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ABSTRACT 

Many papers for the analytical solution of the lift distribution on a semi in semi-elliptical wing have been 

published. These works [1] usually approximate the solution by series expansion. This paper introduces an original method 

for the closed-form solution of this problem. The solution is possible through the use of symbolic manipulators. The wing 

of the WWII fighter "Reggiane Re 2005" has been solved analytically with the proposed method.  The results are similar to 

the ones obtained by the panel-method and CFD. A CFD simulation of the Re 2005 at maximum speed demonstrates that 

these results are reasonable. 

 
Keywords: lift, load, elliptical wing, analytical closed solution. 

 

INTRODUCTION 

The lift can be calculated with (1): 

 

ClSVL  2
2

1         (1) 

 

The expression (1) is the resultant of a distributed 

load per unit length (half- wing) and, therefore, it is a 

function of the wing span. Cartesian reference system can 

be defined. The abscissa axis (x) coincides with the wing-

root-chord and it is directed towards the trailing edge. The 

position of the origin is defined by the ordinate of the wing 

tip point. The ordinate axis (y) is directed towards the 

wingtip. The lift per unit length can be expressed as (2):   
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The procedure that leads to the determination of 

the loads acting on the wing can be schematized as 

follows: 

 

a) Determination of the function c(y);  

b) Identify the function cl(y);  

c) Definition the lift distribution per unit of length l(y);  

d) Calculation of the expression T(y) (shear load 

function) as a function of y by integration of l(y);  

e) Calculation of the expression the bending moment 

function M(y) by integration of the function T(y). 

 

Determination of the function C(y) that describes the 

wing-chord-length with span y  
From the analysis of the original drawings it is 

possible to define the function that describes the chord 

length with the distance from the root (y-axis). For the 

trailing edge of an elliptical equation (3) can be used: 
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Where the semi-axis are a=1.619m and b=5.5 m. 

For the leading edge, equation (4) holds in the interval 

{0<y<4.742m}: 
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Equation (4) describes a line that terminates in 

the point Ptipfillet that has the following coordinates: {0.480, 

4.742}. From this point on, another curve to describe the 

fillet tip should be used. For the leading edge of the tip, 

the "elliptical" function (5) holds in the interval {4.742 <y 

<5.5m}: 
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Where the ellipse axis and the y-value of the 

ellipse-centre h are calculated by imposing the following 

conditions: 

 

c1) The line of the equation (4) is tangent to the 

ellipse (5) at the end point Ptipfillet {0.480, 4.742}. 

c2) The centre of the ellipse is on the y axis. The 

coordinate of the centre of the ellipse (5) will 

then be {h, 0}. 

c3)  The wing tip point Ptip {0, 5. 5} belongs to (5).  
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Figure-1. Original drawing of the Re2005 wing. 

 

The values of {a2=b2=0.482, h=4.66} can be 

obtained from the above conditions c1, c2 and c3.  

It is then possible to draw the wing planform 

(Figure-2): 

 As it can be seen from Figure-3 the functions (3) 

(4) and (5) approximate very well the true plan form of the 

Re 2005 wing (see also Figures 1 and 3). 

The chord functions (5) (6) can then be calculated 

from (2) (3) and (4): 
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Equation (6) holds for 0 <y <4.742m. 
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Figure-2. Re 2005 wing planform from (3) (4) (5). 

 

 

Equation (7) holds for 4.742 <y <5.5m. 

 

Identification of the function cl(y) that describes the 

evolution of the linear lift coefficient with y  
The study of original drawings of the Re 2005 has led 

to the following conclusions: 

 

a) the airfoils evolve from a root similar to a NACA 

0016, to an end corresponding to a NACA 23009; 

b) the wing of the aircraft has a positive "riggers' angle 

of incidence" of 3 degrees (this means that the root 

chord is rotated clockwise of 3 degrees from the 

propeller-axis, on the sidewiew with the propeller on 

the left side). 

c) The wing is twisted. Twist decreases the local chord's 

incidence from root to tip (washout).
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Figure-3. Calculated planform (red) of Figure-2 superimposed on the original Reggiane drawing. 

 

To determine the Cl(y) only 14 of 34 airfoils of 

the original drawings were considered. Each of them was 

imported into the software Java Foil [2] with its pitch 

angle, in order to determine the Cl value. The values are 

calculated at the Reynolds number corresponding to 

following leveled flying condition: 175m/s@7,200m 

ISA+0°C [3-29]. The results are summarized in Table-1. 

 

Table-1. Javafoil results 
 

# on 

drawings 

Chord 

(m) 
y (m) 

Riggers' angle of 

incidence(degrees) 
Cl 

0 2.3655 0 3.00 0.371 

1 2.2841 0.78 2.66 0.247 

3 2.2261 1.355 2.38 0.236 

5 2.1735 1.82 2.12 0.225 

7 2.114 2.328 1.83 0.21 

9 2.02 2.805 1.57 0.21 

11 1.9264 3.21 1.33 0.2 

12 1.802 3.637 1.01 0.183 

13 1.642 4.064 0.64 0.177 

14 1.456 4.405 0.32 0.158 

15 1.1905 4.905 -0.03 0.104 

17 1.01 5.105 -0.17 0.09 



                                VOL. 13, NO. 14, JULY 2018                                                                                                          ISSN 1819-6608 

ARPN Journal of Engineering and Applied Sciences 
©2006-2018 Asian Research Publishing Network (ARPN). All rights reserved. 

 
www.arpnjournals.com 

 

 
                                                                                                                                               4396 

19 0.743 5.305 -0.31 0.07 

20 0.531 5.44 -0.43 0.05 

Tip 0 5.5  0 

 

Figure-4 shows that the JavaFoil results. An 

elliptic function described well the results of JavaFoil (see 

Figure-4). Therefore, for simplicity, an elliptic function is 

adopted for the cl(y) (8): 
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This assumption makes it possible to evaluate the 

average value of Cl for the wing (9). 
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Definition of the lift distribution per unit of length l(y)  
Function (9) can be obtained by combining the 

equations (2), (6) and (8). This function holds in the 

interval y ϵ {0, 4. 742}. 
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Function (11) holds in the interval: 

yϵ{4.742,5.5}. 
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Figure-4. Calculated planform (red) of Figure-2 

superimposed on the original Reggiane drawing. 

 

The results are shown in Figure-5. 

 

 
 

Figure-5. Cl(y) from equations (9) and (10). 
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The reliability of the results can be verified by 

calculating the total lift L (11). 
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                               (12) 

 

An acceptable value of weight for Re 2005 is 

35400N. The value calculated by (11) is then 

overestimated. This is logical since the fuselage and the 

propeller reduces the overall efficiency of the wing.  

 

The shear load function T(y)  

 

 
 

Figure-6. Bending M and shear T. 

 

From Figure-6, it is possible to see that static 

equilibrium equations (13) (14) can be used to for the 

shear load function. 

 

dypdT                                      (13) 

 

dyTdM 
                                 (14) 

 

T(y) (14) (15) can then be calculated with (13) 

and (14) from the distributed load of equations (9) and 

(10). The function (14) holds for 0 <y <4.742m. 
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While the function (15) can be used for 4.742 

<y<5.5m. 
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The integration constants A1 and A2 can be 

found by the imposition of the following boundary 

conditions:  

 

 Null shear load at tip: T2(Y=5.5)=0. From which it is 

possible to calculate A2=-13783.6. 

 From the continuity of the shear at y=4.742m. 

T2(y=4.742)=T1(y=4.742), it is possible to calculate A1=-

20140.9. 

It is then possible to calculate the design shear 

load for the wing. In this calculation a load factor of 8 and 

a safety factor of 1.5 were included. The results are shown 

in Figure-7. 

 

 
 

Figure-7. Shear load T along the wing (yroot=0, ytip=5.5) 

from equations (9) and (10) The bending moment M(y). 

 

The integration of T(y) (14) (15) makes it 

possible to calculate M(y) (16) (17).  
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Equation 17 holds for for 0<y<4.742 m. While 

equation (18) holds for for 4.742<y<5.5m. 
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The integration constants B1 and B2 can be 

found through the imposition of the following boundary 

conditions: 

 

 zero bending moment at the tip: 

M2(Y=5.5)=0→B2=30194.7;  

 Continuity of the bending moment at Y=4.742m. 

M2(Y=4.742)=M1(Y=4.742)→B1=22744.2. 

CONCLUSIONS 

The use of modern software makes it possible to 

calculate the closed form solution of the lift, the shear and 

the bending moment for a semi-elliptical wing. The 

example of the Reggiane Re 2005 WWII fighter is shown 

in this paper as an example. 
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SYMBOLS 

Symbol Description Unit Value 

L Lift N  

V Speed m/s 175 

S Wing area m
2
  

Cl Lift coefficient -  

ρ Air density kg/m
3
  

l(y) Lift function along the wing span (y axis) N/m  

c(y) Cord length function along y m  

Cl(y) Lift coefficient function along  y -  

x(y) Trailing edge function m  

a Semi-minor axis of x(y) m 1.619 

b Semi-minor axis of x(y) m 5.5 

xi1(y) Leading edge function (linear part) m  

xi2(y) Leading edge function (fillet tip) m  

a2 Semi-minor axis of x i1 (y) m 0.482 

b2 Semi-minor axis of x i1 (y) m 0.482 

h Coordinate y of the center of the Ellipse xi2(y) m 4.66 

C1(y) Cord length function along y. yϵ[0. 4.742] m  

C2(y) Cord length function along y. yϵ[4.742. 5.5]   

lwing Wingspan/2 m 5.5 

Cl(y) Lift coefficient function along y   

Clmean Average wing lift coefficient   

l1(y) Lift function along y. yϵ[0. 4.742] N  

l2(y) Lift function along y. yϵ[4.742. 5.5] N  

T1(y) Shear load function along y. yϵ[0. 4.742] N  

T2(y) Shear load function along y. yϵ[4.742. 5.5] N  

M1(y) Bending moment function along y. yϵ[0. 4.742] Nm  

M2(y) Bending moment function along y. yϵ[4.742. 5.5] Nm  

 


