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ABSTRACT 

An easy to implement FEM based collocation method is proposed to solve a special case eighth order boundary 

value problem. By the proposed method, numerical results canbe obtained not only for the solution but also for derivatives 

of the solution. Ninth degree B-splines are used as basis functions to approximate the solution. These functions are 

changed into a set of new functions with the help of boundary conditions. The proposed method with the new set of B-

splines gives a stable system of linear equation in the unknown parameters which are used to approximate the solution and 

its derivatives. To test the efficiency of the method, some numerical examples which are available in literature are solved 

using the proposed method. The obtained results are in good agreement with the exact solutions. 
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1. INTRODUCTION 

The existence of eighth order boundary value 

problems has been present in the literature. For one such, 

when an infinite horizontal layer of fluids is heated from 

below under the action of rotation, instability sets in. 

When the instability sets as an over convection, that leads 

to an eighth order boundary value problem [1]. In this 

paper a special case eighth order boundary value problem 

(BVP) of the type 

ሺ଼ሻݕ  + ݂ሺݔሻݕ = ݃ሺݔሻ ܽ ൑ ݔ  ൑ ሺܽሻݕ (1) ܾ  = ሺܽሻ′ݕ଴ܭ = ሺܽሻ′′ݕଵܭ = ሺܽሻ′′′ݕ     ଶܭ = ሺܾሻݕ ଷܭ = ሺܾሻ′ݕ଴ܮ = ሺܾሻ′′ݕଵܮ = ሺܾሻ′′′ݕ     ଶܮ =  ଷܮ

 

where ݂ሺݔሻ and ݃ሺݔሻ are continuous functions on [ܽ, ܾ] 
and ܭ଴, ܭଵ, ܭଶ, ܭଷ,  ܮ଴, ܮଵ, ܮଶ and ܮଷ are finite real 

constants, is considered. The existence and uniqueness of 

solution for this type problems discussed in the book 

written byAgarwal [2]. Solving this type of boundary 

value problems in analytical way is somewhat difficult and 

thus the necessity of using a numerical method is required 

to solve this type of problems.  

There are several authors who worked on this 

type of problems using various methods. Ghazala Akram 

and others [4] solved these type problems using the 

technique of reproducing kernel space. Varaitional 

iteration methods are used by [7], [9] and [12]. Galerkin 

method with different basis functions was applied to solve 

this type of problems by KasiViswanadham[6] and 

ShafiqulIslam[8]. Some other numerical techniques were 

implemented by the authors [5], [11] and [13]. The 

proposed method involves collocation method with an 

approximation to the solution as linear combination of 

ninth degree B-splines. The main goal of this paper is to 

present a simple and easy to implement numerical method 

which approximates not only the solution but also its 

derivatives of an eighth order boundary value problem. 

This paper is divided into seven sections. In the 

next section a brief introduction about B-splines and its 

nature at grid points has discussed. In section 3, 

collocation method for solving an eighth order boundary 

value problem has discussed. The stability of the method 

is presented in section 4. Numerical examples showing the 

efficiency of the method is presented in section 6. Finally 

the last section is dedicated to the conclusions. 

 

2. B-SPLINES 

B-splines are the basis functions for the space of 

spline functions. If we approximate a curve ݂ሺݔሻ by a 

ninth degree splinê݂ሺݔሻ, then ݂̂ሺݔሻ can be represented 

uniquely by a linear combination of B-spline functions. 

Usage of these functions is vast in many upcoming 

research areas viz approximation theory, image 

processing, computer graphics etc. 

A ninth degree B-spline �௜ሺݔሻ with arbitrarily 

spaced knots �௜−ହ, �௜−ସ, �௜−ଷ, …, �௜+ସ, �௜+ହ given in [10] is 

 �௜ሺݔሻ = ଵℎ9 {∑ ሺ−ͳሻ�(ଵ଴� )ሺ�௜+�−ହ − ሻ+ଽଵ଴�=଴ݔ , ifݔ ∈ [�௜−ହ, �௜+ହ]Ͳ, ifݔ ∈ ]�௜−ହ, �௜+ହ[(2) 

 

Where ሺ�� − ሻ+ଽݔ = ሺ�� − ��ሻଽ,forݔ ൒  ݔ 

=  0,for �� ൑  ݔ 

 

3. COLLOCATION METHOD 

To solve the eighth order special case BVP (1) by 

the collocation method, first consider a uniform grid of 

length ℎ with sufficient number of intervals ݊ ൒ ͳͲ over 

the domain of the problem. Let it be ܽ = �଴ < �ଵ < ⋯ < �� = ܾ 

Extending the grid points on both the sides of the 

domain with the same ℎ such that the grid points �−ଽ, �−଼, …, �−ଵ are on left side of the interval [ܽ, ܾ] and ��+ଵ, ��+ଶ, …, ��+ଽ are on right side of the interval [ܽ, ܾ]. With the 

extended grid system, the set {�−ସ, �−ଷ, … , ��+ସ}forms a 

basis for the space of all ninth degree spline curves over 

the interval [ܽ, ܾ] with the grid points �௜’s. 
The approximation for the required solution ݕሺݔሻ 

is defined as  
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ሻݔሺݕ ≈ ሻݔሺݕ̃ = ∑  �+ସ௝=−ସ �௝�௝ሺݔሻ                   (3) 

 

where �௝’s are the nodal parameters to be determined. 
Consider the approximation ̃ݕ of ݕ at the given 

boundary conditions. From the zeroth derivative boundary 

conditions, we get  

ሺ�଴ሻݕ̃  = ∑  ସ௝=−ସ �௝�௝ሺ�଴ሻ =  ଴                   (4)ܭ

ሺ��ሻݕ̃  = ∑  �+ସ௝=�−ସ �௝�௝ሺ��ሻ =  ଴                   (5)ܮ

 

Eliminating the parameters �−ସ, ��+ସ from the 

above two equations (4) and (5), we get  

ሻݔሺݕ̃  = ሻݔଵሺݓ + ∑  �+ଷ
௝=−ଷ �௝ϕjሺݔሻ 

where 

ሻݔଵሺݓ  = ଴�−ସሺ�଴ሻܭ �−ସሺݔሻ + ଴��+ସሺ��ሻܮ ��+ସሺݔሻ 
 

�௝ሺݔሻ = {  
  �௝ሺݔሻ − �௝ሺ�଴ሻ�−ସሺ�଴ሻ�−ସሺݔሻ, ݆ = −͵,… ,Ͷ�௝ሺݔሻ, ݆ = ͷ,͸,… , ݊ − ͷ�௝ሺݔሻ − �௝ሺ��ሻ��+ସሺ��ሻ��+ସሺݔሻ, ݆ = ݊ − Ͷ,… , ݊ + ͵. 

 

From the first derivative boundary conditions, we 

get  

ሺ�଴ሻ′ݕ̃  = ଵ′ሺ�଴ሻݓ + ∑  ସ௝=−ଷ �௝ϕj′ሺ�଴ሻ =  ଵ  (7)ܭ

ሺ��ሻ′ݕ̃  = ଵ′ሺ��ሻݓ + ∑  �+ଷ௝=�−ସ �௝ϕj′ሺ��ሻ =  ଵ  (8)ܮ

 

Eliminating the parameters �−ଷ, ��+ଷ from the 

above two equations (7) and (8), we get  

ሻݔሺݕ̃  = ሻݔଶሺݓ + ∑  �+ଶ
௝=−ଶ �௝ܳ௝ሺݔሻ 

where 

ሻݔଶሺݓ  = ሻݔଵሺݓ + ଵܭ] − ′ଵ′ሺ�଴ሻϕ−ଷݓ ሺ�଴ሻ ]�−ଷሺݔሻ + ଵܮ] − ′ଵ′ሺ��ሻϕn+ଷݓ ሺ��ሻ ]��+ଷሺݔሻ 
 

And 

 

ܳ௝ሺݔሻ = {  
  �௝ሺݔሻ − �௝′ሺ�଴ሻ�−ଷ′ ሺ�଴ሻ�−ଷሺݔሻ, ݆ = −ʹ,… ,Ͷ�௝ሺݔሻ, ݆ = ͷ,͸, … , ݊ − ͷ�௝ሺݔሻ − �௝′ሺ��ሻ��+ଷ′ ሺ��ሻ��+ଷሺݔሻ, ݆ = ݊ − Ͷ,… , ݊ + ʹ. 

In a similar way from the second derivative 

boundary conditions, we have ̃ݕ ′′ሺ�଴ሻ = ଶ′′ሺ�଴ሻݓ + ∑  ସ௝=−ଶ �௝ܳ௝′′ሺ�଴ሻ =  ଶ     (9)ܭ

ሺ��ሻ′′ ݕ̃  = ଶ′′ሺ��ሻݓ + ∑  �+ଶ௝=�−ସ �௝ܳ௝′′ሺ��ሻ =  ଶ                 (10)ܮ

 

After the elimination of parameters �−ଶ, ��+ଶthe 

approximation ̃ݕሺݔሻ changes to 

ሻݔሺݕ̃  = ሻݔଷሺݓ + ∑  �+ଵ
௝=−ଵ �௝ ௝ܴሺݔሻ 

 

where 

ሻݔଷሺݓ  = ሻݔଶሺݓ + ଶܭ] − ′′ଶ′′ሺ�଴ሻܳ−ଶݓ ሺ�଴ሻ ]ܳ−ଶሺݔሻ + ଶܮ] ′′ଶ′′ሺ��ሻܳ�+ଶݓ− ሺ��ሻ ]ܳ�+ଶሺݔሻ 
 

and 

 

௝ܴሺݔሻ =
{   
   ܳ௝ሺݔሻ − ܳ௝′′ሺ�଴ሻܳ−ଶ′′ ሺ�଴ሻܳ−ଶሺݔሻ, ݆ = −ͳ,… ,Ͷܳ௝ሺݔሻ, ݆ = ͷ,͸, … , ݊ − ͷܳ௝ሺݔሻ − ܳ௝′′ሺ��ሻܳ�+ଶ′′ ሺ��ሻܳ�+ଶሺݔሻ, ݆ = ݊ − Ͷ,… , ݊ + ͳ. 

At last using third derivative boundary 

conditions, we get 

ሺ�଴ሻ′′′ݕ̃  = ଷ′′′ሺ�଴ሻݓ + ∑  ସ௝=−ଵ �௝ ௝ܴ′′′ሺ�଴ሻ =  ଷ                (11)ܭ

ሺ��ሻ′′′ݕ̃  = ଷ′′′ሺ��ሻݓ + ∑  �+ଵ௝=�−ସ �௝ ௝ܴ′′′ሺ��ሻ =  ଷ               (12)ܮ

 

Eliminating the two parameters �−ଵ, ��+ଵ from 

the above equation (11) and (12) we get the revised 

approximation for ̃ݕሺݔሻ as  

ሻݔሺݕ̃  = ሻݔሺݓ + ∑  �௝=଴ �௝�̃௝ሺݔሻ                 (13) 

 

where 

ሻݔሺݓ  = ሻݔଷሺݓ + ଷܭ] − ′′′ଷ′′′ሺ�଴ሻܴ−ଵݓ ሺ�଴ሻ ]ܴ−ଵሺݔሻ + ଷܮ] − ′′′ଷ′′′ሺ��ሻܴ�+ଵݓ ሺ��ሻ ]ܴ�+ଵሺݔሻ 
and 

 

�̃௝ሺݔሻ =
{   
   ௝ܴሺݔሻ − ௝ܴ′′′ሺ�଴ሻܴ−ଵ′′′ ሺ�଴ሻ ܴ−ଵሺݔሻ, ݆ = Ͳ,… ,Ͷ

௝ܴሺݔሻ, ݆ = ͷ,͸, … , ݊ − ͷ
௝ܴሺݔሻ − ௝ܴ′′′ሺ��ሻܴ�+ଵ′′′ ሺ��ሻ ܴ�+ଵሺݔሻ, ݆ = ݊ − Ͷ,… , ݊.  

 

Applying the collocation method with the revised 

approximation ̃ݕሺݔሻ to the problem (1), we get [ݓሺ଼ሻሺ�௜ሻ + ∑  �௝=଴ �௝�̃௝ሺ଼ሻሺ�௜ሻ] + ݂ሺݔ௜ሻ[ݓሺ�௜ሻ + ∑  �௝=଴ �௝�̃௝ሺ�௜ሻ] = ݃ሺ�௜ሻ    ݅ = Ͳ,ͳ, . … , ݊.                                  (14) 
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Rewriting the above system of equations in the 

matrix form, we get  

 �� = �                                  (15) 

 

where 

 � = [ܽ௜௝];     � = [ܾ௜];ܽ௜௝ = �̃௝ሺ଼ሻሺ�௜ሻ + ݂ሺ�௜ሻ�̃௝ሺ�௜ሻܾ௜ = ݃ሺ�௜ሻ − ሺ଼ሻሺ�௜ሻݓ − ݂ሺ�௜ሻݓሺ�௜ሻ݂݋�݅, ݆ = Ͳ,ͳ,ʹ, … , ݊� = [�଴�ଵ   … ��]�
 

 

4. STABILITY OF THE SYSTEM 

The B-spline function and its eighth derivative 

satisfy the following conditions 

 |�௜ሺ�௜ሻ| > |�௜ሺ�௝ሻ|   ݂݋�݆ ≠ ݅ |�௜ሺ଼ሻሺ�௜ሻ| > |�௜ሺ଼ሻሺ�௝ሻ|   ݂݋�݆ ≠ ݅ 
and �௜ሺ௞ሻሺݔሻ = Ͳ   ݂ݔ�݋ ∈]�௜−ହ, �௜+ହ[ 
 

The function �̃௜ሺݔሻ and �̃௜ሺ଼ሻሺݔሻ are linear 

combination of �௜ሺݔሻ and �௜଼ ሺݔሻ respectively, for ݅ ൑ Ͷ 

and ݅ ൒ ݊ − Ͷ and equal to �௜ሺݔሻ and �௜଼ ሺݔሻfor ݅ =ͷ,͸, … , ݊ − ͷ. 

Hence, it is evident that |ܽ௜௜| > |ܽ௜௝| and this 

leads the dominant property for the matrix �. Also �௜ሺ�௝ሻ = Ͳ and �௜ሺ଼ሻሺ�௝ሻ = Ͳ for ݆ ൑ ݅ − ͷand ݆ ൒ ݅ + ͷ. 

Therefore, the matrix � is a nine band diagonal matrix 

with dominant property and hence it is nonsingular.  

 

5. SOLUTION AND ITS DERIVATIVES 

The unknown nodal parameters �௝’s can be 
obtained by solving the system (15). After obtaining the 

unknown parameters, the solution and its derivatives of the 

considered problem are approximated by the following:  

ሻݔሺ௞ሻሺݕ   ≈ ሻݔሺ௞ሻሺݕ̃ = ሻݔሺ௞ሻሺݓ +∑  �
௝=଴ �௝�̃௝ሺ௞ሻሺݔሻ ݇ = Ͳ,ͳ, … ,ͺ 

 

6. NUMERICAL EXAMPLES 

The proposed method is tested for solving few 

problems which are available in the literature (with exact 

solution). Each problem is solved by the proposed method 

with 10 grid points. The obtained solution and its 

derivatives (first and second) are observed at randomly 

selected points in the domain. Mean Absolute Error 

(MAE) is computed for the solution and its derivatives of 

each problem. 

 

Example 1: Consider the following eighth order 

linear boundary value problem  

ሺ଼ሻݕ + ݕݔ = −ሺͶͺ + ͳͷݔ + ଷሻ݁�        Ͳݔ ൑ ݔ ൑ ͳݕሺͲሻ = ሺͳሻݕ = Ͳ    ݕ′ሺͲሻ = ͳ    ݕ′ሺͳሻ = ሺͲሻ′′ݕ݁− = Ͳݕ′′ሺͳሻ = −Ͷ݁ݕ′′′ሺͲሻ = ሺͳሻ′′′ݕ    ͵− = −ͻ݁  

 

The analytical solution of the above problem is ݕሺݔሻ = ሺͳݔ −  ሻ݁�. Solution and its derivatives obtainedݔ

by the proposed method are presented with Figures 1-3. 

MAE is presented in Table-1.  

 

 
 

Figure-1. Solution ݕ for example-1. 

 

 
 

Figure-2. First derivative ݕ′ of ݕ for example-1. 
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Figure-3. Second derivative ݕ′′ of ݕ for example-1. 

 

Table-1. Mean absolute error for example-1. 
 

 � �′ �′′ 
MAE Ͷ.ͺͳʹ × ͳͲ−ଽ ʹ.͵͹ͷ × ͳͲ−଼ ͳ.ͺͳ͵ × ͳͲ−଻ 

 

Example 2: Consider the following eighth order 

linear boundary value problem  

ሺ଼ሻݕ  − ݕ = −ͺሺʹݔcosݔ + ͹sinݔሻ         − ͳ ൑ ݔ ൑ ͳݕሺ−ͳሻ = ሺͳሻݕ = Ͳ    ݕ′ሺ−ͳሻ = ሺͳሻ′ݕ = ʹsinሺͳሻ−ݕ′′ሺ−ͳሻ = ሺͳሻ′′ݕ = Ͷcosሺͳሻ + ʹsinሺͳሻݕ′′′ሺ−ͳሻ = ሺͳሻ′′′ݕ = ͸cosሺͳሻ − ͸sinሺͳሻ   

 

The analytical solution of the above problem 

isݕሺݔሻ = ሺݔଶ − ͳሻsinݔ. Solution and its derivatives 

obtained by the proposed method are presented with 

Figures 4-6. MAE is presented in Table-2.  

 

 
 

Figure-4. Solution ݕ for example-2. 

 

 
 

Figure-5. First derivative ݕ′ of ݕ for example-2. 

 

 
 

Figure-6. Second derivative ݕ′′ of ݕ for example-2. 

 

Table-2. Mean absolute error for example-2. 
 

 � �′ �′′ 
MAE ͻ.Ͷ͵ × ͳͲ−଼ ͵.ͻͶ × ͳͲ−଻ ʹ.Ͳ͸ͺ × ͳͲ−଺ 

 

7. CONCLUSIONS 

In this paper collocation method with nonic B-

splines as basis functions is presented to solve eighth order 

bvp. The proposed method gives a good approximation to 

the solution of considered bvp and also to its derivatives. 

Numerical results obtained by the method for the several 

examples show the efficiency of the proposed method. 
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