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ABSTRACT 

In this paper, Variational iteration transform method is employed to determine the exact solution of the Burger 

equation which is one-dimensional and coupled Burger’s equations nonlinear partial differential equation.  This method is 

combined form of the Laplace transform and Variational iteration method. The explicit solutions obtained were compared 

to the exact solutions. The method finds the solution without any restrictive assumptions and free from round-off errors and 

therefore reduce the numerical computation to a great extent. The method is tested on two examples and coupled Burger’s 

equations. The results show that the new method is more effective and convenient to use and high accuracy of it is evident. 
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INTRODUCTION 

Burgers’ equation is a fundamental partial 

differential equation in fluid mechanics. It occurs in 

various areas of applied mathematics, such as modelling of 

dynamics, heat conduction, and acoustic waves, it is 

named for Johannes Martin us Burgers (1895-1981). 

Localized in a small part of space, play a major role in 

several different fields such as hydrodynamic, plasma 

physics, nonlinear optic, etc. The investigation of exact 

solutions of these nonlinear equations is interesting and 

important. In the past several decades, many authors had 

paid attention to study solutions of nonlinear equations by 

using various methods, such as Backland transformation 

[1,7], Darboux transformation [34], inverse scattering 

method [13], Hirota’s bilinear method [22], the tanh 

method [27], the sine-cosine method [40,41], the 

homogeneous balance method [35,42], the Riccati 

expansion method with constant coefficients [43,44]. 

"Recently, an extended tanh-function method and 

symbolic computation are suggested in [11] for solving the 

new coupled modified Burger’s equations to obtain four 

kinds of soliton solutions." This method has some merits 

in contrast with the tanh-function method.  It is not only 

using a simpler algorithm to produce an algebraic system, 

but also can pick up singular solutions with no extra effort 

[12,23,28,32,39]. 

Most of the developed schemes have their 

limitations like limited convergence, divergent results, 

linearization, discretization, unrealistic assumptions and 

no compatibility with the versatility of physical problems 

[8] in the Burger’s model of turbulence [4]. It is solved 

analytically for arbitrary initial conditions [24]. Finite 

element methods have been applied to fluid problems, 

Galerkin and Petrov-Galerkin finite element methods 

involving a time-dependent grid [6,21]. Numerical 

solution using cubic spline global trial functions were 

developed in [31] to obtain two systems or diagonally 

dominant equations which are solved to determine the 

evolution of the system. A collocation solution with cubic 

spline interpolation functions used to produce three 

coupled sets of equations for the dependent variable and 

its two first derivatives [5]. 

Since exact solutions of most of the differential 

equations do not exist, approximation and numerical 

methods are used for the solutions of the FDEs Ali et 

al.[3] applied B-spline finite element methods to the 

solution of Burger’s equation. The B-spline finite element 

approach applied with collocation method over a constant 

grid of cubic B-spline elements. Cubic B-spline had a 

resulting matrix system which is tri-diagonal and so solved 

by the Thomas algorithm. Soliman [33] used the similarity 

reductions to the partial differential equations from 

develop a scheme for solving the Burger’s equation. The 

coupled system is derived by Esipov [10]. It is simple 

model of sedimentation or evolution of scaled volume 

concentrations of two kinds of particles in fluid 

suspensions or colloids, under the effect of gravity [30]. 

The Variational iteration method was first 

proposed by He [14–17] and was successfully applied to 

autonomous ODE in [18], to nonlinear polycrystalline 

solids [29], and other fields. The combination of a Laplace 

transform  method, Variational iteration transform  

method, method of variation of constants and averaging 

method to establish an approximate solution of one degree 

of freedom weakly nonlinear system in [9]. The 

Variational iteration transform method has many merits 

and has much advantage over the Adomian method [37]. 

The aim of this paper is to extend the Variational iterations 

transform  method proposed by He [14-17,19,20] to solve 

two different types such as the one-dimensional Burger’s 

equation and coupled Burger’s equations and made a 

comparison with the results obtained by the Adomian 

decomposition method [2, 25, 26, 36, 38]. 

 

Variational Iteration Transform Method (VITM) 

 To illustrate the basic idea of this method, we 

consider a general nonlinear non-homogeneous partial 

differential equation with initial conditions of the form  

 𝔇uሺx, tሻ + ℛuሺx, tሻ + ℵuሺx, tሻ = gሺx, tሻ                          ሺͳሻ   uሺx, Ͳሻ = hሺxሻ, ,ݔ௧ሺݑ Ͳሻ = ݂ሺݔሻ 

Where 𝔇 is the second order linear differential operator 𝔇 = 𝜕2𝜕௧2  , ℛis linear differential operator of less order 
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than 𝔇, ℵ represent the general nonlinear differential 

operator and g(x,t) is the source term. Taking Laplace 

Transform on both sides of Eq.(1) 

 L[𝔇uሺx, tሻ] + L[ℛuሺx, tሻ] + L[ℵuሺx, tሻ] = L[gሺx, tሻ]                 ሺʹሻ 
,ଶL[uሺxݏ  tሻ] − ,ݔሺݑݏ Ͳሻ − ,ݔ௧ሺݑ Ͳሻ + 𝐿[ℛݑሺݔ, +[ሻݐ 𝐿[ℵݑሺݔ, [ሻݐ = 𝐿[݃ሺݔ,  ሻ]                  ሺ͵ሻݐ

 

Taking Inverse Laplace transform  ݑሺݔ, ሻݐ = ݂ሺݔሻ + ሻݔℎሺݐ + ͳݏଶ 𝐿−ଵ[𝐿(݃ሺݔ, −[(ሻݐ ͳݏଶ 𝐿−ଵ[𝐿(ℛሺݔ, −[(ሻݐ ͳݏଶ 𝐿−ଵ[𝐿ℵݑሺݔ,  ሻ]                         ሺͶሻݐ

Derivative by 
∂∂t both sides of Eq.(4) u௧ሺݔ, ሻݐ = ℎሺݔሻ + ݐ�𝜕� 𝐿−ଵ ( ͳݏଶ 𝐿 {݃ሺݔ, −({ሻݐ ݐ�𝜕� 𝐿−ଵ ( ͳݏଶ 𝐿{ℛݑሺݔ, −({ሻݐ ݐ�𝜕� 𝐿−ଵ ( ͳݏଶ 𝐿{ℵݑሺݔ,  ሻ})               ሺͷሻݐ

By the correction function of irrational method  u𝑛+ଵሺݔ, ሻݐ = ,ݔ𝑛ሺݑ −ሻݐ ∫ሺሺݑ𝑛ሻ𝜉ሺݔ, 𝜉ሻ௧
଴+ 𝜕𝜕𝜉 ሺ𝐿−ଵ ቆ ͳݏଶ 𝐿{ℛݑ𝑛ሺݔ, 𝜉ሻ}+ 𝐿−ଵ ( ͳݏଶ 𝐿{ℵݑ𝑛ሺݔ, 𝜉ሻ})− 𝐿−ଵ ( ͳݏଶ 𝐿{݃ሺݔ, 𝜉ሻ}) − ℎሺݔሻቇሻ𝑑𝜉 ሺ͸ሻ 

Finally, the solution u(x,t) is given by  uሺx, tሻ = lim𝑛→∞ ,ݔ𝑛ሺݑ  ሻݐ

 

An illustrative paradigm 

 In this section, the (VITM) is implemented for 

tacking Burger's equations with initial conditions. We 

demonstrate the effectiveness of this method with two 

examples. Numerical results obtained by the proposed 

method are compared with Known results. 

 

Example 1: 

Consider one- dimensional Burger's equation of 

the form  

 u௧ = 𝑥𝑥ݑ − 𝑥ݑݑ                                                                        ሺ͹ሻ 

 

The initial condition is  

 uሺx, Ͳሻ = ͳ − ݔʹ                                                                        ሺͺሻ 

 

Taking Laplace transform on both sides  

 L[u௧] = 𝐿[ݑ𝑥𝑥] − 𝐿[ݑݑ𝑥]                                                      ሺͻሻ 

This can be written as  sLuሺx, tሻ − uሺx, Ͳሻ = L [∂ଶu∂xଶ] − L [u ∂u∂x]                       ሺͳͲሻ 

 

On applying the above specified initial conditions 

we get sL(uሺx, tሻ) − (ͳ − (ݔʹ = L [∂ଶu∂xଶ] − L ݑ] ∂u∂x]           ሺͳͳሻ 

 L[uሺx, tሻ] = ͳݏ − ݔݏʹ + ͳݏ 𝐿 [𝜕ଶݔ��ݑଶ] − ͳݏ 𝐿  ሺͳʹሻ           [ݔ��ݑ�� ݑ]

 

Applying the inverse Laplace transform on both 

sides of Eq.(12), We get  

 uሺx, tሻ = 𝐿−ଵ [ͳݏ] + 𝐿−ଵ [ͳݏ 𝐿ሺ𝜕ଶݔ��ݑଶሻ] − 𝐿−ଵ −[ݔݏʹ] 𝐿−ଵ [ͳݏ 𝐿ሺݑ ,ሻ] uሺxݔ��ݑ�� tሻ = ͳ − ݔʹ + 𝐿−ଵ [𝐿ݏ ቆ𝜕ଶݔ��ݑଶቇ]− 𝐿−ଵ [ͳݏ 𝐿 ݑ)  ሺͳ͵ሻ                             [(ݔ��ݑ��

Derivative by 
∂∂t both sides (13)  u௧ሺݔ, ሻݐ + ݐ�𝜕� [𝐿−ଵ (ͳݏ 𝐿 [((ݔ��ݑ�� ݑ)

− ݐ�𝜕� [𝐿−ଵ (ͳݏ 𝐿 ቆ𝜕ଶݔ��ݑଶቇ)] = Ͳ          ሺͳͶሻ 

Making the correction function is given  u𝑛+ଵሺݔ, =ሻݐ u𝑛ሺݔ, −ሻݐ ∫ሺሺݑ𝑛ሻ𝜉ሺݔ, 𝜉ሻ + 𝜕𝜕𝜉 ሺ𝐿−ଵሺͳݏ 𝐿[ݑ𝑛ሺݔ, 𝜉ሻሺݑ𝑛ሺݔ, 𝜉ሻ]ሻ௧
଴− 𝐿−ଵሺͳݏ 𝐿[ሺݑ𝑛ሻ𝑥𝑥ሺݔ, 𝜉ሻ]ሻሻ 𝑑𝜉                                   ሺͳͷሻ 

We can use the initial condition to select u଴ሺݔ, ሻݐ = ,ݔሺݑ Ͳሻ = ͳ −  ݔʹ

Using this selection into the correction functional 

gives the following successive approximations  u଴ሺݔ, ሻݐ = ͳ − ݔʹ                                                                   ሺͳ͸ሻ uଵሺݔ, ሻݐ = ,ݔ଴ሺݑ −ሻݐ ∫ሺሺݑ଴ሻ𝜉ሺݔ, 𝜉ሻ௧
଴+ 𝜕𝜕𝜉 ሺ𝐿−ଵ (ͳݏ 𝐿[ݑ଴ሺݔ, 𝜉ሻሺݑ଴ሻ𝑥ሺݔ, 𝜉ሻ])+ 𝐿−ଵሺͳݏ 𝐿[ሺݑ଴ሻ𝑥𝑥ሺݔ, 𝜉ሻ]ሻሻሻ𝑑𝜉 
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uଵሺݔ, ሻݐ = ͳ − ݔʹ − ∫ (Ͳ௧
଴+ 𝜕𝜕𝜉 ቆ𝐿−ଵ (ͳݏ 𝐿 [(ͳ − (ݔʹ ([(ଶݔʹ)

+ 𝐿−ଵ (ͳݏ 𝐿 [ Ͷݔଷ])ቇ) 𝑑𝜉 uଵሺݔ, ሻݐ = ͳ − ݔʹ − ଶݔݐʹ                                                      ሺͳ͹ሻ uଶሺݔ, =ሻݐ uଵሺݔ, −ሻݐ ∫ሺሺݑଵሻ𝜉ሺݔ, 𝜉ሻ௧
଴+ 𝜕𝜕𝜉 (𝐿−ଵ ቆͳݏ 𝐿[ݑଵሺݔ, 𝜉ሻሺݑଵሻ𝑥ሺݔ, 𝜉ሻ]ሻ

+ 𝐿−ଵ (ͳݏ 𝐿[ሺݑଵሻ𝑥𝑥ሺݔ, 𝜉ሻ])ቇ) 𝑑𝜉                                        ሺͳͺሻ   
uଶሺݔ, ሻݐ = (ͳ − (ݔʹ − −ଶݔݐʹ ∫ሺ −ʹݔଶ௧

଴+ 𝜕𝜕𝜉 ሺ𝐿−ଵሺͳݏ 𝐿 [(ͳ − ݔʹ − ʹ𝜉ݔଶ) ଶݔʹ) + Ͷ𝜉ݔଷ) ])− 𝐿−ଵ (ͳݏ 𝐿 [ Ͷݔଷ − ͳʹ𝜉ݔସ ])ሻሻ uଶሺݔ, ሻݐ = (ͳ − (ݔʹ − −ଶݔݐʹ ଷݔଶݐʹ                                                      ሺͳͻሻڭ 
,ݔ𝑛ሺݑ  ሻݐ = ͳ − ∑ 𝑘+ଵ𝑛ݔ𝑘ݐʹ

𝑘=଴                                                      ሺʹͲሻ 

 

Finally, the solution is  ݑሺݔ, ሻݐ = lim𝑛→∞ ,ݔ𝑛ሺݑ = ሻݐ ͳ − ∑ ∞𝑘+ଵݔ𝑘ݐʹ
𝑘=଴                                                          = ͳ − ݔʹ − ݐ                                                                            ሺʹͳሻ 

 

Example2: 

Consider one dimensional Burger's equation of 

the form  

௧ݑ  = 𝑥𝑥ݑ −  𝑥                                                                    ሺʹʹሻݑݑ

 

Subject to the initial condition  

,ݔሺݑ  Ͳሻ =  ሺʹ͵ሻ                                                                            ݔ
 

Taking Laplace transform on both sides  

𝐿[ݑ௧] = 𝐿[ݑ𝑥𝑥] − 𝐿[ݑݑ𝑥]                                                   ሺʹͶሻ 

This can be written as  ݏ𝐿[ݑሺݔ, [ሻݐ − ,ݔሺݑ Ͳሻ = 𝐿 [𝜕ଶݔ��ݑଶ] − 𝐿 ݑ]  ሺʹͷሻ                 [ݔ��ݑ��

 

On applying the above specified initial condition 

we get  

 sL[uሺx, tሻ] − x = L [𝜕ଶݔ��ݑଶ] − 𝐿 ,ሺʹ͸ሻ L[uሺx                             [ݔ��ݑ�� ݑ] tሻ] = xݏ + ͳݏ 𝐿 [𝜕ଶݔ��ݑଶ] − ͳݏ 𝐿 ݑ]  ሺʹ͹ሻ                         [ݔ��ݑ��

 

Applying the inverse Laplace transform to both 

sides of Eq.(27), we get  

 uሺx, tሻ = 𝐿−ଵ [ݏݔ] + 𝐿−ଵ [ͳݏ 𝐿 [𝜕ଶݔ��ݑଶ]] − 𝐿−ଵ[𝐿ݏ ݑ]  [[ݔ��ݑ��
uሺx, tሻ = ݔ + 𝐿−ଵ [ͳݏ 𝐿 [𝜕ଶݔ��ݑଶ]] − 𝐿−ଵ [ͳݏ 𝐿 ݑ]  ሺʹͺሻ        [[ݔ��ݑ��

Derivative by 
∂∂t both sides (28) u௧ሺx, tሻ = ݐ�𝜕� ሺ𝐿−ଵ [ͳݏ 𝐿 ቆ𝜕ଶݔ��ݑଶቇ] − 𝐿−ଵ[ͳݏ 𝐿ሺݑ  ሻ]ሻݔ��ݑ��

Or  u௧ሺx, tሻ − ݐ�𝜕� ቆ𝐿−ଵ [ͳݏ 𝐿 ቆ𝜕ଶݔ��ݕଶቇ] − 𝐿−ଵ [ͳݏ 𝐿 ݑ) =ቇ[(ݔ��ݑ�� Ͳ                                                          ሺʹͻሻ 
Making the correction function is given  u𝑛+ଵሺx, tሻ = u𝑛ሺx, tሻ− ∫ (ሺݑ௨ሻ𝜉ሺݔ, 𝜉ሻ௧

଴− 𝜕𝜕𝜉 ቆ𝐿−ଵ [ͳݏ 𝐿 ቆ𝜕ଶݑ𝑛𝜕ݔଶ ቇ]
− 𝐿−ଵ [ͳݏ 𝐿 𝑛ݑ) ݔ��𝑛ݑ�� )]ቇ) 𝑑𝜉            ሺ͵Ͳሻ 

 

We can use the initial condition to 

selectu଴ሺx, tሻ = ,ݔሺݑ Ͳሻ =  Using this selection into the .ݔ

correction functional gives the following successive 

approximations. 

 u଴ሺx, tሻ = ,ሺ͵ͳሻ uଵሺx                                                                        ݔ tሻ=  u଴ሺx, tሻ− ∫ (ሺݑ଴ሻ𝜉ሺݔ, 𝜉ሻ − 𝜕𝜕𝜉 ቆ𝐿−ଵ ͳݏ 𝐿 [𝜕ଶݑ଴𝜕ݔଶ ] − 𝐿−ଵ [ͳݏ 𝐿 ଴ݑ) ݔ��଴ݑ�� )]ቇ) 𝑑𝜉௧
଴  

= ݔ − ∫ሺͲ − 𝜕𝜕𝜉 ሺ௧
଴ 𝐿−ଵ [ͳݏ 𝐿ሺͲሻ] − 𝐿−ଵ[ͳݏ 𝐿ሺݔሻ]ሻሻ𝑑𝜉 ሺ͵ʹሻ 
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uଶሺx, tሻ = uଵሺx, tሻ− ∫ (ቆuଵሺx, ξሻ − ∂∂ξ ሺL−ଵ [ͳs L ቆ∂ଶuଵ∂xଶ ቇ]t
଴− L−ଵ[ͳs Lሺuଵ ∂uଵ∂x ሻ]ቇ) dξ 

= ݔ − ݔݐ − ∫ሺ−ݔ − 𝜕𝜕𝜉 ሺ௧
଴ 𝐿−ଵ [ͳݏ 𝐿ሺͲሻ]

− 𝐿−ଵ[ͳݏ 𝐿[ሺݔ − ሻሺͳݔݐ − = ሻ]]ሻሻ𝑑𝜉ݐ ݔ − ݐݔ + ,ݔଷሺݑ ଶ                                                           ሺ͵͵ሻݐݔ ሻݐ = ,ݔଶሺݑ −ሻݐ ∫ ቆሺݑଶሻ𝜉ሺݔ, 𝜉ሻ௧
଴− 𝜕𝜕𝜉 𝐿−ଵ [ͳݏ 𝐿 ቆ𝜕ଶݑଶ𝜕ݔଶ ቇ]− 𝐿−ଵ [ͳݏ 𝐿 ଶݑ) − ݔ��ଶݑ�� )]ሻቇ 𝑑𝜉 

= ݔ − ݐݔ + ଶݐݔ − ∫ሺ−ݔ + 𝜉௧ݔʹ
଴− 𝜕𝜕𝜉 ቆ𝐿−ଵ [ͳݏ 𝐿ሺͲሻ]− 𝐿−ଵ [ͳݏ 𝐿(ሺݔ − 𝜉ݔ + 𝜉ଶሻሺͳݔ − 𝜉+ 𝜉ଶሻ])ቇ 𝑑𝜉 ݑଷሺݔ, ሻݐ = ݔ − ݐݔ + ଶݐݔ − ,ݔ𝑛ሺݑ ڭ ଷ                                   ሺ͵Ͷሻݐݔ ሻݐ = ∑ሺ−ͳሻ𝑘ݐݔ𝑘𝑛

𝑘=଴                                                 ሺ͵ͷሻ 

Take 𝑛 → ,ݔሺݑ ∞ ሻݐ = lim𝑛→∞ ,ݔ𝑛ሺݑ ,ݔሺݑ ሻݐ ሻݐ = ∑ሺ−ͳሻ𝑘ݐݔ𝑘∞
𝑘=଴ ,ݔሺݑ  ሻݐ = ͳݔ + ݐ                                                                      ሺ͵͸ሻ 

 

Example 3: Coupled Burger's equation 

For the purpose of illustration of the Variational 

iteration transform method for solving the homogeneous 

form of coupled Burger's equations, we will consider the 

system of equations. 

௧ݑ  − 𝑥𝑥ݑ − 𝑥ݑݑʹ + ሺݒݑሻ𝑥 = Ͳ,                                        ሺ͵͹ሻ 
௧ݒ  − 𝑥𝑥ݒ − 𝑥ݒݒʹ + ሺݒݑሻ𝑥 = Ͳ                                          ሺ͵ͺሻ 

 

The solutions of which are to be obtained subject 

to initial conditions. 

,ݔሺݑ  Ͳሻ = sinሺݔሻ , ,ݔሺݒ Ͳሻ = sinሺݔሻ                               ሺ͵ͻሻ 

Applying the algorithm of Laplace transform on 

equations (37), (38) we have  

 𝐿[ݑ௧ − 𝑥𝑥ݑ − 𝑥ݑݑʹ + ሺݒݑሻ𝑥] = Ͳ                                 ሺͶͲሻ 

 𝐿[ݒ௧ − 𝑥𝑥ݒ − 𝑥ݒݒʹ + ሺݒݑሻ𝑥] = Ͳ                                  ሺͶͳሻ  
,ݔሺݑ]𝐿ݏ  [ሻݐ − ,ݔሺݑ Ͳሻ − 𝐿[ݑ𝑥𝑥] − ʹ𝐿[ݑݑ𝑥] + 𝐿[ሺݒݑሻ𝑥]= Ͳ                                                         ሺͶʹሻ 

,ݔሺݒ]𝐿ݏ  [ሻݐ − ,ݔሺݒ Ͳሻ − 𝐿[ݒ𝑥𝑥] − ʹ𝐿[ݒݒ𝑥] + 𝐿[ሺݒݑሻ𝑥]= Ͳ                                                         ሺͶ͵ሻ 

 

Using the given initial conditions on equations 

(42), (43), we have 

,ݔሺݑ]𝐿ݏ  [ሻݐ − sinሺݔሻ − 𝐿[ݑ𝑥𝑥] − ʹ𝐿[ݑݑ𝑥] + 𝐿[ሺݒݑሻ𝑥]= Ͳ                                                         ሺͶͶሻ 

,ݔሺݒ]𝐿ݏ  [ሻݐ − sin ሺݔሻ − 𝐿[ݒ𝑥𝑥] − ʹ𝐿[ݒݒ𝑥] + 𝐿[ሺݒݑሻ𝑥]= Ͳ                                                                 ሺͶͷሻ  
Then applying the inverse Laplace transform to 

equations (44), (45) 

,ݔሺݑ  ሻݐ = 𝐿−ଵ [ͳݏ sinሺݔሻ] + 𝐿−ଵ (𝐿ݏ ([𝑥𝑥ݑ] + ʹ𝐿−ଵ (𝐿ݏ −([𝑥ݑݑ] 𝐿−ଵሺ𝐿[ሺݒݑሻ𝑥]ሻ                                         ሺͶ͸ሻ 
,ݔሺݒ  ሻݐ = 𝐿−ଵ [ͳݏ sinሺݔሻ] + 𝐿−ଵ (𝐿ݏ ([𝑥𝑥ݒ] + ʹ𝐿−ଵ (𝐿ݏ −([𝑥ݒݒ] 𝐿−ଵሺ𝐿[ሺݒݑሻ𝑥]ሻ                                         ሺͶ͹ሻ 
 

Derivative by 
𝜕𝜕௧  both sides to equations (46),(47)  

,ݔ௧ሺݑ  ሻݐ = ݐ�𝜕� ቆ𝐿−ଵ (ͳݏ 𝐿[ݑ𝑥𝑥]) + ʹ𝐿−ଵ (ͳݏ 𝐿[ݑݑ𝑥])− 𝐿−ଵ (ͳݏ 𝐿[ሺݒݑሻ𝑥])ቇ                         ሺͶͺሻ 

,ݔ௧ሺݒ  ሻݐ = ݐ�𝜕� ቆ𝐿−ଵ (ͳݏ 𝐿[ݒ𝑥𝑥]) + ʹ𝐿−ଵ (ͳݏ 𝐿[ݒݒ𝑥])− 𝐿−ଵ (ͳݏ 𝐿[ሺݒݑሻ𝑥])ቇ                        ሺͶͻሻ 

 

Making the correction function are given  

,ݔ𝑛+ଵሺݑ  ሻݐ = ,ݔ𝑛ሺݑ +ሻݐ ∫ ( ݐ�𝜕� ቆ𝐿−ଵ (ͳݏ 𝐿[ሺݑ𝑛ሻ𝑥𝑥])௧
଴+ ʹ𝐿−ଵ (ͳݏ 𝐿[ݑ𝑛ሺݑ𝑛ሻ𝑥])− 𝐿−ଵ (ͳݏ 𝐿[ሺݑ𝑛ݒ𝑛ሻ𝑥])ቇ) 𝑑𝜉    ሺͷͲሻ 
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,ݔ𝑛+ଵሺݒ ሻݐ = ,ݔ𝑛ሺݒ +ሻݐ ∫ ( ݐ�𝜕� ቆ𝐿−ଵ (ͳݏ 𝐿[ሺݒ𝑛ሻ𝑥𝑥])௧
଴+ ʹ𝐿−ଵ (ͳݏ 𝐿[ݒ𝑛ሺݒ𝑛ሻ𝑥])− 𝐿−ଵ (ͳݏ 𝐿[ሺݑ𝑛ݒ𝑛ሻ𝑥])ቇ) 𝑑𝜉             ሺͷͳሻ 

 

We can use the initial condition to select 

,ݔ଴ሺݑ  ሻݐ = ,ݔ଴ሺݒ ሻݐ = ,ݔሺݑ Ͳሻ = ,ݔሺݒ Ͳሻ= sinሺݔሻ                                                                                 ሺͷʹሻ 

 uଵሺx, tሻ= u଴ሺx, tሻ+ ∫ ( ∂∂t ቆL−ଵ (ͳs L[ሺu଴ሻxx]) + ʹL−ଵ (ͳs L[u଴ሺu଴ሻx])t
଴− L−ଵ (ͳs L[ሺu଴v଴ሻx])ቇ) dξ                                                  ሺͷ͵ሻ 

,ݔଵሺݑ  =ሻݐ sinሺݔሻ+ ∫ ( ݐ�𝜕� ቆ𝐿−ଵ (ͳݏ 𝐿[− sinሺݔሻ])௧
଴+ ʹ𝐿−ଵ (ͳݏ 𝐿[sinሺݔሻ cosሺݔሻ])− 𝐿−ଵ (ͳݏ 𝐿[ʹ sinሺݔሻ cosሺݔሻ])ቇ) 𝑑𝜉                                 ሺͷͶሻ 

,ݔଵሺݑ  ሻݐ = sinሺݔሻ − tsinሺxሻ                                              ሺͷͷሻ 

 vଵሺx, tሻ = v଴ሺx, tሻ+ ∫ ( ∂∂t ቆL−ଵ (ͳs L[ሺv଴ሻxx])t
଴+ ʹL−ଵ (ͳs L[vnሺv଴ሻx])− L−ଵ (ͳs L[ሺu଴v଴ሻx])ቇ) dξ               ሺͷ͸ሻ 

,ݔଵሺݒ  =ሻݐ sinሺݔሻ+ ∫ ( ݐ�𝜕� ቆ𝐿−ଵ (ͳݏ 𝐿[− sinሺݔሻ])௧
଴+ ʹ𝐿−ଵ (ͳݏ 𝐿[sinሺݔሻ cosሺݔሻ])− 𝐿−ଵ (ͳݏ 𝐿[ʹ sinሺݔሻ cosሺݔሻ])ቇ) 𝑑𝜉                            ሺͷ͹ሻ 

,ݔଵሺݒ  ሻݐ = sinሺݔሻ − tsinሺxሻሺͷͺሻ 

,ݔଶሺݑ ሻݐ = ,ݔଵሺݑ +ሻݐ ∫ ( ݐ�𝜕� ቆ𝐿−ଵ (ͳݏ 𝐿[ሺݑଵሻ𝑥𝑥])௧
଴+ ʹ𝐿−ଵ (ͳݏ 𝐿[ݑଵሺݑଵሻ𝑥])− 𝐿−ଵ (ͳݏ 𝐿[ሺݑଵݒଵሻ𝑥])ቇ) 𝑑𝜉  ሺͷͻሻ ݑଶሺݔ, =ሻݐ sinሺݔሻ − +ሻݔ𝑖𝑛ሺݏݐ ∫ ( ∂∂t ቆL−ଵ (ͳs L[− sinሺxሻ + ξsin ሺxሻ])t

଴+ ʹL−ଵ (ͳs L[sinሺxሻ cosሺxሻ − ʹξ sinሺxሻ cosሺxሻ+ ξଶsin ሺxሻcos ሺxሻ])− L−ଵ (ͳs L[ʹሺsinሺxሻ cosሺxሻ − ʹξ sinሺxሻ cosሺxሻ+ ξଶsin ሺxሻcos ሺxሻሻ ])ቇ) dξ                                             ሺ͸Ͳሻ 

,ݔଶሺݑ  ሻݐ = sinሺxሻ − tsinሺxሻ + ݐ ଶʹ! sinሺݔሻ                        ሺ͸ͳሻ 

 vଶሺx, tሻ = sinሺxሻ − tsinሺxሻ+ ∫ ( ∂∂t ቆL−ଵ (ͳs L[− sinሺxሻt
଴+ ξsin ሺxሻ])+ ʹL−ଵ (ͳs L[sinሺxሻ cosሺxሻ− ʹξ sinሺxሻ cosሺxሻ + ξଶsin ሺxሻcos ሺxሻ])− L−ଵ (ͳs L[ʹሺsinሺxሻ cosሺxሻ− ʹξ sinሺxሻ cosሺxሻ+ ξଶsin ሺxሻcos ሺxሻሻ ])ቇ) dξ            ሺ͸ʹሻ 

 vଶሺx, tሻ = sinሺxሻ − tsinሺxሻ + tଶʹ! sinሺxሻ                        ሺ͸͵ሻ  ڭ
 unሺx, tሻ= sinሺxሻ − tsinሺxሻ + tଶʹ! sinሺxሻ − t͵!ଷ sinሺxሻ + +ڮ tnn! sinሺxሻ                                                                          ሺ͸Ͷሻ 

 vnሺx, tሻ = sinሺxሻ − tsinሺxሻ + tଶʹ! sinሺxሻ − t͵!ଷ sinሺxሻ + +ڮ tnn! sinሺxሻ ሺ͸ͷሻ 

 unሺx, tሻ = sinሺxሻ ∑ሺ−ͳሻkn
k=଴

tkk!                                            ሺ͸͸ሻ 
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vnሺx, tሻ = sinሺxሻ ∑ሺ−ͳሻkn
k=଴

tkk!                                            ሺ͸͹ሻ 

 

Finally, the solution is  uሺx, tሻ = limn→∞ unሺx, tሻ = sinሺxሻ ∑ሺ−ͳሻk∞
k=଴

tkk! 
 unሺx, tሻ = sinሺxሻ e−t                                                            ሺ͸ͺሻ vሺx, tሻ = limn→∞ vnሺx, tሻ = sinሺxሻ ∑ሺ−ͳሻk∞

k=଴
tkk! 

 vnሺx, tሻ = sinሺxሻ e−t                                                            ሺ͸ͻሻ 

 

CONCLUSIONS 

In this paper, the Variational iteration transform 

method has been successfully applied to finding the 

solution of a Burger’s and coupled Burger’s equations. 

The solution obtained by the Variational iteration 

transform method is an infinite power series for 

appropriate initial condition, which can, in turn, be 

expressed in a closed form, the exact solution. The results 

show that the Variational iteration method is a powerful 

mathematical tool to solving Burger’s and coupled 

Burger’s equations; it is also a promising method to solve 

other nonlinear equations.  
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