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ABSTRACT 

A new design of a three fingered robotic hand has been developed and verified for a grasping task based on a set 

of predetermined angle position. However, the robotic hand has limitation in integrating measurement from external 

sensors to create its own 3D position vector’s trajectory. Therefore, it is required to create a new mathematical kinematics 

equation for the hand that relates between the direct joint angles and the position vector of the finger-tip in order to produce 

motion based on Cartesian coordinates. The study derived the kinematics based on the joint and link dimensions of Finger 

1 and 3 using geometrical approach due to their different styles of motion. Simulation results verified the correctness of the 

equations where the proposed inverse kinematics has correctly converted the position vector of tip-end to the required 

motor angles of each finger joint. Consequently, the kinematics is verified to be able to provide the angle references for the 

position control of the motors in real-time experiment according to the varied fingertip positions. The output of this study 

is beneficial to the robot control when trajectory needs to be generated based on sensor information. Besides, individual 

control of separate finger joints between the fingers could increase the grasping flexibility and be a good reference for the 

development of the robot arm in future study. 
 
Keywords: geometrical approach, kinematic modelling, position control, three-fingered robot hand. 

 

1. INTRODUCTION 
Researches on humanoid robot attract more 

attentions and thrive well in these few decades. Wide 

ranges of humanoid robot have been constructed over 

years and among them, various robotic hands or end-

effectors that imitate the capabilities of human hand have 

been developed. Suction cup and gripper are types of end-

effectors that are commonly used in industry due to their 

reliability. However, their limitation for flexible object 

manipulation encouraged the development of fingered 

type end-effectors that is much closer to human hand 

configuration in handling different object shape, sizes and 

orientations. 

The execution of autonomous robot for tasking 

requires automatic generated trajectory using sensor 

measurement. The measurements in Cartesian position (X, 

Y, Z) require conversion of the data related to the robot 

coordinate system for the robot actuation. In the case of a 

robot hand and manipulator, the actuation will require the 

joint configurations of the joint motors. Inverse kinematics 

(IK) is a method that is used to provide the solution of 

joint configurations in which among others numerical, 

analytical and geometrical approaches are being used as 

mentioned in [1-3]. 

Numbers of works have been done using 

numerical approach to solve the inverse kinematic. 

Meredith and Maddock [4] have applied numerical 

approaches using iterative Jacobian techniques efficiently 

to an animated walking character. They claimed that due 

to the scalability of numerical approaches, it is often be the 

chosen technique. However, such approach suffered from 

poor solver times due to the iterative nature. Therefore, 

they proposed a solution using Jacobian-based efficient 

real-time IK solvers for the walking motion and have 

successfully demonstrated the result. Furthermore, 

application of numerical approach has also been proved 

for redundant manipulator in studies by [5], [6]. However, 

it requires high computational cost, prone to produce error 

in calculating the joint positions and slows down the 

motion performance of the robot manipulator. 

On the other hand, analytical inverse kinematics 

approach has been applied by Peng, Xu, Wang and Meng 

[7] as the IK solver to a 6-DOF industrial robot and 

verified the method through simulation on MATLAB. 

Similar research work is explained by [8] where they 

solved the inverse kinematic problems of a 7-DOF virtual 

manipulator with a known 7
th

 joint angle and the pose of a 

real manipulator. The result of the inverse kinematics is 

then applied to the real manipulator for the motion of its 

six joints. In spite of the strength of analytical approach in 

deriving all possible solutions compared to numerical 

approach, [3] claimed that it is more difficult to be 

implemented. 

On the other hand, geometrical approach is stated 

as easier method to understand [3], more intuitive 

compared to traditional method and capable of finding 

optimal solution with less computation. Zhijian, Ying and 

Haiying [9] have used geometrical approach to acquire the 

inverse kinematic solution for a spot welding robot and 

verified the method using software ADAMS. Reference 

[10] also used this approach to solve the problem of multi-

solutions caused by the robot redundancy.  

Meanwhile, a vector-based model was introduced 

by [11] that offers geometric modelling of robot based on 

molecular mechanics. In molecular structure modelling, to 

calculate the position of atom in 3D space, atoms are 

represented by points linked together with certain bonds. 

This concept was imitated to the work on robot humanoid 

modelling and verified in computer simulation. 

Meanwhile, for different type of 3-DOF multisection 

continuum robot called Bionic Handling Assistant (BHA), 
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variable curvature continuum kinematics including the 

forward and differential forward kinematics equations 

have been derived [12]. The work was able to provide 

more accurate computation compared to constant section 

curvature models by solving the redundant inverse 

kinematics problem through the use of Jacobian matrices. 

In this paper, a geometric approach of inverse 

kinematics derivations for a new design of 7-DOF robotic 

hand consisting three 2-DOF fingers and 1-DOF palm is 

discussed. In previous work, the robotic hand has been 

developed from a custom mechanical design and the 

fabricated hardware has been successfully validated for a 

grasping task in real time [13]. Subsequently, PID position 

control of the joint actuators has been applied for the real-

time control of the finger joints [14]. However, in these 

studies, the reference trajectory provided to the robot was 

in direct angles of the joint motors. Thus, for a complex 

system which involves more exterior sensor 

measurements, the generated trajectory reference requires 

the conversion of the Cartesian position to the joint 

configuration through the use of inverse kinematics 

equation of the robot. The robot hand has a unique design 

and dimension, therefore the derivation of the kinematics 

equation and the validation on its practicality are 

presented.  

 

2. KINEMATICS MODELLING 
The 7-DOF of the robot hand used in this study is 

depicted in Figure-1. Each of the joints at the fingers is 

actuated by a DC-Micro motor equipped with an 

incremental encoder. The robot was designed using solid 

works and analysed by FEA to verify the capability of the 

design to withstand external force at a specified force 

value for the hand and the fingertip respectively [15-17]. 

Kinematics used in this work involves 

mathematical calculations which heavily depend on the 

dimensions and parameters of the robotic fingers. The 

three fingers are shown in Figure-2 labelled as Finger-1, 

Finger-2 and Finger-3, respectively. Each finger consists 

of two links and two joints to give a total of 6-DOF of 

vertical motion. An additional DOF is given by the 7
th

 

motor on the palm to provide the synchronous lateral 

motion of Finger 2 and Finger 3 whereas finger 1 acts as 

the thumb. As depicted in Figure-2, point R and S 

represent the joints of finger whereas point P represents 

the joint from the additional DOF. Point O is the origin of 

the robot hand whereas point T is the tip-end of the robot 

finger. L0x, Lb0, L0y, and L0z are the length dimensions 

from O to R whereas L1 is the length of link 1 from R to S 

and L2 is the length for link 2 from S to T. The dimensions 

of these parameters are detailed in Table-1.  

 

 
 

Figure-1. Three-fingered robot hand [11] developed in 

previous work. 

 

 
 

Figure-2. 2-DOF robotic finger diagram. 

 

Table-1. Robotic finger dimension. 
 

Parameter 
Finger 1 

(m) 
Finger 2 

(m) 
Finger 3 

(m) 

L
0x

 0.0903 0.0237 0.0237 

L
b0

 NA 0.06 0.06 

L
0y

 NA 0.01739 0.01739 

L
0z

 0.02715 0.02715 0.02715 

L
1
 0.10170 0.10170 0.10170 

L
2
 0.05971 0.05971 0.05971 

 

A. Direct kinematics 
The kinematics of the fingers are designed in 

Matlab Simulink based on the dimensions tabulated in 

Table-1. θ0 represents the opening angle between Finger 2 

and Finger 3 at the palm whereas θ1 and θ2 are the joint 

angles for link 1 and link 2 of each robotic finger.  

Using the joint angles of θ0, θ1 and θ2 , the direct 

kinematics of finger could be used to calculate the  

position vector of the tip-end T which is expressed as the 

following. Let OrO,Tn denotes the position vector from 

frame O to Tn with respect to frame O whereas 

[Xn;  Yn;  Zn] represents the position of the n
th

 finger. 
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OrO,Tn = [𝑋𝑛𝑌𝑛𝑍𝑛 ]                     (1) 

 

The position vector of Finger 2 can be mirrored 

to Finger 3 because they move synchronously as explained 

in the previous section. Therefore, the direct kinematic 

equations are calculated only for Finger 1 and Finger 3 as 

shown in the following equations (2) and (3), respectively. 

 OrO,T1 =    rO,R1 + Roty(θ1)rR1,S1 +Roty(θ1)Roty(θ2)rS1,T1                                                (2) 

 OrO,T3 = rO,P3 + 𝑅𝑜𝑡𝑧(𝜃0)rP3,R3+ 𝑅𝑜𝑡𝑧(𝜃0)𝑅𝑜𝑡𝑦(𝜃1)rR3,S3 +𝑅𝑜𝑡𝑧(𝜃0)𝑅𝑜𝑡𝑦(𝜃1)𝑅𝑜𝑡𝑦(𝜃2)rS3,T3                   (3) 

 OrO,T1 and OrO,T3 represent the total position vector for 

Finger 1 and 3 respectively from O to T. rO,R1, rR1,S1 and 

rS1,T1 are the position vectors from point O to R, R to S, 

and S to T, respectively. Meanwhile, rO,P3, rP3,R3, rR3,S3 

and rS3,T3 are the position vectors from point O to P, P to 

R, R to S and S to T, respectively. Rotz(θ) is the rotation 

matrix of the respective angle in the direction of z-axis 

whereas Roty(θ) is the rotation matrix of the respective 

angle in the direction of y-axis, presented by the following 

equations.  

 𝑅𝑜𝑡𝑧(𝜃) = [𝑐𝑜𝑠(𝜃) − 𝑠𝑖𝑛(𝜃) 0𝑠𝑖𝑛(𝜃)      𝑐𝑜𝑠(𝜃) 00 0 1]                   (4)   

 𝑅𝑜𝑡𝑦(𝜃) = [ 𝑐𝑜𝑠(𝜃) 0 𝑠𝑖𝑛(𝜃)0 1 0−𝑠𝑖𝑛(𝜃) 0 𝑐𝑜𝑠(𝜃)]                               (5) 

 

The initial position of each link of Finger 1 and 

Finger 3 from O to T is defined by the following equation 

(6) and (7), respectively. 

 rO,R1 = [−L0x0L0z ] ,  rR1,S1 = [−L1x0L1z ],   rS1,T1 = [−L2x0L2z ]      (6) 

 

 rO,P3 = [L0xL0y0 ],    rP3,R3 = [Lb0xLb0yL0z ] ,  rR3,S3 = [L1x0L1z],     
rS3,T3 = [L2x0L2z]                                                                   (7) 

 

In (6) and (7), Lm denotes the length of m
th 

link in 

their respective axis direction. The lengths of other fixed 

links are given in Table-1. However, the link that involves 

rotation needs to be determined using the following 

equations.  

 L1x = 𝐿1 cos 90°      ,       L1z = 𝐿1𝑠𝑖𝑛 90°                       (8) 

 L2x = 𝐿2 cos 90°      ,       L2z = 𝐿2 sin 90°                      (9) 

  Lb0x = 𝐿b0 sin 90°    ,       Lb0y = 𝐿b0 cos 90°              (10) 

 

Hence, (2) and (3) can be solved using equations 

in (4) to (10). 

 

B. Inverse kinematics 
Inverse kinematics computes the associated joint 

angles of a robot to reach the desired Cartesian position of 

its end effector. In the case of the robot hand used in this 

study, the computed joint angles can be used to bring the 

robot's tip-end, OrO,Tn  to reach the desired position. 

In this work, geometrical approach is used to 

solve the inverse kinematics of the robotic fingertip due to 

its capability of finding optimal solution with less 

computation. Every dimension of the robotic hand has 

been considered and each finger's initial location has been 

specifically determined according to the robotic finger 

diagram in Figure-2. 

Finger 1 acts as the thumb for the robotic hand 

and it is designed to be fixed at the origin of y-axis. It only 

involves joint rotation along that direction for 𝜃1 and 𝜃2.  

The rotations of both joint angles are limited to specified 

angle values as shown in  Figure 3; 0° to +90° for 𝜃1 and   

0° to +125° for 𝜃2, which limits the reachability of Finger 

1 tip-end to x-z plane only. The geometrical drawing of the 

2-DOF robotic finger for Finger 1 is depicted in Figure-4 

with the condition that requires the tip-end position to be 

in the range of Xn >= -0.06m ; Yn = 0m and Zn >= 0m. The 

angles that contributed to the computation of 𝜃1 and  𝜃2 

using geometrical approach was referred to the concept 

introduced by Saiki [15]. 

 

 
 

Figure-3. Limitation of rotation for finger 1. 
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Figure-4.  Geometrical drawing of 2-DOF finger 1. 

 

The kinematics of Finger 2 and Finger 3 differ 

from Finger 1 due to the additional DOF which makes the 

total of three joint angles to be computed. The additional 

DOF on the palm is denoted by 𝜃0 which rotates both 

fingers symmetrically along the direction of z-axis. 

Furthermore, their symmetrical structure contributes to the 

identical computation of  𝜃1 and  𝜃2 for both fingers which 

rotate along the direction of y-axis. Considering the 

symmetrical structure of Finger 2 and Finger 3, the inverse 

kinematics was developed only for Finger 3. Figure-5 

illustrates the limitations of Finger 3 where the rotations of  𝜃0 is limited from 0° to +90°, 𝜃1   is from 0°  to -90° and  𝜃2  is from 0°  to -125°. The geometrical drawing of the 2-

DOF Finger 3 which includes the additional angle 𝜃0 is 

depicted in Figure-6.  

 

 
 

Figure-5. Limitation of rotation for Finger 3. 

 

 
 

Figure-6. Geometrical drawing of 3-DOF finger 3. 

 

As illustrated in Figure-6, Finger-3 requires 𝜃0, 𝜃1 and 𝜃2 to arrive at the desired OrO,T3. Meanwhile, 

according to Figure-4, Finger 1 involves only  𝜃1  and  𝜃2 

to drive the tip-end to the desired OrO,T1. The calculation 

of 𝜃0, 𝜃1  and  𝜃2 are shown in equation (11), (12) and (13) 

which apply all the joint variables δ, α, β, ϕ and γ as 

written in equations (14) to (16). The value of d1, d2 and d3 

are regulated based on the position vector of T related to 

joint 1 with respect to z-axis and x-y axis as shown in 

equation (14) using Pythagoras theorem. Next, cosine rule 

is applied to obtain β as in equation (15). ϕ is the fixed 

angle which is set at 90  and γ is calculated by applying 
the cosine rule as presented in equation (16). 

 𝜃0 =  𝛿                                                            (11) 

 𝜃1 = 180° − (𝛼 + 𝛽 + ∅)                                (12) 

 𝜃2 = 180° − 𝛾                                           (13) 

 

 d3 = √𝑑12 + 𝑑22
                                             (14) 

 β = 𝑐𝑜𝑠−1 [𝐿12 + 𝑑32 − 𝐿222𝐿1𝑑3 ]                                             (15) 

 γ = 𝑐𝑜𝑠−1 [𝐿12 + 𝐿22 − 𝑑322𝐿1𝐿2 ]                                             (16) 

 

C. Verification of the kinematics 
Verification of the proposed method is 

implemented through both simulation and real-time 

experiments. Simulation experiments are conducted to 

confirm the effectiveness of the developed kinematics. 

Theoretically, the inverse kinematics (IK) itself is the 

reversal of the direct kinematics (DK), therefore the direct 

and inverse kinematics equations can be used to verify 

each other. Figure-7 shows the flow of the verification 

steps. 
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Figure-7. Verification steps for simulation test. 

 

Initially, a set of predetermined 𝜃0∗,  𝜃1∗, and 𝜃2∗ 

are provided to the direct kinematics equation which are 

based on the minimum and maximum range of  𝜃0, 𝜃1  and 𝜃2 i.e. 0° to 90°, to calculate the tip-end position OrO,Tn. 

This is implemented prior to inverse kinematics to avoid 

providing position that is located outside the working 

range of the robotic finger. Then, the computed position 

resulted from direct kinematics is provided to the proposed 

inverse kinematics to calculate the θ. By comparing θ*
 and 

θ, the developed direct kinematics and the proposed 

inverse kinematics can be verified correct when the 

computed θ is identical to θ*
. The inverse kinematics 

verification is conducted individually for both fingers 

where the predetermined angles θ*
 are 𝜃0∗, 𝜃1∗, and 𝜃2∗ for 

Finger 3, and 𝜃1∗ and 𝜃2∗ for Finger 1. 

Meanwhile, in the real-time experiment, the 

derived kinematics is applied to the PID position control 

of the motor position for the desired tip-end position 𝑃𝑐 set 

at [0.04246; 0; 0.1245]. The calculated angle reference θ1 

and θ2 were used to move the joints and compared to the 

actual motor positions read from the motor encoders. The 

block diagram that illustrates the components of the 

control system is presented in Figure-8.  

 

 
 

Figure-8. Block diagram of the 2-DOF robotic finger. 

 

3. RESULTS 
 

A. Verification through simulation 
Ten random angles were given to the DK. The 

results of DK and IK of Finger 1 are tabulated in Table-2 

and Table-3, respectively. The comparison between θ*
 and 

the calculated angles θ is shown in Table-4 where 𝜃𝑒 

denotes the error between θ*
 and θ. From Table-4, the zero 

error for all ten angles proved that the developed IK can 

efficiently calculates 𝜃1∗ and 𝜃2∗ for Finger 1.  

Consequently, the results of DK and IK of Finger 

3 are tabulated in Table-5 and Table-6, respectively. The 

comparison between θ*
 and the calculated angles θ is 

shown in Table-7. Similarly, from the table, the zero error 

for all ten angles also proved that the developed IK can 

efficiently calculate all 𝜃0∗, 𝜃1∗, and 𝜃2∗ for Finger-3. 

 

Table-2. DK results in Cartesian position for finger-1. 
 

No 
DK input (°) DK position reference 𝐎𝐫𝐎,𝐓𝟏  (m) 𝜽𝟏∗  𝜽𝟐∗  Xref Yref Zref 

1 0 0 -0.09030 0 0.18860 

2 0 5 -0.08510 0 0.18830 

3 3 10 -0.07155 0 0.18690 

4 5 20 -0.05620 0 0.18260 

5 35 80 0.02215 0 0.08522 

6 67 92 0.02471 0 0.01114 

7 54 21 0.04965 0 0.10240 

8 80 35 0.06397 0 0.01958 

9 90 0 0.07111 0 0.02715 

10 90 90 0.01140 0 -0.03256 
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Table-3. Angle parameters of IK for finger 1. 
  

No 
Variable parameters  (°) IK angles (°) 

ϕ α β γ 𝜽𝟏 𝜽𝟐 

1 90 90 0 180 0 0 

2 90 88.15 1.849 175 0
 

5 

3 90 83.30 3.696 170 3 10 

4 90 77.63 7.374 160 5 20 

5 90 27.31 27.69 100 35 80 

6 90 -7.923 30.92 88 67 92 

7 90 28.26 7.74 159 54 21 

8 90 -2.811 12.81 145 80 35 

9 90 0
 

0 180 90 0 

10 90 -30.42 30.42 90 90 90 

 

Table-4. Kinematics validation for finger 1. 
 

No 
DK input (°) IK angles (°) Error (θ*- θ) 𝜽𝟏∗  𝜽𝟐∗  𝜽𝟏 𝜽𝟐 |𝜽𝐞𝟏| |𝜽𝐞𝟐| 

1 0 0 0 0 0 0 

2 0 5 0
 

5 0
 

0 

3 3 10 3 10 0 0 

4 5 20 5 20 0 0 

5 35 80 35 80 0 0 

6 67 92 67 92 0 0 

7 54 21 54 21 0 0 

8 80 35 80 35 0 0 

9 90 0 90 0 0 0 

10 90 90 90 90 0 0 

 

Table-5. DK results in Cartesian position for finger 3. 
 

No 
DK input (°) DK Position Reference, 𝑶𝒓𝑶,𝑻𝟑 (m) 𝜽𝟎∗  𝜽𝟏∗  𝜽𝟐∗  Xref Yref Zref 

1 0 -0 -0 0.0837 0.0174 0.1886 

2 0 -32 -0 -0.0018 0.0174 0.164 

3 0 -0 -43 0.043 0.0174 0.1725 

4 47 -0 -0 0.0646 0.0613 0.1886 

5 47 -23 -0 0.0216 0.0152 0.1757 

6 63 -0 -83 0.0240 0.0180 0.1361 

7 90 -82 -21 0.0237 -0.0815 0.0279 

8 26 -59 -60 -0.0477 -0.0174 0.0506 

9 32 -71 -93 -0.0209 -0.0105 0.0029 

10 85 -15 -74 0.0214 -0.0085 0.1264 
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Table-6. Angles parameter of IK for finger 3. 
 

No 
Variable parameters  (°) IK angles (°) 

ϕ α β γ δ 𝜽𝟎 𝜽𝟏 𝜽𝟐 

1 90 90 0 180 0
 

0
 

0 0 

2 90 58 0 180 0
 

0
 

-32 0 

3 90 74.4 15.7 137 0
 

0
 

0
 

-43 

4 90 90 0 180 47 47 0 0 

5 90 67 0 180 47 47 -23 0 

6 90 61.5 28.5 97 63 63 0
 

-83 

7 90 0.3 7.7 159 90 90 -82 -21 

8 90 9.5 21.5 120 26 26 -59 -60 

9 90 -12.2 31.2 87 32 32 -71 -93 

10 90 49.1 25.9 106 85 85 -15 -74 

 

Table-7. Kinematics validation for finger 3. 
 

No 
DK input (°) IK angles (°) Error (θ*

- θ) 𝜽𝟎∗  𝜽𝟏∗  𝜽𝟐∗  𝜽𝟎 𝜽𝟏 𝜽𝟐 |𝜽𝐞𝟎| |𝜽𝐞𝟏| |𝜽𝐞𝟐| 

1 0 -0 -0 0
 

0 0 0 0 0 

2 0 -32 -0 0
 

-32 0 0
 

0 0 

3 0 -0 -43 0
 

0
 

-43 0
 

0 0 

4 47 -0 -0 47 0 0 0 0 0 

5 47 -23 -0 47 -23 0 0 0 0 

6 63 -0 -83 63 0
 

-83 0 0 0 

7 90 -82 -21 90 -82 -21 0 0 0 

8 26 -59 -60 26 -59 -60 0 0 0 

9 32 -71 -93 32 -71 -93 0 0 0 

10 85 -15 -74 85 -15 -74 0 0 0 

 

B. Verification through real-time experiment 
The result of converting 𝑃𝑐=[0.04246; 0; 0.1245] 

as depicted in Figure-9 gives the converted angles of θ1 

and θ2 as shown in Figure-10. According to Figure 10, the 

joint positions were calculated as 25  and 60  for θ1 and θ2, 

respectively. Furthermore, the positions were disturbed 

purposely at time between 11s and 18s as indicated by the 

five peaks in Figure-9. This is to show the effectiveness of 

the kinematics calculations in providing the required 

reference according to the varied  𝑃𝑐 for control which is 

graphed in the next Figure-11.  

  
 

Figure-9. Tip-end position set at [0.04246; 0; 0.1245] is 

disturbed with several peaks between 11s to 18s. 
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(a). Converted angles of 𝜃1. 

 

 
(b). Converted angles of 𝜃2 

 

Figure-10.  Angles reference θ1 and θ2 converted from tip-

end position. Variation of positions follows the Cartesian 

positions introduced at time between 11s and 18s as in 

Figure-9. 

 

Figure-11 depicts the reference angles indicated 

by green line for θ1 and purple line for θ2. The actual 

trajectory of the motor actuation resulted from the PID 

position control is presented in red line for both angles. As 

can be seen in the duration between 11s and 18s, the actual 

motor position is found to follow the green reference line 

at most of the time except at the peaks due to the faster 

speed of position variations compared to the control 

computation time. As a conclusion, these results show the 

importance of the work and its applicability for the motion 

control of the robot in actual experiment. 

 

 

 
(a). Motor position 𝜃1. 

 

 
(b). Motor position 𝜃2. 

 

Figure-11. PID controlled motor positions based on 

calculated position angles in real-time experiment. 

 

4. CONCLUSIONS 
The kinematics of the three-fingered robot hand 

has been analysed based on the custom design and 

dimension of all links, palm and joint angles in the 

working range of the robotic fingers. As a result, the direct 

kinematics of the three-fingered robot hand has been 

successfully derived using vector solution approach 

followed by the development of the inverse kinematics for 

each finger using geometrical approach. Both have been 

verified in Matlab Simulink simulation test for a set of 

input positions and for the position control of the robotic 

finger in real-time experiment based on varied position 

references. Based on the practicality results of the 

developed kinematics, it is now safe to be used for more 

control studies of the three-fingered robot hand in the 

future. 
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