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ABSTRACT 

Structural analysis of interaction of foundation slab with subsoil represented by elastic half space can be 

performed by various numerical methods. Verification of 2D simplified FEA approach incorporating numerical integration 

of the Boussinesq solution is emphasized in this paper by direct comparison with 3D FEA, which uses semi-infinite 

elements. Both methods were used to solve two numerical examples and the result are presented and compared in this 

study. Paper also includes discussion of capabilities of both approaches with their advantages and disadvantages.  
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INTRODUCTION 

The soil-structure interaction problem is one of 

the most common tasks among civil engineering 

computations. There are numerous approaches available 

[1], [2], [3]. The Finite Element Method [4] is usually used 

as a tool for computations. 

However, the most common approach is to use 

2D plate elements with the surface Winkler foundation 

model (Figure-1) which introduces subsoil effects in the 

vertical direction only. However, it is used today even for 

analysis of important structures, see [5] for its use in the 

process of assessment of a part of nuclear power plant or 

the paper [6] for an example of an analysis of tanks with 

fluids on the Winkler foundation. 

 

 
 

Figure-1. Winkler model for soil-structure interaction. 

 

More complex approaches often model the 

subsoil with use of an elastic or in-elastic half-space [3], 

[7]. It makes possible to introduce many effects that can 

make the model very close to an actual behaviour of 

subsoil. The main disadvantage of such approach is that it 

results in solutions of large systems of linear or non-linear 

equations. The numbers of unknowns are usually in order 

of millions for 3D computations. 

There are solution methods available for such 

large problems. They are often based on parallel solution 

[8] of the problem, which introduces further complexity to 

the model. For effective solution Domain decomposition 

methods are often used here, for example the FETI method 

[9]. 

It is possible to use analytical or numerical 

solution of parts of half-space as a basis for improvements 

of the Winkler model. One of such approaches was 

introduced by Čajka and used for various problems [10]. 

The results were verified by comparison with various 

experimental data, both obtained by the author of the 

method [11] and obtained by others [12], [13], [14]. 

However, this approach was implemented in late 1990s 

and the used software tools allowed verifying its 

behaviour only on relatively small problems. Thus, the 

main aim of the works discussed here is a modern 

implementation of the method which allows analysing 

problems of arbitrary size and a direct comparison with 

different method to verify this approach. 

The main advantage of the method is its 

possibility of incorporation of more complex soil models 

with no requirements for homogeneity in any direction 

because the method allows to incorporate also more 

complex analytical parts (not only the Boussinesq 

solution). For sake of simplicity in this text, it will be 

assumed that the Winkler-type subsoil model is used for 

solving slabs on elastic homogenous half-space.  

 

DESCRIPTION OF METHOD  

The above-mentioned method uses features of 

isoparametric finite elements and their integration 

procedures [15]. The elastic half-space properties are 

based on the well-known Boussinesq analytical formulae 

[10]. For the purpose of the solution, the equation for the 

vertical stress σz can be written in the form: 
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where r, z are coordinates shown in the Figure-2 

and F is a load in the form of vertical force. 
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Figure-2. Elastic half-space model for 

Boussinesq solution. 

 

The Equation (1) modified for constant pressure 

on rectangular area is often used in design standards and is 

suitable for analytical computations (for so-called 

engineering computations which do not require computer-

based methods). For more complex cases it is necessary to 

work with formula which can incorporate general contacts 

stress pz: 
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where A is area of solution (it can be area of a 

finite element or of its part belonging to an integration 

point). The actual use of the Equation (2) requires using 

numerical integration. The process of computation of 

stiffness matrices of isoparametric finite elements 
incorporates numerical integration (usually based on the 

Gauss formula) [15] and this procedure can also be 

utilized for computing of subsoil stiffness. For such 

purpose the Equation (2) should be replaced by its 

approximation: 
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where ζ, η are coordinates of coordinate system 

used for integration (natural coordinates) and the J is the 

Jacobian of transformation which is used for 

transformation from natural coordinates to real coordinates 

of the problem [15], [4]. The transformation and numerical 

integration are illustrated in Figure 3 for a 4-node 

isoparametric plate element. 

 

 
(a) 

 

 
(b) 

 

Figure-3. Transformation from natural coordinate system 

to real coordinate (a) and numerical integration in natural 

coordinate system of a 4-node element region (b). 

 

Earlier implementation of the method used the 

same Gauss integration scheme as for the integration of 

element stiffness matrix [10]. The new implementation 

uses two-dimensional rectangular rule for calculating the 

vertical stress and deformation of the subsoil. The sample 

points are marked with red crosses in Figure-3. 

Considering that the integrand in equation (2) is not a 

polynomial function and that the integrated region (surface 

loaded by contact pressure) is separated into more 

elements there is no benefit in using Gauss integration 

scheme separately over elements. 

Vertical stress and strain are decreasing with 

increasing depth z and go to zero in infinite depth. In 

design standards the active depth is usually reduced to a 

layer of finite thickness. Originally the procedure 

introduced by Čajka computes the subsidence of subsoil 

by numerical integration of formula: 
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where Eoed is oedometric modulus, za is active 

depth, m is structural strength constant and σor is original 

geostatic stress. Formula (4) introduces a reduction of 

vertical deformation which is based on experimental data 

but is not connected with the constitutive equations of 

elastic body. It is impossible to include same reduction of 

vertical deformations of the elastic half-space in general 



                                         VOL. 14, NO. 6, MARCH 2019                                                                                                        ISSN 1819-6608 

ARPN Journal of Engineering and Applied Sciences 
©2006-2019 Asian Research Publishing Network (ARPN). All rights reserved. 

 
www.arpnjournals.com 

 

 
                                                                                                                                              1114 

purpose FEM software for structural analysis that works 

with three-dimensional volume elements. Thus, do not 

allow the direct comparison of the solution. 

For the purpose of comparison and proof of 

concept of the procedure described below, formula (4) 

must be replaced by formula (5) which gives exact vertical 

deformation without any artificial reduction. 
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where E is Young modulus of the material and ν 

is Poisson ratio. Equation (5) is derived from Boussinesq 

analytical formulae in the same way as equation (2) for 

vertical stress. Similarly, a numerical approximation (6) is 

used in the procedure of computing vertical deformation in 

every node of FE mesh. 
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The analysis of the soil-structure interaction 

problem must be done iteratively in several steps. For sake 

of simplicity, the text below will assume that the subsoil 

model includes only one parameter - a Winkler-style 

stiffness C in the vertical direction. Deformation and 

stiffness of the subsoil in horizontal directions will be 

neglected. 

 

The procedure 
a) Finite elements analysis of a slab structure with use of 

initial soil stiffness C. Resulting vertical deformation 

of the slab will be denoted as w to distinguish it from 

subsidence of the subsoil Uz. 

b) Calculation of contact stresses σc,i from vertical 

deformations wi in every node of FE mesh: 

iiic wC ,                                                                  (7) 

 

c) Solution of subsidence Uz of elastic half-space caused 

by the calculated contact stress by numerical 

integration of analytical solution with use of the 

Equation (4) or (6) in the nodes. 

d) Determination of new Ci parameters in every node of 

the structure: 
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                                                                      (8) 

 

e) Finite elements analysis of structure with use of the 

new Ci parameters. 

f) The steps 2. . . 5 should be repeated until the 

convergence is reached (the difference between Uz 

and w is insignificant). 

In numerical examples, the iteration loop is 

controlled by following condition: 
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where ui is vector of nodal deformations from i-th 

iteration cycle. 
 

NUMERICAL EXAMPLES 
To demonstrate the discussed model two simple 

examples are presented. The model discussed in this paper 

was implemented with use of the MATLAB software as a 

part of finite element code prepared by authors of this 

paper. A four-node and nine-node isoparametric shell 

finite elements have been used. 

The code has a capability of changing status 

contact nonlinearity. After second step of the procedure 

contact stress is checked in every node. In case there is 

tension in any node the contact status is changed for this 

node and Ci stiffness parameter is significantly reduced. 

Step 2 is repeated until there is compression in every node 

of the plate structure that is in contact with subsoil. The 

behaviour of slab that tends to lift of the subsoil is 

illustrated in numerical example no. 2 which shows 

eccentrically loaded slab on relatively stiff subsoil.  

Numerical example no.1 shows circular-shaped 

rotationally symmetrical slab which is relatively stiff in 

bending compared to the stiffness of the subsoil.  Two 

load cases are discussed here. One for uniform distributed 

pressure and the other for load by concentrated force in the 

centre point. 

 

Description of verification models 
Both numerical examples were also analysed with 

use of general-purpose finite element software ANSYS 

Mechanical for structural analysis. A more complex 3D 

model that is shown in Figure-4 was created for the 

comparison and verification of described method. 

The subsoil was modelled as elastic half-space. 

Meshed geometry of subsoil is a hemisphere with radius of 

4 meters. The internal part within radius of 2 meters is 

meshed with ordinary isoparametric 20-node brick 

elements - SOLID186 (cyan elements in Figure-4). 

Outside this radius semi-infinite elements. - INFIN257 - 

are used to model infinite boundary [16] of the elastic 

half-space. 
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(a) 

 
(b) 

 

Figure-4. Three-dimensional verification model (¾ sector) - ANSYS. Circular slab (a) from example no. 1 and 

rectangular slab in detailed view from example no. 2 laid on hemisphere representing elastic half-space. 

 

Definition of these elements is similar to 

isoparametric elements. They both use similar and 

compatible interpolation shape functions and they both use 

integration in natural coordinates system. The difference is 

in the transformation of the unit cube in natural coordinate 

system into real coordinate system. Mapping functions are 

used to project one side of the semi-infinite element into 

infinity. In this case, projection from one point that is 

located in the centre of the hemisphere is used. The red 

elements shown in Figure 4 are actually only halves of the 

semi-infinite elements. Nodes attached to the side that is 

projected into infinity are not shown. All degreases of 

freedom associated with these nodes are set to zero in 

element definition. Thus, they do not occur in resulting 

system of linear equations and there is no need to enter 

any additional boundary conditions to subsoil nodes. 

There are approximately 230000 additional equations 

associated with the subsoil compared to 8000 equations 

for the actual structure for this relatively small problem. 

Number of nodes in the slab structure is effectively the 

same in both MATLAB and ANSYS analysis. 

Slabs are modelled with 8-node shell elements. -

SHELL281 - in both examples. Slabs are connected to the 

subsoil using surface to surface contact pair TARGE170 - 

CONTA174. The contact between the slabs and 

foundation has standard behaviour with zero friction. 

Material properties and geometry of slabs is described 

below. 

 

Numerical example 1 
In first numerical example a circular shaped slab 

of a diameter of 2 metres on relatively soft subsoil was 

analysed. There are two load cases which are shown in 

Figure-5 (a). Both load cases are symmetrical with no 

eccentricity. This is an example of a slab that is entirely 

pushed into the subsoil and both contact surfaces don’t 
tend to separate. 

 

 
(a) 

 
(b) 

 

Figure-5. Geometry and FE mesh of circular slab from example 1 (a). Loading scheme of two load cases 

(concentrated force in the centre point and uniform pressure) (b). 

 

The circular mesh was created by function in 

authors’ code which uses a transformation of regular 

square meshes by quadratic interpolation functions. 

In the first load case the slab was loaded by 

concentrated force of 3 MN in the centre point. In the 
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second load case the slab was loaded by uniform pressure 

of 1 MPa on the whole surface. 

Both the slab and the subsoil are analysed with 

assumption of linear elastic behaviour. Material properties 

and other input values are following: 

 

 Young’s modulus of elasticity of the slab: E=30 GPa. 

 Poisson ratio: ν=0.2. 

 Thickness of the slab: h=100 mm. 

 Young’s modulus of elasticity of the subsoil: Esoil=60 

MPa. 

 Poisson ratio: νsoil=0.35. 

Both 4-node and 9-node elements were used in 

the analysis performed in MATLAB. The same total 

number of nodes and integration points were used to 

calculate subsidence of the subsoil for both types of 

elements (2 by 2 integration points per 4-node element and 

4 by 4 integration points per 9-node element). 

 

Results 

In the first load case the solution converged after 

8 iterations while in the second load case the solution 

converged after 12 iterations. The resulting deformation 

and contact pressure are drawn in radial cross-section (in 

the vertical plain y=0). In the graphs the axis x=0 is the 

axis of symmetry. Results from the analysis based on the 

method described above are labelled “SURFACE 

MODEL” and results from verification ANSYS analysis 

are labelled “ANSYS MODEL”. 

Figure-6 shows that the results from MATLAB 

analysis correspond with the ANSYS solution in both 

contact pressure and deformation. Graphs shows only 

negligible difference around the centre point where the 

concentrated force is applied. 

 

 
(a) 

 
(b) 

 

Figure-6. Loading case 1. Contact pressure (a) and vertical deformation of the subsoil (b) in radial cross-section. 

 

 
(a) 

 
(b) 

 

Figure-7. Loading case 2. Contact pressure (a) and vertical deformation of the subsoil (b) in radial cross-section. 
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Graph in the Figure-7 (a) shows a significant 

difference in contact stress near the edge of the slab. There 

is a large stress gradient near the edge as expected because 

the slab is stiff in bending compared to the soft subsoil. 

The difference would be even more significant if the FE 

mesh was finer. Stress results from numerical solution in 

this location are unreliable also in case of ANSYS 

analysis. On the other hand, this inaccuracy in stress peak 

has almost no effect on stress analysis of the slab and final 

subsidence of the foundation. In real foundation structure 

this stress peak is limited by exceeding the strength of the 

foundation soil that results in development of small zone 

of inelastic deformations near the edge of foundation slab. 

During the procedure described above it causes 

inconsistent deformation of the slab and the subsoil which 

is shown in the Figure-8. 

 

 
 

Figure-8. Vertical deformation of the slab and the subsoil 

in last iteration. Results from analysis using 4-node 

element on the left and 9-node element on the right. 

 

It also affects convergence of the solution. To 

satisfy the convergence condition (9) it took 5 more 

iteration steps in case of uniform load than in case of 

concentrated load with no other change in the analysis. 

The comparison of convergence for both load cases is 

shown in the Figure-9 where values on the vertical axis 

corresponds with the left side of condition (9). 

From comparison of 4-node and 9-node element 

solution it’s obvious that using higher order element 

doesn’t quite solve this issue. The number of iterations 

required to meet convergence criterium is the same even 

though the inconsistency in deformation is less noticeable 

in case of 9-node element. 

 

 
 

Figure-9. Vertical deformation of the slab and the subsoil 

in last iteration. Results from analysis using 4-node 

element on the left and 9-node element on the right. 

 

Numerical example 2 
Example number 2 shows a case of square slab 

that is loaded eccentrically. The load consists of vertical 

force Fz=4 MN and moments in two axes Mx=My=1MNm. 

This type of load causes that part of the slab tent to lift and 

separate from the subsoil. This would result in tension 

between the two surfaces if changing status nonlinearity 

wouldn’t be incorporated. This example shows that the 

proposed method is capable of such nonlinear analysis. 

 

 
(a) 

 
(b) 

 

Figure-10. Geometry and FE mesh of the square slab from example 2(a). Loading scheme 

(eccentrically vertical force) (b). 
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The geometry is shown in the Figure-10 as well 

as loading scheme. Material properties of both the slab 

(including thickness) and the subsoil are the same as in 

example 1. The number of integration point used for 

calculation of subsoil deformation are again 4 by 4 points 

per element. Only 9-node quadratic element was used in 

analysis and the slab was meshed with 10 by 10 elements. 

This problem was also solved using ANSYS for 

verification of results. 

Results 
In the Figure-11 deformed FE meshes are shown 

from both MATLAB and ANSYS analysis. It is shown 

that the resulting deformations are almost identical. More 

detailed results are shown in the Figure-12 (a) where 

vertical deformation is plotted in the diagonal cross-

section. 

 

 
(a) 

 
(b) 

 

Figure-11. Vertical deformation contour plot of deformed model from MATLAB and ANSYS analysis. 

 

 
(a) 

 
(b) 

 

Figure-12. Results in diagonal cross-section. Vertical deformation of the subsoil and the slab 

(a). Contact pressure (b). 

 

CONCLUSIONS 

The proposed approach can provide results, 

which are comparable to results obtained by numerical 

computation on the 3D half-space model. The main 

advantages of the presented model are a much smaller size 

of problem in terms of unknowns (when compared with 

3D half-space models) and the versatility in possible 

models of subsoil behaviour (there is no requirement of 

homogeneity of subsoil in any direction). 

It has been verified that this approach gives 

correct results for arbitrary geometry and boundary 

conditions configuration by a direct comparison with 

results obtain by different method. Even in case of 

eccentric loading when part of the slab tents to lift from 

the subsoil. 

It has been also verified that the method is 

scalable, and the results don’t degrade with size of the 

problem. It wasn’t possible to verify this fact with the 

original software implementation by Čajka because of the 
given constrains of problem size. The prepared software 

code is going to be used in further development of the 

method. The procedures for incorporation of layered 

subsoil are going to be implemented, for example. 
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