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ABSTRACT 

Flow inside pipes is extended applicable in various industrial sectors, from power plants and food industries to oil 

and gas companies and petrochemical procedures. In most of the cases corrosion and energy losses problems are 

mentioned, which are difficult to be faced due to the lack of data or information concerning the flow visualization, 

simulation and estimation especially at fluid flows inside sharp 90
ο
pipes. In the present paper a flexible and accurate 

enough numerical approach is presented for Newtonian flows inside pipes with 90
ο
curvature. The flow in the pipe is 

assumed as incompressible, laminar and viscous while the numerical results will be presented for various Reynolds 

numbers. Priority will be given in crude oil flows, type of Arabian light, where appropriate schemes for the prediction of 

the crude oil properties are developed. Existing empirical correlations as well as corresponded results by the literature are 

used for the needs of numerical results validation. Various results are presented concerning the flow variables, the energy 

losses and the stresses giving emphasis at the elbow area. It seems that near the elbow exit the stresses are increased, while 

maximum values are appeared on the innerradius. Additionally as the Re value is increased, more deviations occur within 

the stream eventually, leading to recirculation regions occurring in the pipe just downstream of the 45
ο
section. Accurate 

interoperation of these deviations will show that the pressure and velocity of the fluid varies accordingly along the pipe. 
 
Keywords: pipe bend flow, incompressible flow, hybrid grid, numerical modeling. 
 

INTRODUCTION 

The numerical modelling and estimation of flows 

inside pipes is challenging and necessary for various 

industries according to the type of fluid and application. 

Useful results and information can be provided which can 

be used against pipes corrosion and erosion or for the 

optimization of pipes design and aspect ratio according to 

the type of fluid or the values of flow rates. However, the 

numerical model for industrial usage should not only be 

accurate but also simple, flexible and adjustable in order to 

serve the related needs. That is why we meet various 

computational approaches at the literature recently 

engaged with flows in pipes for various cases of geometry 

description or type of flow [1, 2]. Various types of pipes 

have been studied as the ones with T-junctions [3, 4] 

applying finite volume methodologies for single or multi 

flows or using the commercial software ANSYS [5]. For 

all the researchers and engineers is important to 

investigate specific regions in curved pipes or in particular 

non-straight pipes’ parts as at Louda’s [6] work for 
branched channels, Liu’s one [7] for grooved channels,  or 
Marn’s paper [8] for the laminar flow in a 90ο

  pipe bend. 

Wallini has presented an interesting numerical study for 

turbulent flows in compressible conditions [9]. Concerning 

flows inside pipes with elbows high interest presents the 

prediction or localization of corrosion and erosion where 

important numerical approaches are presented giving 

much information for the velocity and pressure 

distribution [10, 11]. Two phase flow have been also 

analyzed and solved (oil-water) providing very useful 

results especially for the oil and gas industries for the after 

refinery processes. [12, 13] 

 

Aim and objectives 

Based on our previous work, concerning 

development of various effective numerical schemes for 

pipeline industrial applications [14, 15, 16], we extend our 

research focusing on the numerical modeling and solution 

of flows inside pipes with 90
ο
 elbows. This numerical 

investigation and estimation provide useful results for 

pressure drops, energy losses or separation zones inside 

the flow fields. In this paper an extended investigation is 

presented concerning flows inside sharp 90
ο
curve pipes 

using uniform, un-uniform, hybrid and adaptive refined 

grids. We try to produce a simple and flexible scheme, 

easy to be applied in various industrial applications, 

although the mesh approach must be hybrid. The 

commercial software ANSYS will be used for the domain 

and equations discretization. Finite volume numerical 

schemes will be applied for the Navier -Stokes equations 

solution without facing in this cases any particular 

problem with the boundary conditions (velocity inlet and 

pressure outlet conditions will be applied). Energy losses, 

pressure coefficient estimation as well as the flow 

variables distribution will be specified and depicted while 

the differences with existing empirical correlations will be 

calculated and presented [8]. Additionally we will try to 

predict the location and the length of the separation zones, 

if these are developed according to the inlet velocity as 

well as the relationship between the inlet flow rate and the 

pipe diameter trying to provide the appropriate values and 

ratios in order to minimize the friction influence and the 

energy losses. Finally the pressure loss coefficient will be 

studied in order to investigate the relation among it and the 

average velocity of the pipe. 
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THEORETICAL ANALYSIS AND NUMERICAL 

METHODOLOGY 

The energy losses and the friction influence in a 

pipe bend have been extended studied experientially and 

various empirical formulas have been extracted. In order 

to study the flows in curve pipes the Dean number is 

defined as follows: 

 � = ��� √ ��                                                                 (1) 

 

where�  is the Dean number, �and  the density 

and the dynamic viscosity of the fluid respectively, � the 

velocity of the fluid,  the diameter of the pipe and �  the 

curvature radius. The Dean number is in fact a connection 

between the radius of the pipe and the curvature radius. 

Using this dimensionless number the following formula 

can be used in order to calculate the friction coefficient in 

curvature [8]: 

 �� = + . �                                                  (2) 

 

where  the friction coefficient in curvature, �the 

Fanning friction coefficient and �  the Dean number as 

stated above. The Fanning friction coefficient is calculated 

as follows:  

 � = 6�                                                                              (3) 

 

where Re is the Reynolds number.  

By this way, or using other similar correlations, 

empirical calculations can be achieved providing an 

approach concerning the related energy losses.  

 

Crude oil properties 

The computational approach which follows is 

applied but not limited to crude oil flows. Crude oil is 

complex composite that contains several components 

presenting high chemical reactions and thermal variations 

in many specific conditions. The crude oil depends on the 

geographical source, the chemical consistency and its 

composition is not stable. Many research works have been 

developed trying to calculate by various ways the flow 

properties of the crude oil according to the mixture, the 

temperature and various other conditions [17, 18, and 19]. 

As a result for this issue the American Petroleum Institute 

“API” has classified the different types of crude oil, the 
degree for measuring and classifying the crude oil is 

“API” which has its own formula. In order to classify the 

type of crude oil, the viscosity and “API” degree are 
important parameters although their specific calculation 

varies according to the methodology. However, we are 

interested in the crude oil that is coming from Saudi 

Arabia to the main line of Bahrain so the crude oil type is 

light and the API value of the Saudi Arabia - Arabian light 

according to the Energy Information Administration is 

34.2 while according to [19] the API value must be 

between 20 to 48 for Middle east crude oil. Choosing the 

Elsharkawy-Alikhan [17] methodology in order to 

calculate the viscosity, we apply the following formulas:  

 = � � −                                                      (4) 

 = � �                                                             (5) 

 = . − . ��� − . �            (6) 

 

where the dynamic viscosity can be predicted 

according to the operating constant temperature T. 

Following the above procedure we choose to use as 

properties values as these are presented below:  

Dynamic viscosity,  = .  k�/ m. �  

Kinematic viscosity, = . /  

Density,  � = .  k�/m  [20]. 

 

Assumptions 

In order to study the crude oil behavior using the 

above (4-6) equations, we apply the following 

assumptions:  

 

a. The fluid is Newtonian and incompressible 

b. The fluid presents constant chemical properties 

c. There is no temperature variation during the flow.  

d. There are no chemical reactions during the flow.  

 

Numerical methodology 

In order to produce the computational modeling 

for the aforementioned flow, FLUENT is used for all the 

steps of CFD procedure. Uniform and un-uniform hybrid 

grids have been applied in combination with control 

volume methods and implicit schemes.  

 

 
 

Figure-1. Pipe with elbow: geometry description. 
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We have calculated the above geometry when the 

diameter of the pipe is equal to the radius of the inner 

curvature. 

 

Mesh generation and geometry description 

The geometry of the pipe with certain 

characteristics is depicted at Figure-1. As it is stated at the 

Figure below two types of lengths have been defined ��  

before the elbow and �� after it. By the other hand, ��  

and ��  are the internal and external radius of the elbow 

respectively. We have calculated the above geometry 

when the diameter of the pipe is equal to the radius of the 

inner curvature. The specific dimensions are presented at 

table 1 as it can be seen below: 

 

Table-1. Dimensions of the physical geometry. 
 

Symbol (m) 

Diameter 0.7620 ��   � �, �  �  4.0000 � Internal radius of curvature 0.7620 � External radius of curvature 1.4960 ��  � �, � � �  5.0000 

 

The type of mesh is used for this design, it is a 

hybrid mesh. Although according to our previous research 

[21, 22], the Cartesian grid generation approach is more 

simple and flexible, it this work we prefer the hybrid grid 

application as a first approach, paying more attention to 

the maximum shear stresses localization. In our near future 

research he Cartesian grids methodology will be 

developed for the specific flow. 

Since this is a 90
ο
 pipe bend design, there will be 

α x-channel followed by a bend and finally leading into a 

straight pipe (y-channel). For the x and y-channels a 

Cartesian mesh, which is easily developed for linear 

components, has been generated, while the bend will be 

covered by a body fitted mesh which has been set as an 

adaptive type regarding the curvature (Figures 2 and 3). 

Moreover, whenever the geometry of the bend is updated, 

the mesh will also be updated and optimized by the 

software.  

 

 

 

 

 

 

 
 

Figure-2. Edge sizing of the two groups; group (A) is of 

the pipe's linear components and the bend, while group 

(B) is the inlet and the outlet. The divisions have been 

clustered at the bend to insure accurate results. 

 

The elements of the mesh have been scaled using 

the edge sizing option in the software. Using this feature 

the components have been split into the linear components 

(x and y-channels) and the pipe bend into one group, while 

the inlet and outlet in a separate group. 

 

Table-2. Mesh data. 
 

Mesh specifications 

Group (A): the x and y-channels 

and the pipe bend 
350 divisions 

Group (B): the inlet and the 

outlet 
30 divisions 

Number of elements or cells 31500 cells 

Number of nodes 65162 

 

 
 

Figure-3. The used Hybrid grid.The vertical and 

horizontal pipe section contains a Cartesian mesh 

while the pipe bend contains a body-fitted mesh. 

 

Governing equations 

The governing equations are the Navier – Stokes, 

as you can see below, which in combination with the mass 
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conservation equation (continuity) provide the desired 

flow domain solution:  

Mass conservation:  

 

��� + � �� + � �� + � �� =                                         (7) 

 

Momentum equations: 

 � �� + � � 2� + � �� + � �� = − ��� + � ������ + ���� + ����                                                                                         (8) 

  � �� + � �� + � � 2� + � �� = − ��� + � ����� + ��� + ���                                                                                         (9) 

 � �� + � �� + � �� + � � 2� = − ��� + � ����� + ��� + ���                                                                                      (10) 

 

Where ρ is the density, t the time, u, w and v the 

velocity components, x,y,z the Cartesian coordinates, Re 

the Reynolds number, p the pressure and τ the shear 

stresses. Our modeling is 2D, for laminar, incompressible, 

viscous and steady flows. Consequently the above 

equations are transformed accordingly to the flow 

conditions as well as the initial conditions provide the 

desired flow characteristics. The flow solver is the 

SIMPLE applying a second order upwind scheme for the 

spatial discretization. The under relaxation factors are 

chosen between 0.3 to 0.7 in order to provide better 

stability to our final numerical solution [5, 20].   

 

Table-3. Boundary conditions. 
 

Inlet 

Inlet conditions giving the 

value  of the velocity: 

0,0, 




x

p
wuu ref

 

Outlet 

Outlet conditions where 

pressure is given: 

0,0,0 



 p
y

w
u  

Upper bound 

Wall conditions: 

0,0 




y

p
wu  

Lower bound 

Wall conditions: 

0,0 




y

p
wu  

 

 

 

 

Boundary conditions 

The appropriate choice of the boundary 

conditions in every numerical approach is fundamental 

and determinative for the accuracy precedence of the 

results [23, 24].  

In order to develop the computational calculation 

of the flow fields the appropriate boundary conditions 

have been set according to the geometry of the physical 

bound (Figure-1). At the inlet conditions, the velocity 

profile is given while at the outlet of the pipe Neumman 

conditions have been applied for the velocity and Dirichlet 

for the pressure. Along the wall of the pipe, no-slip 

conditions have been set in order to provide the zero value 

for the velocity. The boundary conditions can be seen at 

the table. The appropriate lengths (�� �  ��) have been 

set to the appropriate values in order the fully developed 

flow to be created before and after the bend. Its worth to 

be mentioned that these lengths are depended on the 

Reynolds number values. 

 

RESULTS 

As we have already mentioned the 

incompressible flow inside the 90
ο
 bend pipe will be 

presented. The calculations have been achieved for three 

different values of Reynolds number, 100, 750 and 1500 

where the related inlet velocities as well as some more 

computational data concerning the flow characteristics are 

presented at Table-4.  

The properties of the fluid have been already 

been described above; while the mesh which has been 

applied is hybrid according to the physical domain 

demands (Figure-3). For all the various test cases that we 

have performed, the mass flow rate is concerned as the 

difference inlet and outlet of the pipe is always less than × −6.  

 

Table-4. Inlet velocity values. 
 

Re 

number 
Velocity (m/s) De 

Velocity max 

(m/s) 

Mass flow rate 

(kg/s) 

100 .  70.7100 0.00455 2.0000 

750 0.022800 530.330 0.03100 14.976 

1500 0.045670 1060.66 0.05800 29.998 
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Figure-4. (a) Velocity contour where it has been focused 

on the bend. (b) The three different locations were lines 

have been set for to generate velocity profiles; the 

lines are set before, along and after the bend. 

 

We present the velocity contours close to the 

bend for the three different cases of Reynolds number 

trying to depict the flow distribution variations. At Figure-

4 the velocity distribution along the bend is presented 

when the Reynolds number has been set equal to 100 

while at Figure-5 the pressure distribution along the pipe.  

The fluid enters with a maximum velocity of 

0.003045 m/s. The velocity contour shows a color scheme 

ranging from 0.0028-0.0031 m/s, in accordance to the inlet 

velocity. Some interesting results are presented through 

the pressure distribution along the bend. The outer 

curvature of the bend shows a high concentration of 

pressure reaching 0.011 Pa, while the inner curvature has a 

low pressure of 0.0042 Pa. According to the relationship 

pressure - velocity the distribution of the results seems 

reasonable and acceptable.  

At Figure-6 comparisons between the velocities 

distribution along the pipe is presented for two different 

Reynolds numbers, 750 and 1500. The contours show that 

with the increase of the Re value and in turn the velocity, 

the fluid flows with a higher fluid inside the pipes causing 

it to deviate after the bend. This is present in the contour 

showing the results for Re 750. At Re 1500 the stream 

develops a region at which recirculation occurs. These are 

the point where the flow is separated by the wall and 

maximum shear stress is expected. It cannot be said 

precisely, but we believe that in such locations, corrosion 

is more possible to happen.  

 

 
 

Figure-5. Pressure distribution along the pipe. Re=100. 

 

 
(a)                                              (b) 

 

Figure-6. Velocity contours for (a) Re=750 and 

(b) Re=1500. 

 

 
 

Figure-7. Velocity profiles before the fluid enters the 

bend. Re=100, 750, 1500. 
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Figure-8. Velocity profiles along the bend.  Re=100, 

750, 1500. 

 

 
 

Figure-9. Velocity profiles while the fluid exits the bend.  

Re=100, 750, 1500. 

 

Interesting distribution is appeared at the Figures 

7, 8 and 9 where the velocity profiles before, along and 

after the bend is presented for three different values of 

Reynolds numbers. The influence of the Reynolds number 

is significant, not only to the velocity maximum values, 

which is reasonable, but also at the variation of the flow 

along the pipe close to the bend section. That is why, as 

we can see at Figure-6, a brief separation zone is appear 

close to the inner wall of the pipe when the Reynolds 

number is equal to 1500. Through the various test cases 

that we have developed, we have found that the separation 

zone starts clearly to be developed after Reynolds number 

equal to 1000, while even a little bit earlier 

(800<Re<1000) a disorder to flow is visible. Through 

these results the exact location and the expanse of the 

separation zones can be predicted as well as useful results 

for the pipe flow control and maintenance systems.  

 

CONCLUSIONS 

The numerical analysis and estimation was 

conducted for a crude oil flow through a 90
o
 pipe bend. 

The analysis has been conducted on three different Re 

values (100, 750 and 1500) which in turn impacted the 

inlet velocity of the fluid (0.003045, 0.0228 and 0.4567 

m/s). The properties of crude oil that went into the 

simulation were determined using a correlation linking the 

density, dynamic and kinematic viscosity of different 

grades of crude oil, while the Arabian light one has been 

chosen with API equal to 32.8 native to the Middle East 

oil product. A hybrid mesh was generated for the physical 

domain discretization due to the nature of the bounds. The 

final results collected from the numerical analysis showed 

that irregularities arise in the stream as the Re value is 

increased. With Re 750 a deviation in the stream occurs 

after the bend, while at Re 1500 recirculation regions 

occur after the bend. The certain location of the separation 

flow points has been depicted and it seems that in this 

region, maximum shear stresses are expected. It cannot be 

said precisely, but we believe that in such locations, 

corrosion is more possible to happen. However through 

the results it seems that corrosion cannot normally be 

expected at the outer radius of the pipe as the maximum 

stresses seem to be developed only close to the inner pipe 

bound after the bend. The data can also be used to 

conform between pumping stations and oil refineries to 

detect any changes in the flow of crude oil inside of bend 

in pipes. Future research will be done considering higher 

Reynolds numbers with parallel introduction of a turbulent 

model.  
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