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ABSTRACT 

In our paper, we investigate the problem of optimal hybrid control for space vector modulation (SVM), applying a 
new optimal hybrid control approach for pulse width modulation (PWM). It is used for the creation of alternating current 
(AC) waveforms, which would be applied to three-phase motors using class D amplifiers. Our contribution demonstrates a 
reduction of the total harmonic distortion (THD) created by the rapid change inherent in the implementation of our 
algorithm. The results can be observed in the simulations obtained through the Matlab/Simulink software. 
 
Keywords: hybrid control, space vector, labview, modulation. 
 
INTRODUCTION 

In the last decade, the use of optimal hybrid 
control in the solution of engineering problems in non-
linear systems has taken on great importance (see e.g., [1], 
[2], [3]). For the control of Pulse Width Modulation 
(PWM) the algorithms of Space Vector Modulation 
(SVM) [4] is used, it is used for the generation of 
Alternating Current (AC) waveforms [5], [6] , which 
allows to govern the dynamic behavior of three-phase AC 
motors [7]. 

There are variations of SVM that result in 
different quality and computational requirements. For the 
optimal hybrid control problem the main tool is the 
generation of optimal trajectories using the Maximum 
Hybrid principle, which is the generalized product of the 
maximum principle of Pontryagin classic [8], [9], [10]. 

Consequently, a variation of the Maximum 
Hybrid Principle for our Space Vector Modulation can be 
tested under the assumption of certain restrictive. In this 
way, these assumptions will ensure that classic "needle 
variations" will still be acceptable variations [13], [14], 
[15]. 

Based on the evolution of microprocessor 
performance, the demand for better performances in the 
drives and the generalization of the Park (1929) [16] and 
Clarke (1958) [17] transformations for the analysis of 
three-phase circuits. Van Der Broeck (1988) [18] achieved 
implement the PWM technique based on space vectors 
SV-PWM (Space Vector - PWM) that had already been 
proposed by Pfaff (1984) [19]. Currently, SV-PWM 
modulation has become a popular technique for three-
phase inverters, particularly in induction motor control 
applications. 

The reference space vector in the PWM 
modulation based on space vectors, the interaction 
between the three phases is exploited and instead of using 
a modulator for each phase, a single modulator is 

processed for the space vector of voltage of the three-
phase set [20], [21], [22]. 

There are variations of SVM that result in 
different quality and computational requirements [23], 
[24]. One active area of development is in the reduction of 
total harmonic distortion (THD) created by the rapid 
switching inherent to these algorithms [25], [26], [27]. 

Our paper is organized in the following way. In 
section 2, we find the problem of the formulation of 
optimal hybrid control, the methodology, the materials and 
some basic aspects. Session 3 is dedicated to showing the 
results and discussing the evaluation obtained from the 
optimal hybrid control problem used for the development 
of Space Vector Modulation (SVM). In section 4, we 
present the conclusions obtained from the computational 
approach used based on gradient for the initial problem of 
Space Vector Modulation (SVM) [28], [29], [30]. 
 
PROBLEM FORMULATIONOPTIMAL CONTROL 

CLASSIC 

The following linear equation represents a typical 
dynamic system: 
 {�̇� = ( , 𝑥 , ),                ∈  [    ,   ]𝑥 =  𝑥     (1) 

 
In that: ∶ [   , ]x 𝑹 x 𝑹 → 𝑹 . Mapping . ∶ [   , ] →  𝑹 better called control where𝑥    ∈  𝑹 is the main part and the answer of (1) is a function 

continuous 𝑥 . : [   , ] →  𝑹  called path state control .  [13], [14]. 
We must assume that for any𝑥    and any controls .  there is one answer to the equation (1). In the same 

way, the control performance applied to the system is also 
calculated in the following way: 
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( . ) =  ∫ ( , 𝑥 , )𝑓 + ℎ 𝑥( )     (2) 

 
Where ∶ [   , ]x R x R →  Ryh ∶  R → Rthe 

term of the right member of the equation is called "running 
cost" and the left member of the equation is called "cost 
terminal". Normally we can find optimal control 
restrictions in the states of the system and in the control, 
these can be determined in the following way: 
 𝑥 ∈   , ∈  , ∈  [   , ] . 
 

Where S R y U R . . Or control is called 
admissible control, and the pair 𝑥 . , .  admissible if: 
 
a) . ∈   . 
b) 𝑥 . is the only continuous solution (1). 
c) the restriction status is satisfied. 
d)  →  ( , 𝑥 , )  ∈   [   ,  ] . 

The group of admissible controls is framed 
by [   , ]. 
 
PONTRYAGIN’S PRINCIPLE OF MAXIMUM 

In the theory of optimal control, the Maximo 
principle is very important. He states that any optimal 
control along with his state trajectory must fulfill the 
condition called the Hamiltonian system.  

Also from the mathematical preamble of the 
maximum principle, it is easy to maximize the 
Hamiltonian system as the main argument. 

Maximum principle: let 𝑥∗ . , ∗ . . An optimal 
pair of classical optimal control, then there is a continuous 
function . ∶  [   , ] →  𝑹 
 {ṗ t = ft x∗ t , u∗ t T p t + gx(t, x∗ t , u∗ t ),                 t ∈  [t    ,   tf  ]p tf = −hf(x∗ tf  )                                                    (3) 

 
Where 𝑥 is the partial derivative, o be; 
 

𝑥 =  𝑥  , 𝑥 = 𝑥  ,  ℎ𝑥 = ℎ𝑥 

 ( , 𝑥∗ , ∗ , ) =  𝑎𝑥∈  

  ( , 𝑥∗ , , ), ∈  [    ,     ].          
 
Where U represents the set of admissible controls plus: 
 , 𝑥, , = , , 𝑥, − , 𝑥, ,      , 𝑥, ,∈  [    ,     ] 𝑋 𝑹  𝑋 𝑼 𝑋 𝑹 . 
 
With . , . Represents the standard domestic product in 𝑹 . 
 
 

THE HAMILTON-JACOBI-BELLMAN EQUATION 

AND DYNAMIC PROGRAMMING SYSTEM 

We establish a dynamic system expressed as 
follows: 
 {ẋ t = f(t, x t , u t ),                t ∈  [t    ,   tf  ]x t =  x                                                                           (4) 

 
It is required to minimize the performance control 

supplied to the given system: 
 J(u . ) =  ∫ g x t , u t , t dttft + h(x tf )                        

 
We must bear in mind that the initial conditions 

remain static [18], which isthe initial time  and the initial 
state𝑥 =  𝑥 . 
 
A. MINIMUM TIME SWITCHED CONTROL 

The problem of minimum time control is 
presented as a case of application for the Maximum 
Principle, in which a problem of optimization with 
restrictions is proposed, as follows: 
 ( . ) =  ∫ =𝑓 −  

 

Subjected to − ≤ ≤   and desired null 

end conditions for the vector of states (i.e.Ψ 𝑥( ) = ), 

starting from arbitrary initial conditions [19].Thus, the 
form taken by the Lagrangian system: 
 𝑥, =  

 

Where it is possible to formulate the 
corresponding Hamiltonian: 
  ( , 𝑥∗ , , 𝜆 ) =  + 𝜆𝑇 𝑥,  
 

That for the case of a linear system: 
 �̇� = 𝑥 +   
 

By the principle of maximum, in an optimal 
solution of type [20]: 
 = − 𝑇𝜆  
 
B. OPTIMAL HYBRID CONTROL OF SPACE  

      VECTOR MODULATION 
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Figure-1.Three-phase inverter implemented in Matlab/ 
Simulink. 

 
Space Vector Modulation relates to a special 

switching process that is based on the top switches of a 
three-phase matrix converter. Said switching can be 
carried out by using an optimal hybrid controller that 
adequately governs the phases of the inverter. 

In the theory, SVM works a sinusoidal voltage as 
a phasor or amplitude vector that rotates at a constant 
angular frequency, .Said vector of constant amplitude is 
represented in the plane d-q where it means the real and 
imaginary axes respectively. 

Because SVM takes the three signals or the 
modulation voltages as if they were a single unit, the 
vector sum of the three signals or the three modulating 
voltages are referred to as the reference voltage, . This 
magnitude is linked to the magnitude of the output voltage 
of the switching topologies. 

The objective of the optimal hybrid control of the 
SVM is to approximate the reference voltage vector,  
of the switching topologies.If we have a three-phase 
network in equilibrium, the instantaneous voltages can be 
expressed as: 
 [ ] =  [   − − ]                                 (6) 

 
The above expression can be represented in terms 

of the complex spatial vector, thus: 
 ⃗⃗  ⃗ = [ + 𝜋 + 𝜋] = 𝑜         (7) 

 
For the property of Euler, we have: 
 𝜃 =  𝜃 +  𝜃 
 

Represents a phase shift operator and  is a 

scaling factor equal to the ratio between the magnitude of 
the output line-to-line voltage and that of output voltage 
vector. The angular velocity of the vector is and its 
magnitude .  

Likewise, the representation of the spatial vector 
of the input voltage to the three-phase inverter will be 
given by: 

[ ] =  [   − − ]                                 (8) 

 𝑖⃗⃗ = [ + 𝜋 + 𝜋] = 𝑜          (9) 

 
Where the angular velocity of the vector is and 

its magnitude .By connecting a balanced three-phase 
load to the inverter terminals, the equations of the spatial 
vector of the three-phase output and the input currents can 
be expressed as follows: 
 [ ] =  [   − − ]                               (10) 

 
The above expression can be represented in terms 

of the complex spatial vector, thus: 
 ⃗⃗⃗  = [ + 𝜋 + 𝜋] = 𝑜 +∅𝑜    (11) 

 
Likewise, the representation of the spatial vector 

of the input currents to the three-phase inverter will be 
given by: 
 [ ] =  [   − − ] (7) 

 𝑖𝑖⃗⃗ = [ + 𝜋 + 𝜋] = 𝑜 +∅    (12) 

 
The equations of the three-phase inverter system 

present non-linearities of quadratic order and the currents 
present in the system have a linear behaviour to the square 
root of each of the phases. For the process of linearized 
equations of the three-phase inverter Taylorseries are used 
and these are used to design a state feedback controller. 
 = 𝑥, =  𝑥 ,  + 𝑥 |𝑥 ,  𝑥 − 𝑥   +|𝑥 ,   −                                                          (13) 

 
Being x∈  𝑥 the state vector,   is the input 

signal to the robotic arm; 𝑥  and 𝑥  are the equilibrium 
points, then to find and evaluate the partial derivative f 
(𝑥  , ) at breakeven, it is f (0, 0): 
 

𝑥 | , =
[  
   
 𝑥 𝑥 𝑥𝑥 𝑥 𝑥𝑥 𝑥 𝑥 ]  
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| ,  = [  
  

]  
  
 

 
The  linearized  state  space  model  in  

continuous  form  is  given  in Equation: 
 
Above �̇� =  𝑥 +  
 

[𝑥 ̇𝑥 ̇𝑥 ̇ ]=[  
  ̇𝑥 ̇𝑥 ̇𝑥 ]  

  [𝑥𝑥𝑥 ] + [ ]   

 
The developed matrices are described above in 

the continuous space, to be implemented in our system: 
 𝑥 +  =  𝑥  +  0.25 seconds. 
 

The goal is to calculate a permissible control law, 
which allows minimizing the value of the costs of the 
second functional level of the three-phase inverter. 
 J(u . ) =   ∫ [XT t + QX t + uT t + Ru t ]dt → tft minu . (14) 

 
The resulting Linear Quadratic Regulator has the 

following form 
 = − − 𝑋                 (15) 
 
where P (t) is a solution of the Riccati equation: 
 P t = − ATP t + P t A t + P t B t R− t BT t P t −̇   (16) 
 
With the final condition: 
 ( ) =                                                             (17) 
 
RESULTS 

With the data obtained by modeling the three-
phase inverter system, the system matrices were obtained 
in state variables and analyzed in the toolbox for Hybrid 
Systems of Matlab [15], [16]. 
 

 
 

Figure-2. Block diagram of the hybrid control system 
developed in Simulik. 

The first thing we do is perform an analysis of the 
frequency spectrum of the three-phase inverter to know 
what harmonics were being produced. As we can see in 
the graph, there is a harmonic content at 35 Hz, in the 
same way it can be seen that at 2.5 kHz a large content 
appears and between 4.5 KHz and 4.8 KHz. They are 
frequencies multiples of the fundamental working 
frequency of the system and whose amplitude decreases as 
the multiple increases, as we can see. These effects can be 
reduced by applying a filter to the inverter output. 
 

 
 

Figure-3. Harmonic spectrum of phase voltage. 
 

As illustrated in Figure-4, the active vectors 
divide the ab plane into six sectors, forming the axes of a 
hexagon. This hexagon is known as the investor's 
hexagon. It shows the path of the spatial vector during the 
application of the optimal hybrid control [17], [18]. 

The angular frequency and the amplitude of the 
modulating signals respectively determine the rotation 
speed and the amplitude of the reference vector. 
 

 
 

Figure-4. Space vector modulation. 
 

There is the possibility of developing infinite 
modulation algorithms, given that theoretically an infinite 
number of zero sequence signals can be established. In a 
similar way, because the restrictions of performance and 



                                VOL. 13, NO. 10, MAY 2018                                                                                                                   ISSN 1819-6608 

ARPN Journal of Engineering and Applied Sciences 
©2006-2018 Asian Research Publishing Network (ARPN). All rights reserved. 

 
www.arpnjournals.com 

 

 
                                                                                                                                              3422 

implementation of the investors can be reduced to a very 
small number [19], [20]. 
 

 
 

Figure-5. Voltage in one of the phases, Van. 
 

In the Figures 6 and 7, we can observe the 
behaviour of each of the phases through the Space Vector 
Modulation [21], [22]. We can appreciate that the voltage 
for each phase is 220vpp, showing a THD = 0.8, which is 
a permissible value. 
 

 
 

Figure-6. Voltage in three of the phases, Van, Vbn 
and Vcn. 

 
The angle is generated from the reference output 

frequency by integrating it. Based on the angle, the sector 
can be identified [23], [24]. The result is shown in Figure-
7. 
 

 
 

Figure-7. Duty ratio profile with standard SVPWM. 
 

Carrier  based  SVPWM  allow  fast  and  
efficient  implementation  of  SVPWM  without  sector 

determination. The technique is based on the duty ratio 
profiles that SVPWM exhibits (as shown in Figure-8). By 
comparing the duty ratio profile with a higher frequency 
triangular carrier the  pulses  can  be  generated,  based  on  
the  same  arguments  as  the  sinusoidal  pulse  width 
modulation [25], [26]. 
 

 
 

Figure-8. Duty ratio profile with standard SVPWM. 
 

The control of the output voltage is carried out by 
varying the modulation index in amplitude: = +𝑡𝑟 , that 

is, maintaining the amplitude of the fixed triangular wave, 
we can vary the pulse width by varying the positive and 
negative reference voltage [27], [28].The frequency of the 
triangular signal imposes the fundamental frequency of the 
output voltage. In Figure-3, we can observe the  signal 
of the three-phase inverter system. 
 

 
 

Figure-9. Vtri signal as a function of time. 
 

As shown in Figure-10, the modulating signal of 
the phase is a composite sinusoidal signal, the result of the 
sum of two sinusoidal signals. In Figure-10) it can be 
noted that in the ranges where the fundamental signal [29], 
[30]. 
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Figure-10. Vtri signal as a function of time. 
 
CONCLUSIONS 

This article presented an analysis of the main 
variations of the Hybrid Control techniques of the Space 
Vector modulation (SVM), applied to three phase inverters 
within the scheme of electrical drives for AC motors. 

One of the main obstacles in the theoretical study 
of optimal hybrid control of matrix control is the time used 
in the calculation that takes the simulation using the Hybrid 
System toolbox. This restriction was overcome by the 
mathematical model that is similar to the operation of the 
power converter stage of the matrix converter.  

This will allow some future research in this regard 
to be much simpler and can progress much more. In order 
to analyse the correct operation of the optimal hybrid 
control of the three-phase inverter, it was examined using a 
mathematical model with induction motor load for a 
voltage transfer ratio of 0.85. 

Therefore, we analyze that there is a certain 
reward that exists during the use of SVM for inverters of 
adjustable speed transmission operations using the 
optimum hybrid control strategy. For the above, we have to 
choose carefully as to which of the two techniques to use 
weighing the pros and cons of each method. 
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