VOL. 12, NO. 9, MAY 2017

ISSN 1819-6608

ARPN Journal of Engineering and Applied Sciences
©2006-2017 Asian Research Publishing Network (ARPN). All rights reserved.

www.arpnjournals.com

MODELING INITIAL VELOCITY PROFILES FOR CONTINUOUS
FREE-VIBRATING BEAMS USING DISTRIBUTED IMPULSE
LOADING
1Department
2Department

Mustafa Kamal Al-Kamal1 and David J. Mukai2

of Civil Engineering, College of Engineering, Al-Nahrain University, Baghdad, Iraq
of Civil and Architectural Engineering, University of Wyoming Laramie, WY, United States of America
E-Mail: malkamal@eng.nahrainuniv.edu.iq

ABSTRACT
The purpose of this paper is to develop an analysis method to solve the free vibration response for a continuous
system subjected to an initial velocity profile using an initial velocity approximation based on an equivalent impulse load.
It has been shown that for a single degree of freedom system, the initial velocity can be applied as an impulsive loading
with a very short duration. The proposed analysis method in this paper is done for a continuous system to show that this
approximation works not only for a single degree of freedom system, but for a continuous system as well. The assumed
initial velocity profile is from a case of interest to the authors. The available analytical solution for a continuous system
such as a simply supported beam subjected to an initial velocity is compared with the finite element solution determined
from SAP 2000 using the initial velocity approximation. The SAP2000 solution using the proposed approximation showed
an excellent agreement to the analytical solution. Finally, this method can be used to find the dynamic response of complex
frames subjected to an initial velocity profile, where the analytical solution for such cases is difficult to find.
Keywords: free vibration, initial velocity, SAP2000, FEM.

1. INTRODUCTION
In general, the analytical solution of a
structural
frame
subjected
to
an
initial
velocityprofiledoesnotexist.Thisproblemisabitesote
ricandthusisnotcovered in traditional structural
dynamics texts [1,2,3,4]. For that purpose, this
paper provides a solution for a structural frame
subjected to an initial velocity profile using a
distributed impulse load in SAP2000.
SAP2000 is a finite element program
commonly used by structural engineers [8].
Unfortunately, there is no direct way to find the
dynamic response for a structure subjected to an
initial velocity profile within this program.
Therefore, the initial velocity profile has to be
converted to an impulse load.
According to the authors in Reference [5],
for a single degree of freedom system, animpulsive
loading could be applied as an initial velocity.
When this is done an accurate result has been
achieved for a very small ratio of the load duration
time to the natural period of the system. In this
work, we will convert the initial velocity profile of
a continuous system such as a simply supported
beam into a distributed impulse load using
SAP2000 and verify the results with the available
analytical solution.
The analytical solution for a continuous
system such as a simply supported beam subjected
to an initial velocity profile is available in
References [1, 2, 3, 4]. Once the results have been
confirmed against the available analytical solution,
the proposed method will be used to find the
response of a structural frame subjected to an
initial velocity profile.

2. METHODS
2.1 Initial velocity approximation
Consider a single degree of freedom
system subjected to a forcing function F(t) with a
mass of m and a linear spring with stiffness k
where damping is ignored as shown in Figure1.The well-known equation of motion for the
system shown in Figure-1 is given by [1,2,3,4]:
mu  ku  F (t )

(1)

Figure-1. Single degree of freedom system.
It has been shown by the authors in
Reference [5] that an impulsive loading could be
applied as an initial velocity. Equation (1) is
rearranged as:
F (t ) ku
u 

(2)
m
m
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Consider zero initial velocity and
displacement; at time t=0 the mass has a very
small displacement; hence ku/m is approximately
zero. Now, integrating over the load duration
time, Tf, yields:
Tf



u  u dt 
0

1
m

Tf

 F (t ) dt

(3)

0

3.1 Undamped free transverse vibration of a uniform
simply supported beam
The equation of motion for the
undamped free transverse vibration of a beam
for negligible shear deformation is given by
[1,2,3,4]:

 2u
 2   2u 

0
EI
m
t 2
x 2  x 2 

(4)

where, EI and m represent the flexural rigidity
and the mass per unit length of the beam,
respectively. The free-vibration solutions for
Equation (4) for the case of a simply supported
beam of a length L is given by [1,2,3,4]:


n 1

2
 nx 
yn (t ) sin

mL
 L 


L

y n (0) 

3. THEORY



L

y n (0) 

0

The above equation is known as the
impulse-momentum equation. According to the
author in Reference [5], if the duration of the
load is short such that the mass has not been
displaced significantly after the application of
the load, then the load can be replaced by an
initial velocity calculated from Equation (3) with
very small error. Clearly from Equation (3) that
the initial velocity is simply the area under the
force-time curve divided by the mass of the
system.
A numerical example for a single degree
of freedom system is given by the authors in
Reference[5] to compare the response due to a
forcing function and the response from applying
an initial velocity computed from the that
forcing function as in Equation (3). It has been
found that when the ratio of the load duration
time to the natural period of the system Tf/T is ≤
0.1 where T is the natural period of the system
and Tf is the load duration time, then the initial
velocity approximation is very accurate.
However, for Tf/T> 0.1, the initial velocity
approximation overestimates the response of the
system and an appreciable error will occur. In
this work, we will convert an initial velocity
profile into a distributed impulse load.

u ( x, t ) 

yn (t )  yn (0) cos n 2 2

(5)


0

y (0)
EI
t  n2 2
mL4
n

mL4
EI
sin n 2 2
t
EI
mL4

(6)

2m
 nx 
u ( x,0) sin 
 dx
L
 L 

(7)

2m
 nx 
u ( x,0) sin 
 dx
L
 L 

(8)

where y n (0) and y n (0) are, respectively, the initial
modal displacement and initial modal velocity,
which must be determined from the prescribed
values of the initial system displacement u (x,0)
and initial system velocity u (x,0) .
From elementary beam theory, the
dynamic bending moment and shear are given
by:
M ( x, t )  EI

V ( x, t )  


 2u
 EI 2
x
x

(9)

   2u 
EI
x  x 2 

(10)

3.2 Initial system velocity
Here, the initial velocity profile is
assumed to be the shape of the deflection ofa
simply supported beam with a uniformly
distributed load. This shape is almost identical
with first mode shape of vibration for a simply
supported
beam.
Therefore,
the
results
considering higher modes are close enough to
the results of the first mode of vibration. As a
result, no need for higher modes excitement.
Timoshenko and Gere (see Reference [6]) have
given the equation of the deflection. This
equation has been modified to give the shape of
the initial system velocity profile in terms of the
maximum value at the middle of the beam, given
by:
u ( x,0)  

16u max x 3
( L  2 Lx 2  x 3 )
5L4

(11)

where, L is the length of the beam and umax is the
maximum initial velocity at the middle of the
beam.
It is worth mentioning that by knowing
the initial system velocity for zero initial system
displacement, the analytical solution is provided
by Equations (5), (6), (7), and (8).
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4. RESULTS AND DISCUSSIONS
4.1 A Simply supported beam subjected to an
initial velocity
For the purpose of the analysis, the span
length is taken as L = 60ft (18.29m). The
member is a prestressed double tee designated as
10DT 24 + 3. This member has a concrete
compressive strength of f'c = 5000psi (35MPa), a
flange width of 10ft(3.048m), and a depth of
27in. (685.8mm), which includes a 3in.
(76.2mm) topping. The moment of inertia for
this section is 32,947in4 (1.37× 1010mm4). The
mass per unit length is m = 0.026087kip-s2/ft2
(127.7kg-s2/m2). All other information about this
cross-section can be found in Reference [7]. The
maximum initial velocity at the middle of the
beam is taken as u max = 19.07ft/s (5.8m/s).
Knowing umax , the initial velocity profile is now
known by making use of Equation (11) and the
analytical solution is available for this case.
Next, the initial velocity approximation is used
to find the dynamic response using the SAP2000
finite element program and 32 elements are
assigned to the model. To do this, given that the
fundamental period of the system is T = 0.38s, a
forcing function with a period of Tf = 0.1T =
0.038s is applied.
To model an initial velocity profile, an
impulsive forcing function is applied over a
short time period (Tf≤ 0.1T). This forcing
function must satisfy:
Tf

 F ( x, t ) dt  m u( x,0)

(12)

0

F(x,t) is separated
temporal functions:

into

spatial

F ( x, t )  Fˆ (t ) f ( x)

and

(13)

Fˆ (t ) is applied over the impulse period as
shown in Figure-2.

1 ˆ
F0T f , and is
The area under Fˆ (t ) is
2
maintained as 1 second. The amplitude of the
temporal function F̂0 is now a unitless value of
2 s
.
Tf
The spatial function now has units of
kip/ft (kN/m)and is applied as a static distributed
load satisfying:

f ( x) 

m u ( x,0)

(14)

1 s

Applying a distributed load over Tf with
the time distribution shown in Figure-2, with
2 s
Fˆ0 
will result in the desired initial velocity
Tf
profile.
Since there is no direct way to apply the initial
velocity profile in SAP2000,a nonlinear time
history load case is created and the impulsive
forcing function is applied to the model. Another
nonlinear time history load case is created that
starts from the end of the previous load case.
The first load case is now representing the initial
conditions for the free vibration time history
case.
Figure-3 shows the maximum values of
the deflection with respect to the length of the
beam for all time for both the analytical solution
and the initial velocity approximation in
SAP2000. The SAP2000 results are in excellent
agreement with analytical solution. The
maximum value in the middle for the whole
vibration time is 0.358m from the analytical
solution and 0.354m from the solution using the
initial velocity approximation in SAP2000. The
percentage error in this case is only 1%, meaning
the initial velocity approximation using
SAP2000 is very powerful tool specially when
the applied impulse duration is small as
compared with the natural period of the system.

Figure-2. Time history function.
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Figure-3. Maximum deflection envelope of the beam.

Figure-4. Mid-span deflection of the beam with time.
To monitor the deflection at the middle
of the beam with respect to time, Figure-4 shows
the deflection of mid-span with time for both the
analytical solution and the approximate solution.
Since damping is ignored, we will have repeated
cycles for the response. Clearly, both solutions
match each other and again the initial velocity
approximation has good accuracy.
In addition to the deflection, bending
moment and shear forces results are presented as
shown in Figures 5, 6, 7, and 8. Figure-5 and
Figure-7 are the maximum bending moment and
the maximum shear with respect to the length
ofthe beam for all time, respectively. Figure-6 is
the bending moment at the middle of the beam,
while Figure-8 is the shear force at the left end
of the beam with respect to time.

The maximum value of the bending
moment at the mid-span is 4017kN-m from the
analytical solution and 3985kN-m from the
solution using the initial velocity approximation
in SAP2000 with a percentage error of about
1%. Similarly, for the shear, the maximum value
of the shear at the left end is 703kN from the
analytical solution and 689kN from the solution
using the initial velocity approximation in
SAP2000 with a percentage error of about 2%.
The slight increase in the percentage
error for the shear is reasonable becauseshear
represents a third order derivative with respect to
the deflection and error accumulates with each
level of differentiation.
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Figure-5. Maximum bending moment envelope of the beam.

Figure-6. Mid-span bending moment of the beam with time.

Figure-7. Maximum shear envelope of the beam.
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Figure-8. Left end shear of the beam with time.
4.2 A Frame subjected to an initial velocity
Now that it is established that the initial
velocity profile can be accurately modeled with
a distributed impulse load, a more complicated
example is presented in this section, a 2-D
structural frame subjected to an initial velocity.
Figure-9 shows the 2-D structural frame along
with all the required parameters for the
dimensions and the initial system velocities.

located at the connecting point with a maximum
velocity of u 2 max at a distance x max  ( L2  l 2 ) / 3 .
The same cross-section and member
length presented in subsection-4.1 are used for
this frame. The height (h) shown in Figure-9 is
taken as 11.5ft(3.5m), and the distance (l) is
taken as 0.72ft(0.22m). The maximum initial
velocity for the bottom beam and the inclined
beam, respectively, are taken as u1max =
1.32ft/s(0.40m/s) and u 2 max = 21.5ft/s(6.55m/s).
The frame is analyzed using SAP2000
with the same procedures mentioned in the
previous section, where the initial velocity is
applied as an impulsive loading with a short
duration less than or equal to 10% of the
fundamental period of the system. The
fundamental period of the system is T = 0.39s. A
snap shot from the SAP2000 window showing
the mode shape associated with the fundamental
period is shown in Figure-10.

Figure-9. 2-D Frame structure subjected to a system initial
velocity.
The inclined beam has an initial velocity
profile in the shape of a triangle with a
maximum velocity of u1max at the connecting
point of the two beams of the frame. The initial
velocity profile for the bottom beam is
considered as the deflected shape of a simply
supported beam under a concentrated load

Figure-10. Snap shot for the fundamental period
of the 2-D frame.
It is worth mentioning that the initial
velocity approximation with impulse load
duration of Tf= 0.039s catches the response of
the first mode only. To stillmaintain a good
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accuracy using the proposed method in this work
and if higher modes excitement is needed, the
duration of the impulsive forcing function
should
bereducedto10%orlessoftheconsideredmodenatu
ralperiod.Consequently,the amplitude of the
temporal function F̂0 must be changed. This is
happened because the shape of the initial
velocity profile is not similar to the first mode
shape of vibration as compared with the case of
a simply supported beam with initial velocity
profile that is relative to the deflected shape of a
uniformly distributed load.

Figures 11 and 12 show the left and right
vertical end reactions for the bottom beam over
time. From these figures, the right end reaction
is greater than the left end reaction. This is
reasonable because the maximum initial velocity
is located near the right end of the lower beam.
The maximum left end reaction of the bottom
beam is 666.75kN, while the maximum right end
reaction is 962.85kN. Similarly, the minimum
left end reaction is -666.75kN, while the
minimum right end reaction is -962.85kN.
Any other variables of interest such as
deflection, shear forces, and bending moment for
the frame can be taken from the SAP2000 model
and can be used for design purposes.

Figure-11. Left end reaction of the frame with time.

Figure-12. Right end reaction of the frame with time.
5. CONCLUSIONS
It has been shown in the literature that
the initial velocity for a single degree of freedom
system can be applied as an impulsive loading
with a very short duration less than or equal to

10% of the natural period of the system without
an appreciable error. This concept is extended
from a single degree of freedom system to
continuous system such as a simply supported
beam.
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A simply supported beam subjected to an
initial velocity profile was analyzed using
SAP2000, where the initial velocity is applied as
an impulsive loading with a duration of
Tf=0.038s which represents 10% of the
fundamental period of the system. The available
analytical solution for the free vibration response
of a simply supported beam subjected to an
initial velocity is compared with the SAP2000
results. The SAP2000 results for the deflection,
shear, and bending moment showed an excellent
agreement with available analytical solution with
a maximum error of 2%.
Finally, using the proposed method along
with SAP2000, a more complicated example has
been solved. A 2-D structural frame subjected to
an initial velocity profile was analyzed and the
results were presented. To catch the response for
higher modes with a good accuracy using the
proposed method in this case, the duration of the
impulsive forcing function should be reduced to
10% or less of the considered mode natural
period.
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