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ABSTRACT 

2D transonic flow in two channels of variable cross-section with a central body is studied numerically using 
solvers based on the Euler and Reynolds-averaged Navier-Stokes equations. Ansys CFX and SU2 packages are used. The 
flow velocity is supersonic at inlets and outlets of channels. At small inflow Mach number between the supersonic regions, 
there is a local subsonic region. The increase in the Mach number leads to arising and expansion of supersonic regions and 
rapprochement. At the moment of coalescence of two regions the shock position abruptly changes. Computations reveal a 
hysteresis in the shock position versus the inflow Mach number. In the certain range of inlet Mach number, there are 
asymmetrical solutions of the equations. 
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INTRODUCTION 

Shock wave instability study was carried out for 
the channel between two symmetrical wedges [1], two 
cylinders placed side by side and to the infinite chain of 
cylinders normally oriented to the flow velocity [2, 3]. In 
this cases, the instability and hysteresis caused by the 
existence of reflections of two types. In this paper we 
consider the different instability, associated with the 
interaction of supersonic regions. 

It was demonstrated that the transonic flow near 
the airfoil with surface of small curvature is sensitive to 
the small change in free stream velocity [4-8]. Sensitivity 
can be explained by the interaction of local supersonic 
regions near the airfoil. Two supersonic regions exist near 
the surface of small curvature. The leading supersonic 
region is terminated by shock wave. Behind the shock the 
flow is subsonic. Behind subsonic line the flow is 
supersonic again. Increasing in the Mach number leads to 
arising of two supersonic regions. The distance between 
regions decreases. However, it could not be zero. At the 
moment of coalescence of two regions the shock position 
abruptly changes. Computations reveal a hysteresis in the 
shock position versus the inflow Mach number. A review 
of studies on this topic is published in [8]. 

Problems of the shock waves instability were 
studied in [9, 10] for the channels with wall break or bend.  
 
FORMULATION OF THE PROBLEM AND 
NUMERICAL METHOD 

We consider 2D flow in two channels with the 
central body. Straight segments constitute lower and upper 
walls of the channels. Both channels are diverging. There 
are central bodies of different shapes in the channels. The 
sketches of the channel are presented below in the Figure-
1 and Figure-6.   

First channel. Upper and lower walls: 
 
if ,04.0948.0then3.10 xyx    (1) 

if ).3.1(229.00.1then7.23.1  xyx  (2) 

Central body: 

if ,05.0)25.1(then25.12.1 22  xyx  (3) 

if .05.0then7.225.1  yx   (4) 

Second channel. Upper and lower walls: 
if ,0521.088.0then3.20 xyx    (5) 

if ).3.2(229.00.1then0.33.2  xyx  (6) 

Central body: 
if ),4.1(119.0001.0then0.34.1  xyx  (7) 

if .01.001.0then4.1  yx   (8) 

 
The coordinate (x, y) are dimensional.  Here and 

further coordinates are given in meters. Inlet and outlet 
boundaries are vertical straight segments. Preliminary 
results of transonic flow study in the second channel were 
reported in [11].   

2D unstructured (for inviscid fluid) or hybrids 
(for viscous fluid) mesh were generated using package 
Gmsh [12]. These meshes were used for calculations in the 
package Stanford University Unstructured (SU2) [13]. A 
program written in Pascal language transformed them into 
3D meshes, whose lateral size was equal to one element. 
The transformed meshes are in the TGrid/Fluent format 
[14], which is suitable for the calculation in the 
commercial package Ansys CFX [15].  In the solution of 
RANS equations, the mesh was fined near the walls. The 
non-dimensional thickness of the first mesh layer y+ is less 
than 1 or greater than 30. In the second case, the wall 
functions are used. The vanishing flux of heat is used on 
the wall. The slip condition for Euler equations and no-slip 
condition for RANS equations are accepted. Specific heat 
of air at constant pressure is equal 1004.4 J / (kg K). Molar 
mass is equal to 28.96 kg/kmol. 
 
FLOW CALCULATIONRESULTS FORTHE FIRST 
CHANNEL 

The mesh for solution of Euler equations has 
149,480 elements. Most of the solutions of Reynolds 
averaged Navier-Stokes (RANS) equations are obtained 
with the mesh with 119,011 elements. At the inflow 
boundary temperature Tin = 250 K, Mach number Min, 
pressure pin or Reynolds number Re for RANS equations 
on the base of the length of 1 m are set. Solutions of Euler 
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equations are obtained with both SU2 and Ansys CFX 
finite volume solvers. Solutions of RANS equations are 
obtained with Ansys CFX. Reynolds number Re is equal 
to 3.5∙107 or 3∙105. The model of turbulence k-ω SST is 
used. Inflow turbulence intensity is equal to 5%. 

Figure-1shows three patterns of Euler equations 
solutions at Min = 1.28. White line corresponds M = 1. The 
first pattern a) has two supersonic regions divided by the 
subsonic one. In the second pattern b) supersonic regions 
coalesce near walls of the channel and form the single 
supersonic region. The third pattern shows coalescence of 
supersonic regions near the lower wall. In the upper part of 
the channel, the supersonic regions are divided by the 
subsonic region.  In the lower part of the channel, there is 
the single supersonic region. 
 

 
a) 

 

 
b) 

 

 
c) 

 

Figure-1. Three patterns of shock wave configuration in 
the first channel for solutions of Euler equations. 

Min = 1.285. Mach number distribution: a) two supersonic 
regions, b) single supersonic region, c) asymmetrical 

solution. 
 

The fourth pattern of shock wave configuration is 
not presented in the Figure-1. The lower part of the 
channel includes two separated supersonic regions.  There 
is coalescence of supersonic regions in the upper part of 
the channel. 

The distance from the inflow boundary to shock 
wave near the wall is denoted by xs, as it is shown in the 
Figure-1 a) and b). For asymmetrical solution the distances 
xs in the upper and lower parts of the channel differ from 
one another. 

If inflow Mach number Min< M1 then pattern 
with two supersonic regions is obtained. If Min> M2 then 
we receive pattern with the single supersonic region. In the 
range M1 Min M2 two pattern can be realised. It depends 
on initial condition. If solution with two supersonic 
regions is taken as an initial condition then pattern with 
two supersonic regions is obtained. If solution with single 
supersonic regions is taken as an initial condition then 
pattern with single supersonic regions is obtained.  
Increasing in Min from M < M1 up to M2 leads to 
realisation of pattern with two supersonic regions. At Min 
= M2 the flow pattern dramatically changes and distance xs 
abruptly changes too. Supersonic regions coalesce. Pattern 
transforms to another one. Subsequent decreasing of Min 

conserves the type of pattern down to Min = M1. At Min = 
M1 thepattern changes again. Therefore, we reveal 
hysteresis phenomenon.  

Figure-2 demonstrates hysteresis obtained by two 
solvers. Both solvers show existence of hysteresis, but 
ranges of hysteresis slightly differ from one another.    
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Figure-2. Distance xs as a function of inflow Mach 
number Min for first channel. Euler equations. 1, 2 - SU2 
solver, 3, 4 - Ansys CFX solver. 1, 3 - pattern with two 
supersonic regions, 2, 4 - pattern with the single region. 

 
If solution of Euler equations at the angle of 

attack α ≠ 0 is taken as initial condition, the asymmetrical 
solution that corresponds pattern in the Figure-1 c) can be 
received. The range of inflow Mach number Min that 
corresponds to existence of asymmetrical pattern is less 
than the range of hysteresis.  In the Figure-3, there is the 
dependence of distance xs on Min. Dependence is obtained 
with Ansys CFX solver for solution of Euler equations. 
Two black lines in the Figure-3 correspond to different 
symmetrical patterns. Others two lines stand for 
asymmetrical patterns. 

Hysteresis phenomenon can be formulated for 
aerodynamic force coefficient for central body. 

 

 
 

Figure-3. Dependence of distance xs on inflow Mach 
number for the first channel: 1- pattern with two 

supersonic regions, 2 - pattern with single supersonic 
region, 3 - asymmetrical pattern. 

 
In the Figure-4 dependence of drag coefficient CD 

of central body on inflow Mach number Min is shown. The 
dependence is obtained with Ansys CFX solver, v. 14. If 
Min increases from M < M1 up to M2 then calculation 
reveals flow pattern with two supersonic regions. At Min = 
M2 pattern changes, but drag coefficient does not 
dramatically change. Subsequent decreasing of Min does 
not change flow pattern with single supersonic regions 

until Min = M1. Further decreasing of M abruptly changes 
the flow pattern and drag coefficient. In the same graph 
there are values CD for asymmetrical solutions of Euler 
equations.   
 

 
 

Figure-4. Dependence of drag coefficientCD of central 
body in the first channel on inflow Mach number: 1- 

pattern with single supersonic region, 2- pattern with two 
supersonic regions, 3- asymmetrical pattern. 

 
The relationship between the lift on a central 

body and its drag, expressed in terms of the dependence of 
the lift coefficient on the drag coefficient, is displayed in 
the diagram Figure-5.  In the diagram, one can see four 
branches, whose flow patterns differ from one another. 
Two branches have common points. 

Hysteresis range and the range of asymmetrical 
patterns for RANS equations differ from the ranges for 
Euler equations. For Reynolds number Re = 3.5∙107 
hysteresis exists in the range 1.273  Min 1.296, the 
asymmetrical patterns are obtained at 1.284  Min 1.296. 
For Re = 3∙105 hysteresis range is observed at 1.296  
Min 1.306. Asymmetrical patterns exist in the range of 
inflow Mach number 1.296  Min 1.306. 
 

 
 

Figure-5. Four regimes of transonic flow in the first 
channel: 1- single supersonic regions, 2- two supersonic 

region, 3- asymmetrical regimes. 
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FLOW CALCULATION RESULTS FOR THE 
SECOND CHANNEL 

The mesh for solution of Euler equations has 
109,864 elements. Most of the solutions of Reynolds 
averaged Navier-Stokes (RANS) equations are obtained 
with the mesh with 120,786 elements. A few calculations 
are carried out with more fined mesh near walls with 
125314 elements. Calculations demonstrate the 
independence of the results on mesh size.  

On the inflow boundary temperature Tin = 250 K, 
Mach number Min, pressure pin = 5∙104 Pa or Reynolds 
number Re = 3.4∙107 for RANS equations on the base of 
the length of 1 m are set. A few calculations are performed 
at Re = 5.6∙106. Solutions of equations are obtained with 
both SU2 and Ansys CFX finite volume solvers. The 
models of turbulence Spalart - Allmaras (SU2)and k-ω 
SST are used. Inflow turbulence intensity is equal to 5%. 
Non-dimensional thickness of the first mesh layer y+ is 
approximately equal to 1. 

Mach number at the channel inlet Min varies 
from1.2 to 1.4. Figure-6 shows three patterns of shock 
wave configuration in the channel. If Min increases step-
by-step from 1.2 to M2 the qualitative flow pattern Figure-
6 a) with two supersonic regions persists. The distance 
between the inlet boundary and the shock wave near the 
wall is denoted by xs.  Meanwhile if Min is further 
increased, then the supersonic regions coalesce abruptly, 
and another pattern presented in Figure-6 b) is realized. 
This pattern have a single supersonic region. There are 
oblique shocks near the walls. At both sides of oblique 
shock, the flow is supersonic. In addition, there are three 
small local subsonic regions. One of them is situated 
between bow shock and the central body. Others subsonic 
small regions adjoin to the side surfaces of central body. 
The between inlet boundary and oblique shock near the 
wall is denoted by xs as in the case of two supersonic 
regions. 
 Decreasing of inflow Mach number Min from M2 
down to M1 leads to decreasing of distance xs and 
increasing of the size of subsonic regions adjoined to the 
side surfaces of central body. At Min = M1 the single 
supersonic region splits into two regions. Therefore, 
computations reveal a hysteresis in the shock position xs 
versus the inflow Mach number Min. In the range of 
hysteresis, there is a range of Mach number in which 
asymmetrical solutions exist. The asymmetrical flow 
pattern is shown in the Figure-6 c). We obtain 
asymmetrical solution by introducing of asymmetry in the 
boundary condition at the initial stage of calculation. We 
started at the angle of attack α ≠ 0. At the second stage, the 
obtained solution is used as initial condition. 
 

 
a) 

 

 
b) 

 

 
c) 

 

Figure-6. Three patterns of shock wave configuration in 
the second channel for solutions of Euler equations. 

Min = 1.27. Mach number distribution: a) two supersonic 
regions, b) single supersonic region,c) asymmetrical 

solution. 
 

The dependence of distance xs on inflow Mach 
number Min is presented in the Figure-7. The range of 
hysteresis for non-viscous gas is greater than the range of 
hysteresis for viscous gas. Distance xs for non-viscous gas 
is greater than the range of hysteresis for viscous gas. 
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Figure-7. Distance xs as a function of inflow Mach 
number Min for second channel. 1, 2 - SU2 solver, Euler 
equations, 3, 4 - Ansys CFX solver, RANS equations, 
turbulence model k-ω SST, Re = 5.6∙106. 1, 3 - pattern 

with two supersonic regions, 2, 4 - pattern with the single 
region. 

 
Figure-8 shows dependence of xs on Min for 

symmetrical patterns (black lines) and asymmetrical ones 
(red lines). 
 

 
 

Figure-8. Dependence of distance xs on inflow mach 
number for the second channel. Euler equations: 1- pattern 

with two supersonic regions, 2-pattern with single 
supersonic region, 3- asymmetrical pattern. 

 
The range of inflow Mach number for 

asymmetrical patterns is less than hysteresis range. For 
viscous gas this range is less than the range for non-
viscous gas.  

Figure-9 demonstrates the hysteresis 
phenomenon for drag coefficient of central body. Drag 
coefficient is determined with Ansys CFX for viscous gas 
at Re = 3.4∙107. Figure-9 differs significantly from 
diagram for the first channel in the Figure-4. If flow 
pattern is transformed then drag coefficient abruptly 
changes in both cases of transformation. Drag coefficient 
of central body in the case of asymmetrical flow pattern is 
approximately equal to the average drag coefficient for 
two symmetrical patterns. 

The relationship between the lift coefficient and 
drag coefficient of central body is displayed in the Figure-

10.   In the Figure-10 there is four separated branches, 
whose flow patterns differ from one another. 
 

 
 

Figure-9. Dependence of drag coefficientCD of central 
body in the second channel on inflow Mach number:1-
pattern with single supersonic region, 2-patternwith two 

supersonic regions, 3-asymmetrical pattern. 
 

 
 

Figure-10. Four regimes of transonic flow in the second 
channel: 1-single supersonic region, 2-two supersonic 

region, 3-asymmetrical regimes. 
 
CONCLUSIONS 

The numerical simulations of 2D transonic flow 
in the two channels with central bodies reveal a hysteresis 
in the shock wave position and in the drag coefficient as 
the functions of the inflow Mach numbers. The hysteresis 
range of inflow Mach number for the first channel is less 
than the range for the second one. It can be explained by 
existence of long converging parts between channel walls 
and central body in the second channel. In the certain 
range of inflow Mach number, there are asymmetrical 
solutions of the Euler and Reynolds averaged Navier-
Stokes equations.  
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