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ABSTRACT

Our article contributes by presenting the mathematical foundation for offline programming of industrial robots
oriented to the development of flexible manufacturing cells, the simulation of realistic robot that is approached by using
the robot kinematics. For the implementation of the offline programming of a real industrial robot integrated in aflexible
manufacturing cells, the model of direct kinematics, inverse kinematics and Jacobian is needed to obtain data of the
industrial robot in its functions within the flexible manufacturing cells. This model is loaded as an additional module in
modeling, simulation using MatLab software and programming software allowing to effectively check its results offline to

enrich its content for future contributions.
Keyword: direct kinematics, inverse kinematics, industrial robot.

1. INTRODUCTION

In the last decade, there has been a growing
motivation for developments in the area of industrial
robotics, as in [1], [2], [3], presenting several
methodologies to carry out its control [4], [5], [6]. An
industrial robot is an open, programmable and
reprogrammable kinematic chain, which makes it
malleable in software; and allows it to accommodate its
operational needs, which makes it malleable in terms of
hardware. The robot ABB IRB 1600 is a robot of six axes
created specifically for the industries that use the
automation based on robotic systems and they have a wide
structure specially adapted for its use, being able to
communicate with external systems. It will be used to
develop the direct and inverse kinematic model and the
Jacobian model oriented to integrate with the flexible cells
of industrial production.

The model of direct kinematics, inverse
kinematics and the Jacobian model are based on concepts
described in [7], [8], [9], [10]. It is not a literal copy, the
author of this research, develops a methodology of
kinematics based on homogeneous matrices of
transformation (HMT) for the industrial robot IRB 1600 of
ABB [11]. The modeling of kinematics with quaternions is
a contribution of this research for this type of industrial
robot.

2. METHODOLOGY

A. Model of direct kinematics with HMT

To apply the model of direct kinetics it is
necessary to represent the coordinate system of the final
effector or tool in relation to a coordinate system of the
base of the robot, as follows:

T (q) = AY(q1) X A3(qz) X ... x Ay~ (qy) (D

Where q represents the variables of the joint; n, s,
and a are vectors of the tool or tool's coordinate system
and p is its position vector in relation to the base
coordinate system. Figure-1 illustrates the tool center point
coordinate system referring to the robot base system, is the
representation of the direct kinematics. The following is a
methodology to develop the model of direct kinematics
based on the Denavit - Hartenberg system [2]:

Figure-1. Rotation and translation of claws or tool
according to the base coordinates of the robot.

Step 1: Define the directions of the axes Z,;, Z, ...
From the base

Step 2: Define the origin 0,0f the base coordinate
system on the axis Zy.Axes X, and Y, chosen
according to the rule of the right hand.

Step 3: Define the origin of O;at the intersection Z;_i
with the common normal between the axes Z;_4

Zn—l!
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Step 4:

Step 5:

Step 6:

Step 7:
Step 8:

Step 9:

43(6;) = %2 €2

A%(Qs) =

Ai(94) =

Ag(es) =
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and Z;Z _i. If the axes Z;_jand Z; are parallel and
the joint i is of revolution, then locate O;so that
d; = 0; If the joint i is prismatic, locate O;in a
reference position to establish a mechanical limit.

Select axis X; along the normal common to the
axes Z;_j;and Z;with direction of the joint i
towards the jointi + 1.

Choose axis Y;,so that with X;the rule of the right
hand is fulfilled.

Choose the tool or clamp coordinate system
where X, is normal to Z,_,;); If the claw joint or
tool is a revolution, then align Z,with the
direction Z,,_;.

For i = 1,2 ... n construct Table-1 with the
parameters a;, d;, a;, ;.

Based on the parameters in the previous table
calculate the HMT A_A!"(g;) for i=1,2,...n.
Define the model of the direct kinematics
Tp(q) = AY(q1) X A3(q2) X .. X A7 (qn)  for
the position and orientation of the system of
coordinates of the claw or tool, in relation to the
coordinate system of the base of the robot.

[c;, 0 s; ajc ]
s 0 —¢ a4
1
10 0 O 1
[c, —s; 0 ayc,]
0 as,
0 0 1 0 [
| 0 0 0 1
[c; 0 s3 asCs
S3 0 _C3 a3S3
0 1 o0 0
0 0o o 1
[c, 0 —s, O
54, 0 C4, 0
0 —1 0 d,f
10 0 0 1
[cs 0 s5 0]
Ss 0 —c5 O
Aé(es) = 05 1 05 ol
[0 0 0 1l
-Cﬁ _56 0 0-
Sﬁ C6 O O
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Z };‘
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Figure-2. Coordinate systems.

4

Table-1. Parameters and variables of Denavit -

Hartenberg.

Joint Ai i Di ai
1 90 0 dl al
2 0 90 0 a2
3 90 0 a3
4 -90 0 d4
5 90 0 0
6 0 0 dé

1561
455
730
873 1225

Figure-3. Work area. Lengths in millimeters.

The robot's direct kinematics model can be

decomposed into two parts: (a) mechanical structure
T3(q,) And (b) claw or tool T3(qg). The two models are
integrated to obtain the final model of direct kinematics:

TS (q) = T3 (qa) X T¢(qp)

T3O(QA) = A?(91) X A%(ez) X A§(93)
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Té(qp) = A3(6,) X A(65) x AZ(6s)

n(q) sx(@) ax(q@) px
T _ @ s,(@) ay(@) by )
o(@)= n,(q) s;(q) a,(@) p; @
0 0 0 1

If the position and orientation of the robot tool
claw or tool 0,,(X,,, Y, Z,)represented in expression (2) is
not correct, an adjustment HMT is created because the
mechanical system of the robot can Errors and the
electronic system can generate errors in the assembly stage
by the manufacturer, then, the robot needs calibration to
adjust its parameters before entering into use.

B. Model of inverse kinematics with HMT

Reverse kinematics consists of finding possible
seam configurations, corresponding to a specific position
and orientation of the claw or tool. Their solution is
important for the planning of the paths being complex
because:

a) The equations to be developed in general are
non-linear.

b) Multiple solutions can be found.

c) Infinite solutions may exist.

d) There may be unacceptable solutions due to the

singularities of the robot.

The existence of three consecutive joints of
revolution with axes intercepted at one point for all
possible configurations is known as the solubility
condition of Pieper [10]. Most industrial robots fulfill this
condition, as shown in Figure-4 and Figure-5. For the IRB
1600 robot of ABB [1] at point W of Figure4, the axes

Z3,Z,4 e Zscorresponding to the coordinate
systemO, (X,, Yy, Z,).
T =pk
[T17! = {lpI[RI"}* = {[RI"}*[- p 1 =[RI"[-p]
Ny le nZ 0 0 —DPx Ny Ty
[Tt =[5> 0‘ IO L0 =py s sy
a o| "0 0 1 —p,| |a q
0 1 0 0 0 1 0 o

The idea of Pieper [10] is that the position W is a
function 64,0, e6; and also of the position and
orientation of the tool or tool coordinate system. The
inverse kinematics methodology for the ABB IRB 1600
robot can be obtained from the position W = O,and can be
written according to a geometric analysis:

Figure-4. Pieper solubility condition [10].

A methodology for calculating inverse kinematics
is to find the point of the robot configuration, which can
be represented as a function of position and orientation of
the claw or tool and as a function of a reduced number of
joint variables. What it means to propose the problem of
inverse kinematics in two parts: (a) Reverse kinematics of
the mechanical structure and (b) Inverse kinematics of the
spherical fist or wrist. This methodology can be developed
with the following steps:

Step 1: Calculate the position of the hand or wrist

Py (41,92, q3)

Solve the inverse kinematics for (q4, g4, q3)
Calculate R2(q4, 92, q3)

Calculate R3(6,, 0s, 6;) = RYTR

Solve the inverse kinematics for the orientation
(94; 95! 96)

Step 2:
Step 3:
Step 4:
Step 5:

For the robot IRB 1600 we have the following
expression of direct kinematics:

T (q) = AY(q1) x A3(q2) X A5(qs) % A3(qa) X
A5(qs) % AZ(qe) 3)

Each of the HMTs on the right side of equation
(4) represents the transformation of each joint. To apply
Pieper's methodology [10] it is necessary to obtain the

inverse of the HMT, that is, Aﬁ_l(qi). So:

n, —n' xp]
s, —sTxp @)
a, —a’xp
0 1
P, =P —dg.a )
pr px- ax
Pwy| = |Py| = de |y
pWZ pZ- az

P—dg.a={T0}, =P,

A1 (6,). A3(8,). A3 (93) A3(0,) =
{45(0,). A3(05). A3(6,)} = {[AO] Ry}
{A3(65). A3(6,)} = {[43]7*. [A3]~ 1-Pw}4
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{A5(6)}4 = {[AZ]7 1. [AZ] 1. [A] . Ruds (6)

From equations (5) to (6) the following simplified
expressions are obtained:

Pwx = Q1C1 + Q3C12 + A3C123 — A3C1S23
+ d4(c138; + €12S3)
Pwy = Q151 T A3C3S1 + A3C2351 — A3S123
+ dyu(c3812 + €3513)
Pwz = G252 + A3C353 + dy + a3¢35; + da(—Cp3 + 523)(7)

C1Pwx + S1Pwy = da(C35; + €353) + Az, + a3C23
— Q3533
Pwz = da(—C3 + Sz3) + a3, + azs3c3 + azc3ss
0 =51Pwx — C1Pwy
a,c; +a, +a,c, + ascys — azS,3 +dis,
= Ci2Pwx T C2S81Pwy — diS; + S0y
—a,5, + a,s, + asc3s, + asc,s; + dqicy
= C2Pwz — C152Pwx — S12Pwy
—az + a,c3 + az(cz3 — 523)
= Pwz (€352 + €283) + C3Dwx (€23 — S23)
+ PwyS3 (c23 = S23)
0= —C3Pwy + DwaS3
a;s3 + az(c3s; +¢353) + dy = c3pwx(c35; + ¢353) +
PwyS3(C352 — €253) + Pz (—C23 — 523) (7

The unknowns of the system
q = (41,92, 93,94, qs, q¢) Tare less than the number of
equations, then the system has solution.

C. Model of direct kinematics with quaternions.

A methodology for the development of
kinematics of the industrial robot arm based on
quaternions, can be found in [12]. After obtaining the
model of kinematics with HMT, a new coordinate system
is constructed, shown in Figure 5, from which the direct
kinematic model can be obtained with quaternions. In this
next section, we will find the procedure to represent in
symbolic form the steps that lead to obtain the
mathematical model in quaternion:

Figure-5. Coordinate system for the kinematic model
with quaternions.

Step1: 0y, = 0,T(Zy,d,)Rot(Z,, 6;)
Step2: 0, -» 0,T(X;,a;)Rot(X;,+90")
Step 3: 0, —» 0;T(Y,,a,)Rot(Z,,0,)

Step4: 0; — 0,T(X5,a3)Rot(Z5,05)
Step 5: 0, —» OsT(Nulo)Rot(X,,+90°)
Step 6: 05 - 0,T(Z,,d,)Rot(Zs,6,)
Step 7: 0, — 0,T(Nulo)Rot(X,,—90°)
Step 8: 0, — 03T(Nulo)Rot(Z,,05s)
Step 9: 0g - O,T(Nulo)Rot(Xg, +90°)
Step 10: 0y — 0,,T(Z,,dg)Rot(Zy, 6,)

Where the displacements T are defined by the
following position vectors:

r; =00,dy, r, =a4,0,0, r3 =0,a3,0, ry =a3,0,0, 15
=000, rg=0,0,d,, r, =000, rg
=0,0,0,

15 =0,0,0, 119 =0,0,dg

And where Rot rotations are defined by the

. . ; 0; & . 6;
following quaternions, when C, = cosj y S, = sin j:

. . V2 V2 . .
Ql = (Clr 0,0,Sl), QZ = <7r71 010)1 Q3 = (C3'O'0‘S3)‘ Q4’
. . 2 V2
=((,,00,5,),Qs = <g§00>
V2 V2 : ;
Q= (2,2,00),05 = (€2,0,0,5) , Qs =
V2 V2 . .
(72,72,0,0) Y Q10 = (C10,0'0'510) (3)

D. Calculation of position p

In this work the alternative of first translation is
applied followed by rotation of the robot's claw relative to
the coordinate system of the base. To compute the position
p with expression (3) wheni=1, 2, ..., mand m = 10 we
obtain a set of ten equations and making successive
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substitutions finally we obtain the following general
expression:

[Po] = [QI72,. [Py [Q°1i5" = X7(Q1 "%, Q72 ) 9)

E. Rotation Calculation Rot

The relationships between the quaternions
defining the Rot rotation of the claw coordinate system
0;owith respect to the base coordinate system Oyby
quaternion composition has the following general
expression:

Rot =R;_y = 1Ry (10)

Ifi=1,2, ..., mand m = 10 then we have a set of
m equations and making successive substitutions, we
obtain the following general form:

R, = 010,0304050607050Q9Q10R10
Ry = Q12345678910R10
Ry = Xi" Q1 R (11)

F. Algorithm for direct kinematics with quaternions

The algorithm to obtain the mathematical model
with quaternions of direct kinematics has the following
steps:

Step 1: Apply Denavit-Hartenberg convention to obtain
the objective articulation coordinate systems.

Step 2: For consecutive and parallel joint axes, a
quaternion is required to represent the
displacement and rotation to include the joint
variable.

Step 3: For consecutive intersecting or intersecting
articulation axes, a transition coordinate system
must be added to include the joint variable.

Step4: Add to the target articulation systems the
necessary transition systems from the base
coordinate system to the claw coordinate system.

Step 5: Number from scratch and from base to claw, all
resulting coordinate systems.

Step 6: Determine transition and rotation between
consecutive coordinate systems, starting from the
base.

Step 7: Write position vectors and rotation quaternions,
starting and numbering them by the base.

Step 8: Define product multiplication order of
quaternions:

First translation and then rotation of the
coordinate system
First rotation and then translation of the
coordinate system

Step 9: Develop product of quaternions to calculate

position and orientation of the robot's claw.

G. Conversion of HMT to Quaternions and Vice-versa

The transformation of HMT to quaternions and
vice versa can be deduced using intermediate or transition
coordinate systems, displacements and rotations. Next, the
final relations are represented, without considering their
development. The representation of HMT T according to
the components of a quaternion will be given through the
following matrix, also known as direct relation:

@+a2—3 92— dsdo 91ds + o

1
D@ + 290 qyq;3 + ;90 qf+af—;

0
2 2 _ 1
T=2|0d2+93q0 0+9d277 Dbt hdo 0] (59
0
° 1

0 0

The inverse relationship can be obtained by
equalizing the backwardness of the elements of the main
diagonal of the matrix (30) with the matrix (11):

1
q0=§\/(nx+oy+az+1)

1
qlzz\/(nx—oy—az+1)

1
q2=§\/(—nx+oy—az+1)

q3=%\/(—nx—oy+az+1) (12)

H. Methodology to obtain the Jacobian matrix J

In Figure-6 is shown infinitesimal translation and
infinitesimal rotation of the claw or tool with a vector drg
and with a vector d®gRespectively. And it is writtenV =
(q). g where:

V. . . . . 9T
v=||ya=la a2 a3.. anl (12)
dr
Xﬁ%éz{i
T 11—1 e
IR
// YO‘
Z;. X , S/
ry
4
7
//
7
7 il 0 0
// r?:] - l.m l.r—l
._.I. //
\Zzo
g
1
X{? OD Yg

Figure-6. Direct differential kinematics.
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The dimension of matrix J is 6x6 where the first
three rows represent the linear velocity V; and the last three
lines represent the angular velocity V,; Each column
represents the linear velocity J;;and the angular velocity
Jaigenerated by each joint i. Then, you can write for the
IRB 1600 of 6 degrees of freedom (D.O.F.):

— ]Ll ]LZ ]L3 ]L4 ]LS ]L6
]Al ]AZ ]A3 ]A4 ]AS ]A6

The resulting linear velocity V for the claw or
tool is calculated with the following expression:

Vi =Ji1-G1 +Ji2-G2 + - Jin-Gn (13)

If the i-th joint is of revolution, the effective
angular velocity of rotation of the element is:

Ji1-G1 =Zi-1.6, = w; (14)

Then, the angular velocity of the claw or tool is
calculated with the following expression:

Vo =we =Jai- Gy +Jaz-G2 + - Jai-Gn (15)

When the joint is of revolution, the angular
velocity induces an angular velocity in the claw or tool
that is calculated as follows:

Jai-dy = w; = Zi—1-g1 (16)

The expressions (13), (14), (15) and (16) allow to
obtain the Jacobian matrix J of a robot n joints of
revolution:

For a joint of revolution has the Jacobian matrix:

[l =3 a

The direction of the vector Z;_,is represented by
a unit vector Z/Zi=1[0 0 1]Tw1th respect to the
system coordinates 0;_;(X;_1,Yi—1,Z;_1) and in relation
to the base coordinate system. The following expression
yields the composition of rotation matrices Rjj _1(q j):

Z) ) = R(q1).Ri(qy) ... + RIZ3(qi-1)- ZI71 (18)

The position vector ri~tin relation to the base

coordinate system, is determined by HMTA’ _1(q )T or

vector augmented 4x1 corresponding to it e rii__ll =
[0 0 0 1]7. Then, it can be written:

rit =

A(q1)-A%(qy) . Ay N(gn).TE T =

A%(q1).A3(qy) "'Al—l(ql—l)' r1—1 19)

The first term of the second member of the
expression represent the position vector of O, a Ogand the
second term represent the intermediate position vector O,
a0;4

Knowing the velocities at each joint, the direct
differential kinematics for the ABB IRB 1600 robot claw
or tool can be calculated with the following expression:

V=J(@.q (20)
Vs 1 Jizx Jisx Jiax Jisx Jiex 9.1

Vy Lly ]L2y ]L3y ]L4y ]LSy ]L6y Qz

V, 11z Ji2z Jizz  Jiaz Jisz Jiez _ 05

wx Alx ]A2x ]A3x ]A4-x ]ASx ]A6x 94

Wy Jary Jazy Jazy Jasy Jasy Jasy 6

Wy Atz Jazz Jasz Jasz Jasz Jaez _9’6_

I. Methodology for the model of direct differential
kinematics

Step 1: Define Gasket Type:
If the joint is prismatic apply: ]Li] = [Zi'l

i—-1
If the joint is of revolution apply: B’“l] [Z -1* 76 ]

Step 2: Calculate the vectors:

Z) = RY(q1)-R5(q2) .+ RIZ (qi-1)- ZiZ1

rit =

A2(q1)-A3(q2) ---Az_l(CIn)-rgl__l -

A2(q1). A3(q2) - A1 (qi-0)- 1] @D
Step 3: Calculate the vector operation when a joint is a
revolution: Z_ , * rj™?

Arrange the Jacobian matrix with the terms of
Step 3:

Step 4:

Jiax  Jizx Jizx Jrax Jisx Jiex
Juiy Jizy Jizy Jray Jisy Jiey
Jiiz Jizz Jizz Jiaz Jisz Jiez
]Alx ]A2x ]A3x ]A4-x ]ASx ]A6x
]Aly ]AZy ]A3y ]A4y ]ASy ]A6y
]All ]AZZ ]A3z ]A4-z ]ASZ ]Aéz

Step 5: Calculate the direct differential kinematics with
the expression:

V= [Vﬂ =J(@)-q . forq = (41,42, 43,94 G5, 4s) ~ (22)

J. Model of the inverse differential kinematics

With the expression p = J. gyou can calculate the
speed in the claw or tool as a function of the speeds of the
joints. If the Jacobian matrix is not singular, that is,
|J| # Othe inverse matrix /™ lexists. Therefore, we have:
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g=J7"p (23)

That is the expression to calculate the speed in
the known joints the speed in the claw or tool.

The Jacobian depends on the configuration that
the robot assumes and changes the variables of the joints.
Then, singularities can be defined to a set of points in the
space of the joint where the Jacobian determinant is equal
to zero |J| = 0. Considering the inverse of the Jacobian,
where AdjJ is the attached matrix, we write:

“1 _ Ad)
Jr= (24)

When the configuration of the robot approaches a
singularity, some elements of J~lassume excessively large
values because AdjJ always considers finite values. Based
on the above, it can be stated that the velocities required at
the joints to move the claw or tool in some directions are
too large, approaching infinity when |J/| = 0 In this case
limit, it can be said that the robot assumes an impossible
configuration because the freedom of movement is
restricted or there are singularities.

3. ANALYSIS OF RESULTS

Matlab is implemented in the direct and inverse
kinematics of the robot IRB 1600 of the company ABB
obtaining the following trajectories of position, speed and
acceleration of the robot which are shown below.

100 {2
Y =
q
i
[
I

e
£§88z28%8

VO S S (S /
e e
B w w0 om0 VAR

Ko

Figure-7. Simulink Simmechanics ABB IRB1600.

Position (m)
[~ s )
8 & &
T T

-
o
T

-
o

o 0.1 02 03 04 05 08 07 08 09 1

Figure-8. Position of the end effector of the
industrial robot.

In Figure-9, we can observe the dynamical
behavior of the robot. In it we can analyze that a change of
position occurs from 10m to 30m in a time of 1 second.
The position graph is curved, we can see that the slope is
changing, which means that the speed is also changing. A

changing speed implies acceleration. Then, the curvature
in a graph means that the object is accelerating, that is,
changing velocity, or in graphical terms, that its slope is
changing.

30 T T T T T T

s)

T 1

Speed (
2
T
|

o 01 02 03 04 05 06 07 08 09 1

=}

Figure-9. Speed of the end effector of the
industrial robot.

The graph of the end effector speed of the
industrial robot shows that it is concave down at the point
t = 0.5 seconds reaching a value of 30m / s. We can
observe that the function is monotone decreasing in the
interval of time described previously. Given this we can
infer that for this interval will have a negative slope. This
fact is appreciable in the graph of acceleration (see Figure-
11).

o 01 0z 03 04 0.5 08 07 08 09 1

Figure-10. Acceleration of the end effector of the
industrial robot.

Several changes are made in the trajectory of the
final effector, demonstrating the effectiveness of the
methodology applied for the development of reverse and
direct kinetics of the robot IRB 1600. The following figure
demonstrates the results obtained.

=]
=]

Position (m)
3

100 T T T T T T T T

Speed (m/s)

o
=]
=1

Aceleration {m/s2)
(=]
|

[
=1
=1

(=]

02 04 06 08 1 12 14 16 18 2
Time

Figure-11. Adding different trajectories for the IRB 1600
robot and the results obtained in t = 2 seconds.
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4. CONCLUSIONS

Within the methods of spatial location, we have
the homogeneous transformation matrices which present
the main advantage in that the position and the orientation
are represented jointly in a very comfortable way. It
presents serious inconveniences due to its high level of
redundancy (6 D.O.F.) and therefore its high
computational cost.

Using the method of the quaternions, a simpler
and more efficient composition of rotations and
translations is obtained. The main disadvantage is that it
shows only the relative orientation.

The study of the mechanical systems can be done
from the graphical interface of Simulink. Simmechanics
allows you to work with block diagrams to simulate the
movement of mechanical systems and measure the
movement generated by mechanical actuation. It was
determined by the simulation that the Robot IRB 1600
AAB has a range of 1.2 m and a speed in its parts of 180 °
/ sec.
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