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ABSTRACT

This paper presents a method of constructing orthogonal binary sequences with any positive even integer lengths.
We show that periodic binary signals, coded in accordance with these orthogonal binary sequences, contain groups of
signals with zero cross correlation. It is possible to construct an ensemble of binary signals with zero cross correlation
properties by using only one coded signal from each of these groups. When the ensemble of binary signals is transmitted
through one communication channel, they do not interfere with each other and can be separated on the receiver side
without tight synchronization. The results of this paper can be used in asynchronous CDMA communication, telemetric
networks (e.g. Wireless Body Area Networks (WBAN), Wireless Sensor Networks (WSN)) and optical systems.

Keywords: binary signals cross correlation, CDMA, multiple access interference, walsh-hadamard codes.

INTRODUCTION

This paper presents construction methods of
matrices of binary orthogonal sequences. These matrices
have a N,x N,dimension, where N, =2"(n=1, 2, 3, ...) is
the number of rows (i.e., the number of binary sequences)
and N,(N, is an even positive integer: N, = 2, 4, 6, 8, 10,
...) is the number of columns (i.e., the length of the
sequences). These matrices are similar to Walsh-
Hadamard (WH) matrices [1] in that they exhibit
orthogonality properties and the presence of groups of
sequences which correspond to periodic signals with zero
cross correlation (CC), i.e. periodic signals with zero
multiple access interference (MAI). These periodic signals
do not have mutual frequency components [12] and they
are orthogonal in the time domain with the presence of any
time shift between them. WH sequences corresponding to
periodic signals with zero CC, i.e. zero MAI, are also
named Cyclically Orthogonal subsets (groups) of Walsh
functions [6], or Cyclic Orthogonal WH Codes (COWHC)
[7, 8], or signals with ideal cross correlation (ICC) [10].
Periodic binary orthogonal sequences with zero cross
correlation for certain even values ofN, were considered in
[2, 3], however the authors did so under conditions that the
sequences have the same least period (Appendix
1).Periodic sequences, including binary sequences, with
zero cross correlation were also considered in [11], but
under conditions related with their autocorrelation
properties (Appendix 2). This paper does not impose either
of the two sets of conditions from [2, 3, 11] for periodic
binary orthogonal sequences with zero CC.

FORMATION OF ORTHOGONAL BINARY
MATRICES

Binary orthogonal functions were introduced by
J. L. Walsh in 1923 [1]. These orthogonal functions are
widely used in the theory of discrete signals. In practice,
binary signals, coded in accordance with Walsh functions,
are used in modern CDMA wireless communication
systems [4] as channelization codes. As is well known,

orthogonal WH matrices exist only for N, = 2", where n =
1,2,3,....
Walsh-Hadamard matrices can be represented as

[HNn/Z HNn/2 ]

HNn = )

HNn/2 'HNn/Z

where H; = [+] is the single or elementary Hadamard

matrix and N, = 2" is the size of the WH matrix
It is possible to represent the same matrices in
another way, namely

_ HNn/2 HNn/2 _ _
HNn_ [HNn/Z _HNn/Z] - H2®H®.“H2®Hl -
= (H®)"®H, = (H,®)", ey

where matrix H,is the Hadamard second order matrix
[Hy Hy 1+ +
H2‘[H1 —Hl]‘[+ —]'
The symbol “®” is called the symbol of

Kronecker multiplication (Kronecker product) and is
defined as [5]:

a;1 *B a;p *B
AQRB = : ,
an, * B amn * B
where A is a matrix of size m x n and B is also a
matrix.

In general, Kronecker multiplication is a non-
commutative procedure and thus AQB # BQA. In this
context, the notation (H,&®)" means applying the
Kronecker multiplication procedure n times.

Thus, the representation of matrix Hy, (1) is
formed step by step in n steps of Kronecker
multiplications of the elementary Hadamard matrix H by
the second order matrix H, (1). During this (step by step)
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procedure, the length of sequences (length of rows) and
the number of rows (i.e., number of sequences) of matrices
Hy, are increased by a factor of two after each Kronecker
multiplication by matrix H,.

For instance, for N,= 2" =2 (n=1) and N,=2" =4
(n=2), WH matrices have the following form (Figure-1)

Ho= Hu®H, = @[+ = [} 7.
+

+ +

H,= H,QH,®H,=H,QH,= 2)

- +

4+
I+ 1+

We will show that by using the same Kronecker
multiplication procedure (1), it is possible to create
orthogonal binary systems which consist of orthogonal
binary sequences with the length of any even number N,,
where N, = 2, 4, 6, 8, 10, 12, ....Note that orthogonal
binary sequences can exist only for even integers N = N, =
2,4,6,8,10,12, ....

Walsh-Hadamard Matrices

N|=l

H, = [#] Elementary Hadamard matrix

No=2"=2 (m=1)
Ik |G

| Hi Hqy _[4- +] 0 G
H, = =
Hl _Hl + =10 GZ

N,.=2"=4 (mn=2)
H, = (H;®)’ = H.®H, =

H H
H, -H>

== H2®|V

lk |G
+ + |+ +| G,
+ -+ - G>

=

1
++|—=| 2"
3

|
+ == G

J

N,=2"=8 (n=23)
Hg = (I‘Iz®)3 =H®H4 =

Ik |G
[++++|++++] 0 G,
+—+—|+—-+—- 1 G
++—=|++—==| 2

2 tG;
+=—=+|+=—=+| 3

i TIPS
+—+—|—+—-+4+| 5

| >G4
+ =i | = =it] 6
|+ ==+ |=++=]| T_

Figure-1. Walsh-hadamard matrices.

The natural sequence of positive integers N
consists of even integers N, (N, =2, 4, 6, 8, 10, ...) and
odd integers Ny (N= 1, 3, 5, 7, 9, 11, ...). Any even
integer Npcan be represented as the function of an odd
integer Ny, i.e. N, = f(N;, n) and can be represented in
multiplication form:

No=f(N;, n)= N;*2" wheren=1,2,3,4,5, ....

The following are examples of this representation
for several values of N;:

if Ni=1, N,=f(N))=2,4,8,16,32,64, ...,
if Ni=3, N,=f(N;)=6, 12, 24, 48, 96, ...,
if Ni=5, N,=1f(N;)= 10, 20, 40, 80, 160, ..., (3)
if Ni=7, N,=f(N;)= 14,28, 56,112,224, ...,
and etc.

We introduce the matrix Ay; as a matrix-row
consisting of a binary sequence with Nelements, where
Nj are odd integers (N;=1,3,5,7,9, ...), as

N 0)

where N is the length of the sequence. Each of
the elements of matrix-row Ayjcan have only two values,
namely, plus or minus.

We utilize the same approach to forming binary
orthogonal matrices as shown in (1) using matrix-row Ay,
(4) instead of elementary Hadamard matrix H; =[+]. With
this change, matrix Ay; will be multiplied by matrix
H,(step by step) from the left side using the same
multiplication symbol & called Kronecker multiplication
or Kronecker product

Ay (N nEHy® .. @H:@H260 A0 =
=(H: &&= Hu @A =

Ik
A Ay Ay 0
_ |4 —HAy —A, 1
oy —Hp Hipog H‘.’. -1 (5)

where N, =N, 2" ,N,=2"(n=1,2,3,...), and
Hy,is a WH square matrix with size N,

Hys=(Hi®F= |+ — + — « . — 1

andk (k=0,1,2,3, ....,N,-1) is the matrix row number.
We observe from (5) that matrix Ay, (Ny, n)is the

result of the Kronecker multiplication procedure of matrix

An; by matrix H, n times, step by step. For instance, the
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first step is Hy®@ Ay, the second step is H,Q®H,QAny),
the third step is H,®Q(H,® (H, ®Ay;)), etc., and
(H,®)"®An; after n steps. During this procedure, the
length of matrix rows (length of matrix sequences) and the
number of matrix rows increases by a factor of two after
each multiplication step. In the common case, matrices
Anz (N}, n) are rectangular matrices with size2"x (N 2"),

where N,=2" is the number of rows and (N, %2") is the

number of columns (5), (6). The number of rows N,=2"
defines the number of binary sequences and the number of
columns (N, #2") = N, defines the length of orthogonal

sequences of matrices An, (N, n).

Thus, for any even integer N,(N, = 2, 4, 6, 8, 10,
...),the Kronecker multiplication of matrix-row Ay;(4)by
the WH square matrix Hy, of size N,= 2"(5) represents
matrix Ay (Ny, n).And if the value of N; (length of matrix
row Ay;(4)) and the value of n (number of multiplication
steps) are known, it is possible to find the length of rows
(Iength of sequences)and number of rows (number of
sequences) of matrix Axo(Ny, n)(5), i.e. N, = N; = N, = N;
x2"andN,=2" respectively (5), (6). For example, for n =1
we have

Anxa (N, n=1)= (H,®)"®An; =

- _[t t _[An1 Ana
—1@Au= [ Tloan " Y|

(7N
and for n =2 we have
Axy (N, n=2)= (H2®)n QAN =
=H2®H2®AN1=H2®(H2®ANI) =
Ani Ani Ani Am
A A Ani—Ang Ay —A
- [m nl]: N1 —ANn1 ANz N1 [ 3
BlAn —Anl T[Ani At —Ani—Any ®)
Ani—Ani—An1 Ani

EXAMPLES OF ORTHOGONAL BINARY
SEQUENCES
Consider the following three examples:

N1=1:

In the N = 1 case, matrix row Ay (4) consists of
only one element, namely
Anizi= [+],

Where N; is the number of elements in matrix-row Ay; (4 )
and Njis also the length of sequence Ay;.

In this case, matrix Ayxomay be represented (5),
foranyn=1,2,3,4,...,as

Axy (N,n)=(H, ®)" @ Anjoi=
= Hxyo@Ani21 = Hi® [+]= Hy, &)

where Hy, is the WH square matrix of size N, =
2" (6). Thus, when N; = 1, matrices Ax»(N;, n) are the
same as WH matrices Hy, because matrix Ax;—;= [+] is
the same as the elementary Hadamard matrix H; = [+]
which is used to create WH matrices (1).

This approach (9) can be utilized to create
orthogonal binary systems with sequences of length N,=
N;#2"(N=1, n =1, 2, 3, 4, ...), or with a length N, = 2, 4,
8, 16, ... (1), (3). WH matrices for N,=N, =2 (n=1), N, =
N, =4 (n=2) and N,= N, = 8 (n=3) are represented above
in (2) and in Figure-1.

Nl =3:
In the N =3 case, matrix-row Ay;is represented as
Ani= [+ — 4], (10)

where N, = 3is the number of elements in matrix-
row An; (4). The original matrix-row Ayjcan be taken
arbitrarily as a sequence from the all binary sequences
with the length N; = 3. In this case, the matrix
Anp(Ny,n)can be represented in the form of (5):

Ay (N1,n)=(H,®)" @ Anj3=
= Huw®Ani5= Hu®[+ — +]. (11)

Using this approach (11), one can create
orthogonal binary systems with the sequences of length
N, =N;#2"= 3x2"(n =1, 2, 3, 4, ...) or of length N,= 6, 12,
24, 48, 96, ... (3). Examples of matrices Ay, (Nj,n)for N,
=6, N,= 12 (n=1 and n=2 respectively) and N ;=3 (10) are
represented in Figure-2.

N1=5:

In the N;=5 case, it is possible to create
orthogonal binary systems with sequences of length N,=
N;#2"= 5x2"(n =1, 2, 3, 4, ...) or with length N,= 10, 20,
40, 80, 160, ... (3).Examples of matrices Any(Ny,n) for
Ny= 10, N,= 20 (n =1 and n =2 respectively) and N;=5 are
represented in Figure-3. Matrix Ay; (Figure-3) is
represented as Ay—s=[+ + + — +].

We observe that in the N,=7 case, it is possible to
create orthogonal binary matrices with sequences of length
N,= N, % 2"= 7«2"(n =1, 2, 3, 4, ...) or with sequences
length of N,= 14, 28, 56, 112, 224, ... (3), and in the N;=9
case, it is possible to create orthogonal binary matrices
with length No= N#2"= 9x2%(n =1, 2, 3, 4, ...) or with
length N,= 18, 36, 72, 144, ... (3), and for any even
number N,using the same approach.
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Ni=3 Anis=[HF-+4]

n=1, N,=N,*2"=6
Ao (N,n) =H, @ Ay=3 =

= : j ® Anis =
_ Ani=3 Ani=s _
_ANI=3 -Ani=3
Ik 1G
+-+[+-+4]0 G
- _+T+ —+-] I G

n=2, N,=N;*2"=12
Axo-1o (Ny,n) = (Hz®)2 ® Aniz =

=H, @ Ao =
[+ +
:__'_ _:I@A.\D:G:
Ik |G
[+-++-+[+-++-+] 0 G
+—-+—-+-|+-+-+-1 G,
a +-—++—+|-+=-=+— 2]
‘ L 1 Gs
+-+—-+-|-+—-+—-+] 3|

Figure-2. Matrices Any(Ny,n), N;=3.

Nl=5 ‘ANI=S=[+++—+]

n=1, N2=N| =2"=10
+ +
Ana-10 (N,n) =Hy @ Ayy=s = [+ _] ® Ani-s

Ik 1G
+++—+|+++-4+] 0 G,
Ano-10 (N,n) =
+++—+|[—-—-=+—] 1 G
n=2, N2:N1ﬁ2"=20
Axa-20 (Np,n) = (H:®)2 ® Ani—s =
+ +
=Hy ® Ano-10= L _] ® Ana-10=
lk |G
+++—++++—+|[+++-++++-+ 0 G
+++—+———+—-|+++-+-=-=-+-| 1 G,
+++—t+tt—t|———t ==+ -2 lg
P ok T Sy PR | - B

Figure-3. Matrices Axy(Nj,n), N;=5

In all of examples (Figure-1, Figure-2, and
Figure-3), the value k represents the number of matrix

Ano(Np,n)rows (number of binary sequences), where k = 0,
1,2,3,4, ...... , 2"-1. The total number of rows is N,= 2"
and the total number of columns (the length of sequences)
is No= N#2" (n =1, 2, 3, 4, ...).As previously described, in
the common case matrices Ay, (N;, n) are rectangular
matrices with size N,x (N;*2"), where N = N, = 2" is the
number of rows and (N;*2") is the number of columns. In
only one case, when N; =1, matrices Ay, (N}, n)are square
Walsh-Hadamard matrices with size N,= 2"sincematrix
Anjconsists of a matrix-row with only one element:
Axi =[+] 9).

PROPERTIES OF ORTHOGONAL BINARY
SEQUENCES

The primary properties of matrices Ay, (Nj, n)
N, =2,4,6,8, 10, ...) are determined by the properties of
WH matrices Hy, (1). The first property of interest of WH
matrices is the orthogonal property, whereby mutual
orthogonal properties exist between of all rows (or
between all binary sequences) of matrices Hy,. In our
case, matrices Ax, (N, n) are orthogonal. This is evident
from the structure of Ay, matrices (5), (6), (7), and (8).

In [6, 9, 10] it was shown that Walsh-Hadamard
matrices of size N, = 2" have one even more important
property; namely all WH matrices consist of groups of
sequences with zero cross correlation (CC) (i.e., with zero
multiple access interference (MAI) or with ideal cross
correlation (ICC) properties) when applied to periodic
signals. The number of groups G (G{,Gs, Gs, ..., Gyy) of
sequences with zero CC is defined by the size of the WH
matrices and equals n+1. New groups of sequences appear
after each step of the Kronecker multiplication procedure
during formation of WH matrices (1). After the first
multiplication step (n=1), group G, and group G, appear.
After the second multiplication step (n=2), group Gj
appears, and etc. Figure-1. The first group, group G,
consists of a sequence which corresponds to the k=0 row
(Figure-1). The second group, group G,, corresponds to
the k=1 row. The third group, group Gs;, consists of two
sequences which correspond to the k=2 and k=3 rows. The
fourth group, group Gy, consists of four sequences which
correspond the k=4, k=5, k=6, and k=7 rows, and etc. The
last group, group G,,;, consists of sequences which
correspond to the k=N/2 through k=N-1 rows. By using
the same frequency approach as in [10, 12], it is possible
to show that matrices Ayx, (Ny,n) (5) also exhibit the zero
CC property of WH matrices. Groups G (G, Gy, Gs, ...,
G,,;) are represented in Figure-2 and Figure-3 in
comparison with the same groups of sequences of WH
matrices (Figure-1). Applying the same approach to
periodic signals coded by WH sequences, it was shown
[10, 12] that each group of signals Gy, G,, G, ..., G,y has
its own discrete frequencies which are different for each
group G of signals. However all signals which belong to
the same group G have mutual frequencies and therefore
these periodic signals do not have zero cross correlation
properties. By selecting sequences from different groups
(but only one sequence from each group), it is possible to
form an ensemble of signals which correspond to periodic
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coded signals with zero CC (i.e., with zero MAI or with
ICC properties). There can be no more than n+1 total
coded signals in this ensemble for any even integer N, =
f(N, n) = Ny * 2"

GENERAL APPROACH TO FORMATION OF
ORTHOGONAL BINARY SEQUENCES WITH
ZERO CROSS CORRELATION

As stated earlier, matrices rows Ay; can be taken
arbitrarily as sequences of ‘+’s and ‘-‘s with length N;.
The total number of different sequences Ay, depends on
the length of sequence N;. It easy to show that total
number of different binary sequences with length N is
equal to 2V'. Usually we use only half of these sequences,
namely, m = 2N pecause the second half of the
sequences is the “mirror reflection” of the first half with
exactly the reverse polarity.

All of the different binary sequences of length N
can be represented in matrix form as

= [aFyl (12)

Matrix Ayj, consists of m rows and N; columns
(length of sequences N;), where m is the total number of
different binary sequences m= 2" with a length of N,
and k is a row number (k = 0, 1, 2, 3, ..., m-1). For
example, A¥y; is the sequence which corresponds to row
number k. None of the binary sequences are orthogonal
because the sequence lengths N; are odd numbers.

All m binary sequences with length N; can be
used to create matrices Anym(Nj,n) if we consider the
application of the Kronecker multiplication procedure to
matrix Ay, (12) as in (5)

ArgNin) = Hup @A« = (Ha@ P @A 2=
1k

A, —A Ayt ol Ny-1

Nimd Na (13)

where Hy, is the WH square matrix with size N, = 2"
(n=1,2,3,...)and N, = N;* 2° (6).

In the N; = 3 case, matrix Aynj—3;m can be
represented as

Anl=sg =

Woba 1 e
..'_l ?I_

T - = 14)

where m = 2! = 4 is the number of different binary
sequences with length of N; which have only plus signs at
the beginning of each sequence and k is the row number (k
=0, 1, ..., m -1). After the first multiplication step (n=1)
(13), we have:

Axy =6,m(Nl:3’n=1) = H2®AN1=3,m =

+ + Ani=zm  Ani=3m
= Anizzm = ’ ’ 15
[+ —]® Ni=3. Ani=3m —Ani=3m (15

After the second multiplication step (n=2) (13),
we have:

Ano=izm (N1=3, n1=2) = (H,Q)" @ Anizsm =
= H,®H, ®Anissm) =
AN1=3,m AN1=3,m

AN1=3,m AN1=3,m

| AN1=3,m _AN1=3,m AN1=3,m _AN1=3,m

(16)

AN1=3,m AN1=3,m _AN1=3,m _AN1=3,m

AN1=3,m _AN1:3,m _AN1:3,m AN1:3,m

Matrices Anp=¢.m (N1=3, n=1) (15) and Ano-1om
(N,=3, n=2) (16) are represented in Figure-4 and Figure-5
respectively. It is important to note that these matrices are
not orthogonal matrices, because matrix Anj=3, (14) is not
orthogonal. In Figure- 4 and Figure-5, after the first step of
Kronecker multiplication (n=1), Group 1 and Group 2
appear and in this case (m>1) these groups consist of m
sequences (for Ny =3, m = 4). However, when using WH
matrices (Figure-1) and matrices Ax, (N;=3, n=1) (Figure-
2), after the first step of Kronecker multiplication (n=1),
Group 1 and Group 2 consist of only one sequence. This
difference appears in the case of WH matrices (Figure-1)
and orthogonal matrices Ayn, (N, n) (Figure-2) because
only one sequence Ay; (4), (5) was used to create these
matrices.

N;=3, m=2""=4
Ik

+++ 0

+ -+

++ -

+ -

ANLm =

O O

N,=N; *2"=6 (n=1)

+++/+++] 0
+=+'+=+ 1 ‘
++= ++= 2 ‘
Lol e

ANZ 6.m (Nl,ll) =

=H, ® Ani-3m =
+++'=== 4 ‘

i ==
+tt=- ==+ (,‘
eac s & i I

Figure-4. Matrix Ay, n(Ny,n), N;=3, n=1, m=4.
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In all the matrices represented in the first three
figures (Figure-1, Figure-2, and Figure-3), Group 1 (G))
sequences and Group 2 (G,) sequences appear after the
first Kronecker multiplication (n=1). After the second
Kronecker multiplication (n=2), Group 3 (G;) sequences
appear, after the third multiplication (n=3), Group 4 (G,)
sequences appear, etc. And after each step of Kronecker
multiplication, the number of rows (number of sequences)
and number of columns (length of sequences) of the
matrices both increase by a factor of two.

When we consider matrix Anp-¢m(N;=3, n=1)
(Figure-4), we observe (16) that after the first Kronecker
multiplication (n=1) (15) there are eight binary sequences
of length N, = N;* 2" = 6. The first four of them (k =0, 1,
2, 3) belong to Group 1 (G;) and none of them are
orthogonal (15). The other four sequences (k = 4, 5, 6, 7)
belong to Group 2 (G,) and all of them are orthogonal to
any Group 1 (G;) sequences. Consequently periodic
signals coded by any sequences of Group 2 (G,) have zero

N, =3, m=2""=4

Nz= N| «2"=12 (ll=2)

ANZ 12.m =

=(H3®)2®ANI m == ==t =| 5§

= H1®A.\'Z 6m —

++=—++— | —=+==4+[10
==t ==| =+ +—=++ 11
++t == === ++ 4| 12
e | il 13
th === ==t ++=|14
===+ +|=+++—-=] 15

- G

Figure-5. Matrix An, n(Ny,n), Ni=3, n=2, m=4.

CC with signals coded by any sequences of
Group 1 (G,). However, periodic signals which correspond
to sequences inside of the same group are not orthogonal
and do not have zero cross correlation between of them.
As the result of this property, using all eight of these
sequences of matrix Anp-¢m (N;=3, n=1) (Figure-4), it is
only possible to create pairs of periodic signals with zero
cross correlation. One signal of each pair corresponds to
any sequence from Group 1(G;) and the other signal of the
pair corresponds to any sequence from Group 2(G,). The
total number of different pairs of periodic signals with
zero cross correlation will be m * m = m” = 22<NH), which
in the N; = 3 case equals 16. In other words, from binary
sequences with length N, = 6, using this approach it is
theoretically possible to create 16 different pairs of
periodic signals with ICC properties. We observe that

some of these periodic signals are distinguished from other
periodic signals only by time shifts or “phase” shifts. For
instance, for Anz-em (N;=3, n=1) (Figure-4), periodic
signals corresponding to k=1 and k=2 and periodic signals
corresponding to k=4, k=6, and k=7 exhibit a periodic
shift. As a result of this property, there will be only
3 x 2 =6, and not 16 as calculated above, different pairs of
periodic signals with length N, = 6.

After the second Kronecker multiplication step
(n=2) (16), there are 16 sequences of length N, =12 in
matrix Anz-i2.m (N;=3, n=2)(Figure-5) and Group 3 (G3;)
appears. The first four sequences (k =0, 1, 2, 3) belong to
Group 1 (Gy), another four sequences (k =4, 5, 6, 7)
belong to Group 2 (G,), and the remaining eight sequences
(k=8,9, 10, ..., 15) belong to Group 3 (G3). All sequences
of any groups G are orthogonal to any sequences which
belong to other groups and their corresponding signals
have zero cross correlation. But sequences within each
groups G are not orthogonal and their corresponding
signals do not have zero cross correlation between any
combination of them. This result means that by using all of
these sixteen sequences of matrix Anz-i2m (N;=3, n=2)
(Figure-5), it is possible to create no more than triplets
(sets of three signals) of periodic signals with zero cross
correlations, where all three of these signals correspond to
sequences from three different groups G of sequences,
namely, Gy, G, and G;. The total number of triplets (three
signals per set) of periodic signal with ideal cross
correlation properties will be m * m * 2m = 2m’ = 4 * 4 *
8 = 27 = 128. In other words, it is possible to create 128
different triplets (three signals per set) of periodic binary
signals with zero cross correlation from binary sequences
with length N, = 12. Of course, as mentioned above for the
Anoem (N1=3, n=1) case, it is necessary to take into
account that some of these periodic signals will be
distinguished from the other periodic signals only by time
shifts or “phase” shifts. For instance, for Any-jp.m (N;=3,
n=2) (Figure-5), periodic signals corresponding to k=1 and
k=2 (G,), periodic signals corresponding to k=4, k=6 and
k=7 (G,), and periodic signals corresponding to k=8 and
k=12, k=9 and k=13, k=10 and k=14, k=11 and k=15 (G3;),
exhibit a periodic phase shift. As the result of this
property, there will be only 3 x 2 x 4 = 24, and not 128 as
theoretically calculated, different triplets of periodic
signals with length N, = 12.

For N,=5, there are m binary sequences with
length N} = 5, where m = Nl 16, and none are
orthogonal to each other. After the first step of Kronecker
multiplication (n = 1), there are 32 different binary
sequences of length N, =10. The first 16 sequences belong
to Group 1 (G,), the remaining 16 belongs to Group 2
(Gy), and the total number of different pairs of periodic
signals with zero cross correlation is m* = 2™V which in
the Ny = 5 case equals 256. In other words, from binary
sequences with length N, = 10 it is possible to create 256
different pairs of periodic signals with zero -cross
correlation. After the second step of Kronecker
multiplication for Ayjes. n (16), there are 64 binary
sequences of length N, = 20. And the theoretical total
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number of different triplets (three signals per set) of
periodic signals with zero cross correlation are m * m *
2m = 2m® = 16 * 16 * 32 = 2> = 8192. Because some of
these periodic signals are only distinguished from other
periodic signals by time shifts or “phase” shifts, the
number of different pairs and triplets with zero CC will
total much less than 8192 as previously described for
N] = 3

As a generalization, it is possible to calculate how
many different sets of periodic signals will exist after the
third, fourth, etc. steps of Kronecker multiplication of
matrix Ayjn, (13) for any even integer N, = f(Ny, n) =
N, * 2" (3). However, the total number of signals with zero
cross correlation per one set (pair, triplet, quadruplet, etc.)
is no larger than n +1 (n =1, 2, 3, 4, ...).

Binary phase coded radio signals corresponding
to these band based signals share the same properties [12].
Some samples of filters for separation of these zero cross
correlation signals were presented in [12].

CONCLUSIONS

A method to create orthogonal binary sequences
for any positive even number N, = 2, 4, 6, §, 10, ... is
presented. For even values of N, =2" (N, =2, 4, 8, 16, ...),
these orthogonal binary sequences correspond to binary
sequences of Walsh-Hadamard matrices. For even values
of N, = 6, 10, 12, 14, 18, ..., the orthogonal binary
sequences have the same primary properties as Walsh-
Hadamard functions, namely the orthogonal property and
the presence of some groups of signals with zero cross
correlation (i.e. with zero MAI or with the ICC property)
when applied to periodic signals. The method of creating
ensembles of periodic binary signals with ideal cross
correlation properties for any even values of N, = 6, 10,
12, 14, 18, .... is also considered. By applying these
results to radio signals, it is possible to create ensembles of
independent orthogonal radio signals.

APPENDIX 1

The generation of periodic orthogonal binary
sequences of the same least period with zero cross
correlation was discussed in [2, 3]. It was shown that pairs
of these binary sequences of length and least period N, =
x 2" can be synthesized for all positive integers n and any
nonprime odd integer r. As an example, the reference
presents the pair of periodic orthogonal binary sequences
(sequences C and D) of the same least period with zero
cross correlation for N, = 18 (r =9, n=1).

N, =18
C=(+-++-++-+ -+-—-+-+-)
D=(C+++-—-4++ ++-—+++-)

Using the results of [2,3], it is possible to create
pairs of periodic orthogonal binary sequences of length
and least period for any even N, = N; x 2", where n = 1
and Ny (N; =3,5,9, 11, ...) are odd integers. These pairs
of sequences have zero cross correlation. The following
are examples of these pairs of sequences (sequences Cj,

D, and sequences C;, D,) of length and least period N, =
6, 10, and 14:

N;=6,(N;=3,n=1)
Ci=(+-+-+-)
Di=(++-—-++)
Ci=(+-+-+-)
Dy = (+-+)

N,=10,(N;=5,n=1)
Ci=(+-+-+-+-+-)
Di=(++-—-+ +-—-++)
Ci=(+-+-+-+-+-)
Dy=(+++-—-+++)

N,=14,(N;=7,n=1)
Ci=(+-+-+-+ -+-4+-+-)
Di=(+++—+ +-—+++)
Ci=(+-+-+-+-+-+-+-)
Dy=(+-+-4+++ +++-+-+)

APPENDIX 2

Some sets of periodic binary sequences, called

periodic perfect cross correlation (PPCC) sets of binary
sequences with zero cross correlation for N=6, N=8 and
N=12, were synthesized in [11] under a condition related
with their autocorrelation properties.
These two  binary sequences for N=6 are
Si=(++++++) andS, = (+++---). We observe that
these sequences correspond to two sequences of matrix
Ano=6.m(N;=3, n=1) for N=6 with k=0 and k=4 (Figure-4).
These two sequences belong to two different Groups, G
and G,, therefore periodic signals corresponding to these
two sequences have zero cross correlation. As shown in
this paper, using all eight sequences of matrix Anp-¢m
(N,=3, n=1) (Figure-4), for N=6 it is possible to create 6
different pairs of periodic signals with zero cross
correlation including the pair of sequences which were
synthesized in [11].

The four binary sequences for N=8 which form
the set of sequences with zero cross correlation were
synthesized in [11]. These four sequences are S; =
F+++++++), So=(+-+-+-+-), Ss=(+--++--4),
and S4=(+ - - + - + + -) and all are WH sequences for N=8
with k=0, k=1, k=3, and k=7 (Figure-1). Ensembles of
signals corresponding to this set of WH sequences have
zero cross correlation because all of these sequences
belong to different Groups, namely G;, G,, G; and Gy
(Figure-1). As shown in [6, 10, 12], for N=8 it is possible
to create ensembles of four signals from WH sequences,
ie. set of four signals, with zero cross correlation
properties. Each signal in these ensembles corresponds to
WH sequences from different Groups, namely G, G,, G;
and G, (Figure-1). Only two different ensembles, i.e.
different sets, can be synthesized from four signals
corresponding to WH sequences for N=8. The first
ensemble corresponds to sequences with k=0, k=1, k=3,
and k=7, ie. S;=++++++++), So=(+-+-+-+-),
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S;=(+--++--+), and S4;=(+ - - + - + + -) and the second
ensemble corresponds to sequences with k=0, k=1, k=3,
and k=6, ie. Sy=(+++++++4), S = (+-+-+-+-),
S; =(+--++--+) and S; =(++----++). The first
ensemble corresponds to sequences which were
synthesized in [11]. In theory, there should be eight
different ensembles constructed from the four signals
corresponding to WH sequences for N=8§, but some of the
WH sequences for N=8 only differed by a time shift, i.e.
phase shift, applied to the periodic signals. The WH
sequences which only differed by a time shift for N=8
correspond to k=2 and k=3, k=4 and k=6, and k=5 and k=7
(Figure-1). Furthermore, in two ensembles for N=8 above,
one can replace the k=2 sequence with the k=3 sequence,
the k=4 sequence with the k=6 sequence, and the k=5
sequence with the k=7 sequence.

Three sequences for N=12 with zero cross
correlation were synthesized as the set of sequences in
[11]. These three sequences are S, =
F++++++++++4), S5 = (F++---++++---)
and S; = (+++------ +++). These sequences
correspond to three sequences of matrix Anp-ijp.m (N1=3,
n=2)for N=12 with k=0, k=4, and k=12 ( Figure-5), and all
three sequences belong to three different Groups, namely
G, Gy, and G;, and therefore periodic signals
corresponding to these three sequences have zero cross
correlation. As shown in this paper, using all 16 sequences
of matrix Ano=ip.m (N1=3, n=2) (Figure-5), for N=12 it is
possible to create 24 different triplets of periodic signals,
i.e. ensembles of three signals, with zero CC including the
triplet of sequences above synthesized in [11].
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