 15 times r,,
which further proves turbulent flow only occurs in the
vicinity of a horizontal well.

c) Of all the factors causing turbulent flow, permeability
K is the most important one.

d) From the ratio of Qs on-Darey/ Qsc-parcy Of a horizontal
gas well, it is concluded that the production rate loss
caused by the turbulent effect is usually no more than
15%.

e) As opposed to vertical wells, of which the production
rate loss caused by the turbulent effect is usually up to
more than 50% of QOs.pary, horizontal wells have a
good capability of resisting the negative effect of
turbulent flow.

Table-2. Units conversion factors.

Field units SI units
bbl *0.1589873 m
cp*0.001 Pa-s
J1¥0.3048 m
psi*6894.7259 Pa
day/86400 s
B gas turbulence factor, 1/m
¢ porosity, fraction
U gas viscosity, Pa.s
p gas density, kg/m’
Yg gas specific gravity
A a function defined by Equation (25-b)
Il a function defined by Equation (28-d)
Q drainage domain
Y pseudo pressure, Pa/s
Nomenclature
A cylinder lateral area, m?
B, gas formation volume factor, Rm’ / Sm’
H pay zone thickness, m
K formation effective permeability, m’
L drilled well length, m
L, producing well length, m
L, z coordinate of the beginning wellbore point
on producing well length, m
L, z coordinate of the end wellbore point
on producing well length, m
P pressure, Pascal
(0] gas flow rate at reservoir condition, Rm’/s
Oy gas flow rate at standard condition, Sm’/s
Reynolds Reynolds number
R gas universal constant, J/mol.kelvin
T wellbore radius, m
7, non-Darcy flow domain radius, m
R, circular cylinder drainage radius, m
S skin factor
v flow velocity, m/s
T gas temperature, Kelvin
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Z gas deviation factor, dimensionless.
Z, horizontal well location in vertical direction, m
e external
i initial
n non-Darcy
p producing
sc standard condition
w well
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