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ABSTRACT  

In the present work, both analytical and practical methods are employed, in order to find a relation between time 
and frequency parameters of transfer functions: Overshoot, Phase Margin, Crossover frequency, and Bandwidth frequency. 
The final aim it to contribute to the design of a novel PID auto-tuner for cases where the existing auto-tuning strategies 
have a poor performance. 
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1. INTRODUCTION 

Despite the numerous existing procedures, much 
attention has been given in recent years to methods for the 
design of PID controllers. The main reason is that the 
controllers are simple, easy to implement and give good 
performance. Åström and Hägglund introduced a relay 
based method for the automatic tuning of PID. The relay 
auto-tuning method is based on the critical point (critical 
gain and critical frequency) which lies on the negative real 
axis of the complex plane. 

In the present work, both analytical and practical 
methods are employed, in order to find a relation between 
time and frequency parameters of transfer functions: 
Overshoot (OS%), Phase Margin (PM), Crossover 
frequency (𝜛௖) and Bandwidth frequency (𝜛஻𝑊). The 
final aim it to contribute to the design of a novel PID auto-
tuner for cases where the existing auto-tuning strategies 
have a poor performance. 

The paper is structured as follows: First, the 
analytical procedure and the final graphs obtained for 
parameters studied are presented. Then, the in-house 
developed computer aided control system design FRtool is 
used, in order to find the relation between Overshoot 
percent (OS%) and Phase Margin (PM), and the results 
from analytical approach are compared. Furthermore, PID 
controllers are designed for nine different linear systems, 
which are typical cases for control and serve as validation 
of auto-tuning PID methods; a maximal OS% of 20% was 
taken as parameter design. Then, controllers are designed 
for a singular OS% specification in two different systems, 
in order to verify if relations found in past sections are still 
useful. A final section summarizes the main outcome of 
these experiments and suggests next steps for research. 
 
2. MATERIALS AND METHODS 

The analytical procedure to find the relation 
between the open-loop and the closed-loop responses for 
several important parameters, are based on the 
approximation of the system to a second order in closed-
loop. This means that the system has two dominant 
complex conjugated poles in the left part of the complex 
plane. This approximation will be evaluated in simulations 
using Matlab and Simulink platforms. 

In order to find relation between the OS% (time 
response parameter in closed-loop) and PM (frequency 
response parameter in open-loop), is necessary to use the 
following open-loop transfer function: 
 𝐺ሺݏሻ = 𝜔௡ଶݏሺݏ + ʹ𝜁𝜔௡ሻ 
 

Assuming that the magnitude of the transfer 
function 𝐺ሺݏሻ = 𝐺ሺ𝑗𝜔ሻ = ͳ, it is possible to find the 
frequency 𝜛, resulting in: 
 𝜛 = 𝜛௡√−ʹ𝜁ଶ +√Ͷ𝜁ଶ + ͳ 

 
This frequency can now be used in the phase of 

the transfer function 𝐺ሺݏሻ in order to get a relation 
between the damping factor (𝜁) and the phase (𝜑) of the 
transfer function. The phase margin is defined as the 
difference between this angle and -180º (intersection with 
the real negative axis). 
 

ܲ𝑀 = tan−ଵ( −ʹ𝜁√−ʹ𝜁ଶ + √Ͷ𝜁ସ + ͳ)  

Giving values  Ͳ < 𝜁 < ͳ, it is possible to get a relation 
between 𝜁 and PM as depicted in Figure-1. 
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Figure-1. Relation between PM and damping factor. 
 

Based on the linear approximation of the data 
obtained from Figure-1, an important relation could be 
found: 
 𝜁 = Ͳ.Ͳͳ ܲ𝑀 
 

The final representation of the PM (in open-loop) 
and the OS% (in closed-loop) is given by the following 
relation: 
 ܲ𝑀 = tan−ଵ ቆ −ʹܾ√−ʹܾଶ + √Ͷܾସ + ܽଶቇ 

 
with ܾ = lnሺ%ܱܵ/ͳͲͲሻ and ܽ = 𝜋ଶ + ܾଶ. This relation is 
plotted in Figure-2. 
 

 
 

Figure-2. Relation between OS% and PM. 
 

It is important to have in mind that these relations 
were obtained as approximation with a second order 
system; hence an error will be introduced for other types 
of systems. 

In order to find a relationship between 𝜛஻𝑊 and 𝜛௖ , the magnitude of the system in closed loop is 
evaluated at -3dB, in order to get the 𝜛஻𝑊, obtaining the 
following equation: 
 𝐺ሺݏሻ = 𝜔௡ଶݏሺݏ + ʹ𝜁𝜔௡ሻ 
 ܶሺݏሻ = 𝐺ሺݏሻͳ + 𝐺ሺݏሻ 
 |ܶሺ𝑗𝜔ሻ| = 𝜔௡ଶ√ሺ𝜔௡ଶ − 𝜔஻𝑊ଶሻଶ + ሺʹ𝜁𝜔௡𝜔஻𝑊ሻଶ = ͳ√ʹ 

 𝜔஻𝑊 = 𝜔௡√ሺͳ − ʹ𝜁ଶሻ + √Ͷ𝜁ସ − Ͷ𝜁ଶ + ʹ 

 
or similarly: 
 𝜔஻𝑊𝜔௡ = √ሺͳ − ʹ𝜁ଶሻ + √Ͷ𝜁ସ − Ͷ𝜁ଶ + ʹ 

 
This important relation is depicted in Figure-3, 

for values Ͳ < 𝜁 < ͳ. 
 

 
 

Figure-3. Relation 
𝜔𝐵𝑊𝜔𝑛 vs 𝜁. 

 
In order to find 𝜛௖ , the magnitude of the open loop 
transfer function must be evaluated for 0dB. 
 |𝐺ሺ𝑗𝜛ሻ| = 𝜛௡ଶ√ሺ−𝜛௖ଶሻଶ + ሺʹ𝜁𝜛௡𝜛௖ሻଶ = ͳ 

 𝜛௖ = 𝜛௡√−ʹ𝜁ଶ + √Ͷ𝜁ସ + ͳ 

 𝜛௡ = 𝜛௖√−ʹ𝜁ଶ + √Ͷ𝜁ସ + ͳ 
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 𝜔஻𝑊𝜔௖ = √ሺͳ − 𝜁ଶሻ + √Ͷ𝜁ସ − Ͷ𝜁ଶ + ʹ√−ʹ𝜁ଶ +√Ͷ𝜁ସ + ͳ  

 
From these results, it is possible to draw the 

following relation Figure-4: 
 ͳ.͵ʹ𝜔௖ ≤ 𝜔஻𝑊 ≤ ͳ.͸ʹ𝜔௖ 
 𝜔௕𝑤𝜔௖ ≅ ͳ.ͷ 

 

 
 

Figure-4. Relation 
𝜔𝐵𝑊𝜔𝑐 vs 𝜁. 

 
3. RESULTS AND DISCUSSIONS 

In this section Frequency Response toolbox 
(FRtool) for Matlab® is used. Probably the most important 
feature of FRtool is the user friendly graphical interface 
(drag & drop and zoom included). Initially the transfer 
function of the process is not used, just the measurement 
of the Phase Margin necessary for different values of OS% 
are taken. 
 

 
 

Figure-5. FRtool interface. 
 

In Table-1 the results from analytical approach 
and CAD design are compared. Figure-6 depicts the 
results of Table-1, i.e. the relationship between OS% and 
PM. Analyzing the graph is possible to observe that for 
both approaches exist an error in the PM for values less 
than 15% of OS%; but this error is still lower than 6%, and 
hence acceptable. 
 𝐸ݎݎ𝑜ݎ% = |ܲ𝑀𝐹𝑅𝑇௢௢𝑙 − ܲ𝑀஺௡௔𝑙𝑦௧𝑖௖௔𝑙|ܲ𝑀𝐹𝑅𝑇௢௢𝑙 ∗ ͳͲͲ 

 
Table-1. PM obtained using FRtool and analytical graphs. 

 

OS% 
PM 

FRtool 

PM 

analytical 
Error% 

5 61 64.63 5.95 

10 57 58.59 2.79 

15 53 53.17 0.32 

20 48 48.15 0.31 

25 44 43.46 1.23 

30 39 39.09 0.23 

35 34 35.01 2.97 

40 32 31.19 2.53 
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Figure-6. PM vs. OS% analytical and FRtool approach. 
 

Now, nine typical examples for control engineers 
are proposed, namely those given in Table-2, which are of 
interest for PID auto-tuners rules. These include high order 
systems and non-minimum phase models with integrator. 
In order to use a nomenclature, the following 
representation will be used: 
 
 Order system: 1st, 2nd , 6th (e.g. for first, second or 

sixth orders) 
 Time delay:TD (if the system has time delay) 
 Integrator: Int (if transfer function that represents the 

system has an integrator) 
 Non minimum phase:NM (especial system with 

positives zeros) 
 Under damped:UD (especial under damped system 

with low 𝜁) 
 

Table-2. Transfer function models used in the experiment. 
 

TF Nomenclature Transfer function 

1 2nd + TD 
𝐺ሺݏሻ= ʹ𝑒−ଷ௦ሺͳ + ͳͲݏሻሺͳ + ͷݏሻ 

2 2nd +TD 𝐺ሺݏሻ = 𝑒−଴.ଶ௦ሺͳ +  ሻଶݏ

3 1st + TD+ Int 𝐺ሺݏሻ = 𝑒−଴.ଷ௦ݏሺݏ + ͳሻ 
4 1st + TD+ Int 𝐺ሺݏሻ = 𝑒−଴.ଶ௦ݏሺݏ + ͳሻ 
5 6th 𝐺ሺݏሻ = ͳሺݏ + ͳሻ଺ 

6 2nd + Int 
𝐺ሺݏሻ= ݏሺݏʹ͵ + Ͷሻሺݏ + ͳ͸ሻ 

7 1st + Int +TD+ NM 
𝐺ሺݏሻ= Ͳ.ʹͷሺͳ − ݏʹሺݏሻݏ + ͳሻ 𝑒−଴.ଶ௦ 

8 4th + TD 

𝐺ሺݏሻ= ͳ͹.͹𝑒−௦ሺݏ + ͳሻሺ͵Ͳݏ + ͳሻ ቀ௦29 + ௦ଷ+ ͳቁ
9 2nd + UD 

𝐺ሺݏሻ= Ͳ.͹Ͷݏଶ + ͳ.Ͷͺݏ + Ͷͺͳ.Ͷͺ 

 
In order to design the controller, an OS% less 

than 20% was taken as design specification. The basic 
(textbook) transfer function of a PID is given in terms of 
the three gains: proportional, integral and derivative, and 
its equivalent pole-zero-gain representation: 
 𝐶ሺݏሻ = 𝐾௣ (ͳ + ͳ𝑖ܶ . ݏ + ௗܶ . (ݏ = 𝐾 ሺݏ − 𝑧ଵሻሺݏ − 𝑧ଶሻݏ  

 

The PID controller was designed using two 
identical real zeros in order to get the fastest response in 
closed loop with no overshoot (Figure-7). 
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Figure-7. Closed response of a system with two real poles. 
 

The transfer function of the designed controllers 
appears summarized in Table-3. An important conclusion 
is obtained with this experiment, because the relation 
between crossover and bandwidth frequencies was in 

average 2, which is closed to theory data in where 
mentions a relation of 1.6. 
 𝜔஻𝑊𝜔௖ ≅ ʹ 

 
Then, PID controllers were designed for different 

OS% values in two different systems, in order to verify if 
relations found in past sections are still useful. Using the 
following models (Transfer functions #3and #5) was used: 
 𝐺ଷሺݏሻ = 𝑒−଴.ଷ௦ݏሺݏ + ͳሻ 
 𝐺ହሺݏሻ = ͳሺܵ + ͳሻ଺ 

 
Table-3. Controller designed and summary of the parameters studied. 

 

 
 
The Table-4 presents the final results: 
 
Table-4. Summary results of the designed PID controller 

for different OS% value specification. 
 

 
 

Once again, an important conclusion is obtained 
with this experiment, because the relation between 
crossover and bandwidth frequencies was in average 2, 
despite the change in the OS% specification, confirming 
that the relationship between these frequencies is around 2. 

Based on the results obtained, where the relation 
between overshoot and phase margin was compared for 

the analytical method (i.e. closed-loop response for a 
second order system) and simulation approach by means 
of FRtool the error was lower than 6%. This suggests that 
the analytical method developed here is a good 
approximation in order to obtain the phase margin as a 
function of the desired/designed overshoot. 

In order to find a relationship between the 
overshoot and the phase margin, two practical experiments 
were performed: i) the first one using for each transfer 
function a PID controller designed for overshoot lower 
than 20%, and ii) having different PID controller for 
several values of overshoot in two transfer functions. The 
results of these experiments appear in Figure-8, where the 
overshoot and the phase margin are plotted. The trend 
presented for this data is close to that found in Figure-2. 
However, reading the exact values of overshoot in these 
results and getting the phase margin from Figure-2, it was 
found that for cases with time delay a higher error is 
present. This could be expected, since the approximation 
was done based in a second order system without time 
delay. Finally, it issuggested developing an analysis based 
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in Nyquist criterion and the M circles, in order to get a 
validation of the relation of the controller design. 
 

 
 

Figure-8. Relation obtained from practical experiments 
for OS% and PM. 

 
Based on the experiment with PID control using 

FRtool for OS% as small as possible, the conclusion was 
that the relation between the bandwidth frequency (in 
closed-loop) and the crossover frequency (in open-loop) 
was 2.16. 

By using the results for different overshoot values 
in two typical transfer functions, the relation was 2.23 for 
the same comparison. 

Finally, it is proposed that the relation near to 2 
for both experiments represents a good trade-off between 
analytical and practical methods. 
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