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ABSTRACT 

 Geometric constructions are widely used in computer graphics and engineering drawing. A right generalized 
cylinder is a ruled surface whose base curve is a plane curve perpendicular to the rulings. In this paper, relations between 
the base curve and the non-planar geodesics on the right generalized cylinder are discussed. Based on these relations, a 
method for obtaining a new space curve from a given unit speed plane curve is presented. Firstly, we consider a new plane 
curve with a constant speed one divided by the square root of two.The original unit speed plane curve and the new plane 
curve coincide as point sets. Their  parameterizations and signed curvatures are closely related. Secondly, we define a 
unique unit speed non-planar geodesic on the right generalized cylinder whose base curve is the considered plane curve 
with a constant speed one divided by the square root of two. Finally, we examine the focal curve of the obtained geodesic 
which is also a non-planar curve. The curvature and torsion of the geodesic and its focal curve are expressed in terms of the 
signed curvature of the above-mentioned plane curve with a constant speed one divided by the square root of two. We 
discuss also other two invariants of the same space curves with respect to the direct similarities of the Euclidean 3-space. 
They are called a shape curvature and a shape torsion. In particular, it is shown that the shape torsion (the ratio of torsion 
and curvature) of the unit speed geodesic and its focal curve is equal to either +1 or −1. The proposed method is 
demonstrated for several plane curves used in engineering practice. These curves include: the circle, the logarithmic spiral, 
the involute of a circle, and the catenary. 
 
Keywords: geodesics on generalized cylinders, focal curves, curvature, torsion. 
 
1. INTRODUCTION 

Plane and space curves have various applications 
in different branches of engineering and architecture. The 
logarithmic spiral antenna and the logarithmic spiral gear 
are related with the famous plane curve called a 
logarithmic spiral. The involute of a circle is another plane 
spiral with important role in mechanical engineering (see 
Liu et al. [9], Liu et al. [10] and Radzevich [12]). The 
catenary is a plane curve whose shape appears in bridge 
constructions and power transmission lines. A description 
and applications of a catenary can be found in Lewis [7] 
and Osserman [11]. Cylindrical helices and conical helices 
are space spirals which are also applicable to gearing 
theory and antennas (see for instance Chen et al. [2], Tan 
et al. [14] and Zhou et al. [18]. Obtaining a new curve 
from a given regular curve is an important tool used in 
computer graphics and computer aided design. Examples 
of such a creation are an offset curve to a plane curve and 
an unique focal curve of a regular space curve. In this 
paper, a unit speed plane curve is connected with a unique 
regular space curve. The proposed construction can be 
divided into three main steps. Firstly, the original unit 
speed plane curve is re-parameterized so that the curve 

with the new parametrization has a constant speed 
1√2. 

Secondly, we determine a unique non-planar unit speed 
geodesic on the right generalized cylinder over the plane 

curve with a constant speed 
1√2. Thirdly, we investigate a 

unique focal curve of the obtained geodesic. More 
precisely, we find the parametrization of the focal curve 
and express its curvature and torsion by the signed 

curvature of the plane curve with a constant speed 
1√2. The 

curvature and torsion are invariants of a regular space 

curve with respect to orientation-preserving rigid motions 
of the Euclidean 3-space 𝔼3. We discuss also invariants of 
the considered geodesic and its focal curve with respect to 
the direct similarities of 𝔼3. These invariants are called a 
shape curvature and a shape torsion. 

The paper is organized as follows. In the next 
section, we recall definitions and properties of differential-
geometric invariants of plane and space regular curves. 
Then, the main construction for determining a regular 
space curve from a given unit speed plane curve is 
described. Relations between the signed curvature of the 
original plane curve and differential-geometric invariants 
of the obtained new space curve are expressed in an 
explicit form. In the sequel, several illustrative examples 
are discussed. The paper finishes with concluding remarks. 
 
2. MATERIALS AND METHODS 

 
2.1 Orientation-preserving euclidean motions and  

       similarity transformations 

Let 𝔼𝑛    (𝑛 = 2,3) be the 𝑛-dimensional 
Euclidean space. Its elements are points whose position 
vectors are represented by column vectors x ∈ ℝ𝑛. An 
affine map Φ:𝔼𝑛 → 𝔼𝑛 is called an orientation-preserving 
Euclidean motion, or an orientation-preserving rigid 
motion, if Φ preserves the distance between any two 
points of 𝔼𝑛 and the orientation of 𝔼𝑛. The orientation-
preserving rigid motions form a group which is a subgroup 
of the group of all orientation-preserving affine maps.  

A direct similarity, or an orientation-preserving 
similarity transformation, is an affine map Ψ:𝔼𝑛 → 𝔼𝑛 
that preserves the orientation and the angles. Any direct 
similarity possesses a representation in a matrix form  
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Φ(x) = 𝜌Ax + b ,                                               (1) 
 
where 𝐱 is the position vector of an arbitrary point in 𝔼𝑛, Ψ(𝐱) is the position vector of its image in 𝔼𝑛, 𝜌 > 0 is a 
constant, 𝐀 is a fixed 𝑛 × 𝑛 orthogonal matrix with det(𝐀) = 1, and 𝐛 ∈ ℝ𝑛 is a translation vector. The real 
positive number 𝜌 is called a similarity ratio. The direct 
similarity (1) is an orientation-preserving rigid motion if 
and only if 𝜌 = 1. Thus, the set of all direct similarities of 𝔼𝑛 form also a subgroup of the group of the orientation-
preserving affine maps and this subgroup is the smallest 
extension of the group of orientation-preserving rigid 
motions.  
 
2.2 Parameterized plane curves 

The image of any parameterized curve in the 
Euclidean plane 𝔼2 under an orientation-preserving affine 
map of 𝔼2 is also a parameterized curve in 𝔼2. Now, we 
shall discuss the differential-geometric invariants of 
regular plane curves with respect to the group of 
orientation-preserving rigid motions and with respect to 
the group of direct similarities. 

Consider a regular plane curve 𝜻: 𝐼 → 𝔼2 of class 𝐶3 which is defined on the open interval 𝐼 ⊆ ℝ by  
 𝜻(𝑡) = (𝑥(𝑡), 𝑦(𝑡))𝑇𝑡 ∈ 𝐼,                                               (2) 
 
where (∗,∗)𝑇 is the transpose vector of the row vector (∗,∗), 𝑥(𝑡) and 𝑦(𝑡) are coordinate functions. If we denote 
by " ′  " the differentiation with respect to the parameter 𝑡, then the vectors  𝜁′(𝑡) = (𝑥′(𝑡), 𝑦′(𝑡))𝑇𝜁′′(𝑡) = (𝑥′′(𝑡), 𝑦′′(𝑡))𝑇𝜁′′′(𝑡) = (𝑥′′′(𝑡), 𝑦′′′(𝑡))𝑇 

exist. The norm of the first vector ∥ 𝜻′(𝑡) ∥=√(𝑥′(𝑡))2 + (𝑦′(𝑡))2 is called a speed of the curve 𝜻. A 
regular curve 𝜻 means that 𝜻′(𝑡) is a nonzero vector, or 
equivalently, ∥ 𝜻′(𝑡) ∥≠ 0 for any 𝑡 ∈ 𝐼. The signed 
curvature  
 𝐾𝜁(𝑡) = det(𝜻′(𝑡),𝜻′′(𝑡))∥𝜻′(𝑡)∥3= 𝑥′(𝑡)𝑦′′(𝑡)−𝑦′(𝑡)𝑥′′(𝑡)(√(𝑥′(𝑡))2+(𝑦′(𝑡))2)3 ,                                 (3) 

 
of the curve parameterized by (2) is invariant under 
orientation-preserving rigid motions of 𝔼2. A circle is a 
regular plane curve whose curvature is a nonzero constant. 
A detailed description of the properties of 𝐾𝜁(𝑡) is given 
in any textbook on curves and surfaces (see for instance 
Gray et al. [6]). If 𝐾𝜁(𝑡) ≠ 0 for 𝑡 ∈ 𝐼 and 𝑖𝑓  𝐾𝜁′(𝑡) = 𝑑𝑑𝑡𝐾𝜁(𝑡), then the function  

 𝐾𝜁(𝑡) = 1∥𝜁′(𝑡)∥ 𝑑𝑑𝑡 ( 1𝐾𝜁(𝑡))= − 𝐾𝜁′(𝑡)∥𝜁′(𝑡)∥(𝐾𝜁(𝑡))2 (4) 

 

is called a shape curvature. This function is invariant 
under an arbitrary direct similarity of 𝔼2. In addition, 𝐾𝜁(𝑡) determines locally the plane curve 𝜻 uniquely up to 
a direct similarity. These assertions are proved by Encheva 
and Georgiev [3], [5]. A circle is a plane curve whose 
shape curvature is identically zero. A logarithmic spiral is 
a regular plane curve whose shape curvature is a nonzero 
constant. This curve has many engineering applications 
(see for instance Liu et al.[8], Scherr et al.[13] and Xu et 

al. [17]). 
If the norm ∥ 𝜻′(𝑡) ∥ is equal to 1 for any 𝑡 ∈ 𝐼, 

then 𝜻 is called a unit-speed curve, and the vector 
parametric equation (2) is called an arc-length 
parametrization of 𝜻. According to Theorem 16.1 in Gray 
et al.[6] any regular plane curve possesses an arc-length 
re-parametrization. In case of an arc-length 
parametrization, the formulas (3) and (4) are reduced to 
simpler forms.  

Lemma 1  Let 𝜶1: 𝐼1 → 𝔼2 be a unit speed curve 
with a vector parametric equation  
 𝜶1(𝑠) = (𝑥1(𝑠), 𝑦1(𝑠))𝑇 ,    𝑠 ∈ 𝐼1 ⊆ ℝ.                  (5) 
 

Suppose that a linear map ℎ:ℝ → ℝ is defined by ℎ(𝑠) = √2𝑠 for 𝑠 ∈ ℝ. Then, there exists a re-
parametrization 𝜶: 𝐼 → 𝔼2 of 𝜶1 such that 𝐼 = ℎ(𝐼1) and  
 𝜶(𝑡) = 𝜶1 ( 1√2 𝑡) = (𝑥1 ( 1√2 𝑡) , 𝑦1 ( 1√2 𝑡))𝑇 ,                    (6) 

 𝑡 ∈ 𝐼 ⊆ ℝ . Besides this, the curve 𝜶 has a constant speed 1√2. Moreover:  

i. the point sets {𝜶1(𝑠), 𝑠 ∈ 𝐼1} and {𝜶(𝑡), 𝑡 ∈𝐼}coincide;  
ii. the signed curvature functions 𝐾1(𝑠) of 𝜶1 and 𝐾𝛼(𝑡) of 𝜶 are related by 𝐾1(𝑠) = 𝐾𝛼(𝑡)    f𝑜𝑟𝑠 = 1√2 𝑡; 
iii. the shape curvature functions 𝐾1(𝑠) of 𝜶1 and 𝐾𝛼(𝑡) of 𝜶 are related by 𝐾1(𝑠) = 𝐾𝛼(𝑡)    f𝑜𝑟𝑠 = 1√2 𝑡. 
Proof. Substituting 𝑠 = 1√2 𝑡 into (5) we obtain a 

re-parametrization 𝜶 of 𝜶1 which is given by (6). Since 𝑠 
is an arc-length parameter of 𝜶1,  ‖ 𝑑𝑑𝑠 𝜶1(𝑠)‖ = √( 𝑑𝑑𝑠 𝑥1(𝑠))2 + ( 𝑑𝑑𝑠 𝑦1(𝑠))2 = 1. 

By (6) and chain rule we can also find the tangent 

vector 

𝜶 ′(𝑡) = 𝑑𝑑𝑡𝜶(𝑡) = 𝑑𝑑𝑡𝜶1( 1√2 𝑡)= 𝑑𝑑𝑠𝜶1(𝑠) 𝑑𝑠𝑑𝑡= 𝑑𝑑𝑠𝜶1(𝑠) 1√2 .  

Thus, ‖𝜶 ′(𝑡)‖ = ‖ 𝑑𝑑𝑠𝜶1(𝑠)‖ 1√2 = 1√2for any 𝑡 ∈ 𝐼. In other words, the curve 𝜶 given by (6) has a 

constant speed 
1√2. The assertion i. is an immediate 

consequence of (6). For 𝑠 = 𝑡√2 we have  𝑑𝑑𝑡 𝑥1 ( 𝑡√2) = 𝑑𝑑𝑠 𝑥1(𝑠) 𝑑𝑠𝑑𝑡 = 1√2 𝑑𝑑𝑠 𝑥1(𝑠),  



                              VOL. 14, NO. 11, JUNE 2019                                                                                                                    ISSN 1819-6608 

ARPN Journal of Engineering and Applied Sciences 
©2006-2019 Asian Research Publishing Network (ARPN). All rights reserved. 

 
www.arpnjournals.com 

 

 
                                                                                                                                                      2060 

𝑑𝑑𝑡 𝑦1 ( 𝑡√2) = 1√2 𝑑𝑑𝑠 𝑦1(𝑠), 𝑑2𝑑𝑡2 𝑥1 ( 𝑡√2) = 12 𝑑2𝑑𝑠2 𝑥1(𝑠),and 𝑑2𝑑𝑡2 𝑦1 ( 𝑡√2) = 12 𝑑2𝑑𝑠2 𝑦1(𝑠).  
Hence, 𝐾𝛼(𝑡) = 1‖𝛼 ′(𝑡)‖3 [ 𝑑2𝑑𝑡2 𝑥1 ( 𝑡√2) 𝑑𝑑𝑡 𝑦1 ( 𝑡√2)− 𝑑𝑑𝑡 𝑥1 ( 𝑡√2) 𝑑2𝑑𝑡2 𝑦1 ( 𝑡√2)]= 2√2 12√2 [ 𝑑2𝑑𝑠2 𝑥1(𝑠) 𝑑𝑑𝑠 𝑦1(𝑠)− 𝑑𝑑𝑠 𝑥1(𝑠) 𝑑2𝑑𝑠2 𝑦1(𝑠)]= 𝐾1(𝑠)

 

for 𝑠 = 𝑡√2. This proves the assertion ii. The last assertion 

follows from (4). □ 
 
2.3 Regular space curves 

First, we recall some basic facts concerning the 
three-dimensional vector algebra. We denote by (∗,∗,∗)𝑇 
the transpose vector of the row vector (∗,∗,∗). Suppose 
that 𝐚 = (𝑎1, 𝑎2, 𝑎3)𝑇 , 𝐛 = (𝑏1𝑏2, 𝑏3)𝑇 and 𝐜 =(𝑐1, 𝑐2, 𝑐3)𝑇 are three vectors in ℝ3. Then, the scalar (or 
dot) product 𝐚 ⋅ 𝐛 is the real number determined by  𝐚 ⋅ 𝐛 = 𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3.  
The norm of the vector 𝐚 is given by  ∥ a ∥= √a ⋅ a = √𝑎12 + 𝑎22 + 𝑎32 ≥ 0.  

The cross product of two vectors 𝐚 and 𝐛 is the 
three-dimensional vector 𝐚 × 𝐛 = 𝐦 = (𝑚1, 𝑚2, 𝑚3)𝑇 , 

where 𝑚1 = det (𝑎2 𝑎3𝑏2 𝑏3),  𝑚2 = det (𝑎3 𝑎1𝑏3 𝑏1), 𝑚3 = det (𝑎1 𝑎2𝑏1 𝑏2). Obviously, a × b = −b × a.  

The vectors 𝐚 and 𝐛 are collinear if and only if a × b = (0,0,0)𝑇. In addition, (a × b) × c = (a ⋅ c)b −(b ⋅ c)a. The scalar product and the cross product are 
related by so-called Lagrange’s identities  
 (a × b) ⋅ (a × b) =∥ a ∥2∥ b ∥2− (a ⋅ b)2                  (7) 
 
for any two vectors 𝐚 and 𝐛 in ℝ3, and more generally  
 (a × b) ⋅ (c × d) = (a ⋅ c)(b ⋅ d) − (a ⋅ d)(b ⋅ c)           (8) 
 
for any four vectors a, b, c and d in ℝ3. The equality (8) is 
proved in Álvarez and Gutiérrez [1]. The scalar triple 
product of vectors a, b, c in ℝ3 is the real number which is 
defined by a ⋅ (b × c) = (a × b) ⋅ c.  

Second, we describe differential-geometric 
invariants of curves in 𝔼3. Let 𝜼: 𝐼 → 𝔼3 be a regular 
curve of class 𝐶3 which is defined on the interval 𝐼 ⊆ ℝ 
by the vector parametric equation  
 𝜼(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)))𝑇 ,    𝑡 ∈ 𝐼.                        (9) 
 

As before, we denote by " ′", " ′′" and " ′′′" 
the derivatives with respect to the parameter 𝑡. The 

coordinate functions 𝑥(𝑡), 𝑦(𝑡), and 𝑧(𝑡) have continuous 
derivatives up to order 3. In other words, the vectors 𝜼′(𝑡) = 𝑑𝑑𝑡 𝜼(𝑡), 𝜼′′(𝑡) = 𝑑𝑑𝑡 𝜼′(𝑡), and 𝜼′′′(𝑡) = 𝑑𝑑𝑡 𝜼′′(𝑡) 
exists. Moreover, the cross product 𝜼′(𝑡) × 𝜼′′(𝑡) is a 
nonzero vector, or equivalently, ‖𝜼′(𝑡) × 𝜼′′(𝑡)‖ ≠ 0 for 
any 𝑡 ∈ 𝐼. Then, a speed of 𝜼 is the norm ‖𝜼′(𝑡)‖ which is 
a nonzero real number for any 𝑡 ∈ 𝐼. As consequence, the 
curvature  
 𝜅1𝜂(𝑡) = ‖𝜼′(𝑡)×𝜼′′(𝑡)‖∥𝜼′(𝑡)∥3                                              (10) 

 
 and the torsion  
 𝜅2𝜂(𝑡) = [𝜼′(𝑡)×𝜼′′(𝑡)]⋅𝜼′′′(𝑡)‖𝜼′(𝑡)×𝜼′′(𝑡)‖2                                              (11) 

 
are well-defined functions on the interval 𝐼. The curve 𝜼 is 
non-planar if 𝜅2𝜂(𝑡) ≠ 0, or equivalently,  
 [𝜼′(𝑡) × 𝜼′′(𝑡)] ⋅ 𝜼′′′(𝑡) ≠ 0 for 𝑡 ∈ 𝐼. Any 
orientation-preserving Euclidean motion of 𝔼3 transforms 𝜼(𝑡) into another regular space curve and preserves 𝜅1𝜂(𝑡) 
and 𝜅2𝜂(𝑡). The role of 𝜅1𝜂(𝑡) and 𝜅2𝜂(𝑡) for geometry of 
space curves is completely examined in Gray et al. [6]. A 
space curve with a constant nonzero curvature and a 
constant nonzero torsion is known as a cylindrical helix. 

Suppose that 𝜅1𝜂(𝑡) ≠ 0, or equivalently,  
 ‖𝜼′(𝑡) × 𝜼′′(𝑡)‖ ≠ 0 for any 𝑡 ∈ 𝐼. Then there 
exist other two functions  
 �̃�1𝜂(𝑡) = 1∥𝜼′(𝑡)∥ 𝑑𝑑𝑡 ( 1𝜅1𝜂(𝑡))                                             (12) 

 
called a shape curvature and  
 �̃�2𝜂(𝑡) = 𝜅2𝜂(𝑡)𝜅1𝜂(𝑡)                                                            (13) 

 
called a shape torsion, which are both invariant under an 
arbitrary direct similarity of 𝔼3. The properties of �̃�1𝜂(𝑡) 
and �̃�2𝜂(𝑡) are described in Encheva and Georgiev [4] and 
[5]. A space curve with a constant nonzero shape 
curvature and a constant nonzero shape torsion is called a 
conical helix. 

Let us consider an important case of a space 
curve 𝜼: 𝐼 → 𝔼3 with an arc-length parametrization (9). 
This means that 𝜼 is a unit speed curve, i.e. ‖𝜼′(𝑡)‖ = 1 
for any 𝑡 ∈ 𝐼. Then, we have 𝜂′(𝑡) ⋅ 𝜂′′(𝑡) = 0, ∥ 𝜂′(𝑡) × 𝜂′′(𝑡) ∥=∥ 𝜂′′(𝑡) ∥ and  [𝜂′(𝑡) × 𝜂′′(𝑡)] × 𝜂′(𝑡) = 𝜂′′(𝑡). Hence, the curvature 
(10), the torsion (11), the shape curvature (12) and shape 
torsion (13) of the unit speed space curve 𝜼 can be 
expressed as follows:  
 𝜅1𝜂(𝑡) = ‖𝜼′′(𝑡)‖,    𝜅2𝜂(𝑡) = [𝜼′(𝑡)×𝜼′′(𝑡)] ⋅ 𝜼′′′(𝑡)‖𝜼′′(𝑡)‖2 , (14) 
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�̃�1𝜂(𝑡) = 𝑑𝑑𝑡 ( 1𝜅1𝜂(𝑡))     a𝑛𝑑�̃�2𝜂(𝑡) = 𝜅2𝜂(𝑡)𝜅1𝜂(𝑡).                (15) 

There is an orthonormal righthanded triad of 
vectors T, N, B called Frenet frame which is determined at 
any point of the unit speed curve 𝜼. Namely,  
 T(𝑡) = 𝜂′(𝑡),    N(𝑡) = 𝜂′′(𝑡)∥𝜂′′(𝑡)∥ ,B(𝑡) = T(𝑡) × N(𝑡) = 𝜂′(𝑡)×𝜂′′(𝑡)∥𝜂′′(𝑡)∥ .                               (16) 

 
The vector T is the unit tangent vector, N is the 

unit principle normal vector and B is the unit binormal 
vector so that  
 T𝜂(𝑡) ⋅ T𝜂(𝑡) = N𝜂(𝑡) ⋅ N𝜂(𝑡) = B𝜂(𝑡) ⋅ B𝜂(𝑡) = 1,T𝜂(𝑡) ⋅ T𝜂′(𝑡) = N𝜂(𝑡) ⋅ N𝜂′ (𝑡) = B𝜂(𝑡) ⋅ B𝜂′ (𝑡) = 0,T𝜂(𝑡) × N𝜂(𝑡) = B𝜂(𝑡),N𝜂(𝑡) × B𝜂(𝑡) = T𝜂(𝑡),B𝜂(𝑡) × T𝜂(𝑡) = N𝜂(𝑡).

    (17) 

 
The well-known Frenet-Serret equations for this 

unit-speed space curve are  
 T𝜂′(𝑡) = 𝜅1𝜂(𝑡)N𝜂(𝑡)N𝜂′ (𝑡) =  − 𝜅1𝜂(𝑡)T𝜂(𝑡), +𝜅2𝜂(𝑡)B𝜂(𝑡))B𝜂′ (𝑡) =                − 𝜅2𝜂(𝑡)N𝜂(𝑡).                 (18) 

 
Now let us suppose that the unit speed curve 𝜼: 𝐼 → 𝔼3 of class 𝐶3 given by (9) has a nonzero curvature 

and a nonzero torsion which are expressed by (14) for any 𝑡 ∈ 𝐼. Then, there exists a unique curve 𝜽: 𝐼 → 𝔼3 defined 
by  
 𝜃(𝑡) = 𝜂(𝑡) + 1𝜅1𝜂(𝑡)N𝜂(𝑡) + ( 1𝜅1𝜂(𝑡))′ 1𝜅2𝜂(𝑡)B𝜂(𝑡).      (19) 

 
This curve is called a focal curve of 𝜼 (or an 

evolute of 𝜼) and it consists of the centers of osculating 
spheres at points on the curve 𝜼. IUribe-Vargas [16] 

introduced the functions 𝑓1𝜂(𝑡) = 1𝜅1𝜂(𝑡) and 𝑓2𝜂(𝑡) =( 1𝜅1𝜂(𝑡))′ 1𝜅2𝜂(𝑡) as focal curvatures of 𝜼. He also proved 

that the curvature 𝜅1𝜃(𝑡) and the torsion 𝜅2𝜃(𝑡) of the 
focal curve 𝜽 are related to the curvature 𝜅1𝜂(𝑡) and the 
torsion 𝜅2𝜂(𝑡) of the unit speed curve 𝜼 by  𝜅1𝜃(𝑡)|𝜅2𝜂(𝑡)| = |𝜅2𝜃(𝑡)|𝜅1𝜂(𝑡) = 1|𝑓2𝜂′ (𝑡) + 𝑓1𝜂(𝑡)𝜅2𝜂(𝑡)|. 

The focal curves of some classes of regular 
curves have been studied in Gray et al. [6], Uribe-Vargas 
[16], and Encheva and Georgiev [5]. 
 
 
 
 
 
 

3. RESULTS AND DISCUSSIONS 
 
3.1 Non-planar geodesics on generalized cylinders  

     and their focal curves 

In this section, we first examine a cylindrical 
surface and a space geodesic on it, which are both related 
to a given constant speed plane curve. A smooth regular 
curve in the 𝑥𝑦 -plane is a base curve (or a generatrix) of a 
unique right generalized cylinder whose rulings are 
parallel to the 𝑧-axis. According to Ch.18 in Gray et al. [6] 
any geodesic on such a cylinder is a constant speed curve 
with the property that its tangent vectors make a constant 
angle with the 𝑧-axis.  

Suppose that a regular curve 𝜶𝑐: 𝐼 → 𝔼3 of class 𝐶3 in 𝑥𝑦-plane is parameterized by  
 𝜶𝑐(𝑡) = (𝑥(𝑡), 𝑦(𝑡),0)𝑇 ,    𝑡 ∈ 𝐼                               (20) 
 
 and has a constant speed  
 ‖𝜶𝑐′ (𝑡)‖ = √(𝑥′(𝑡))2 + (𝑦′(𝑡))2 = 𝑐 > 0.                (21) 
 

Obviously, we may consider 𝜶𝑐 as an ordinary 
plane curve. By (3) the signed curvature of  𝜶𝑐is  
 𝐾𝛼𝑐(𝑡) = 1𝑐3 (𝑥′(𝑡)𝑦′′(𝑡) − 𝑦′(𝑡)𝑥′′(𝑡)).                (22) 

 
If 𝐾𝛼𝑐(𝑡) is nonzero everywhere, then the shape 

curvature (4) of 𝜶𝑐 is  
 𝐾𝛼𝑐(𝑡) = − 𝐾𝛼𝑐′ (𝑡)𝑐(𝐾𝛼𝑐(𝑡))2= − 𝑐2(𝑥′(𝑡)𝑦′′′(𝑡)−𝑦′(𝑡)𝑥′′′(𝑡))(𝑥′(𝑡)𝑦′′(𝑡)−𝑦′(𝑡)𝑥′′(𝑡))2 .                (23) 

 
The unique right generalized cylinder over this 

curve 𝜶𝑐 is the smooth surface 𝑆𝛼𝑐 parameterized by  
 𝐫𝛼𝑐(𝑢, 𝑣) = (𝑥(𝑢), 𝑦(𝑢), 𝑣)𝑇 ,    (𝑢, 𝑣) ∈ 𝐼 × ℝ.  (24) 
 
Since the vector cross product  𝑑𝑑𝑢 (𝐫𝛼𝑐(𝑢, 𝑣)) × 𝑑𝑑𝑣 (𝐫𝛼𝑐(𝑢, 𝑣)) = (𝑦′(𝑢), −𝑥′(𝑢),0)𝑇 

is different from (0,0,0)𝑇 for any (𝑢, 𝑣) ∈ 𝐼 × ℝ, the 
surface 𝑆𝛼𝑐 is regular. Now, we can describe a family of 
non-planar geodesics on 𝑆𝛼𝑐.  

Proposition 2  Let αc: I → 𝔼3 be a regular 
parameterised curve (20) in xy-plane with a constant speed c > 0, and let Sαc be the generalized cylinder over 𝛂c 
given by (24). Assume that 𝛂c is a curve of class C3 with 
everywhere nonzero signed curvature Kαc(t). Then, for 
any two real constants p ≠ 0 and q, there exists a regular 
curve 𝛄c: I → 𝔼3 defined by  
 𝛄c(t) = (x(t), y(t), pt + q)T,    t ∈ I                               (25) 
 
which is a non-planar geodesic on Sαc. Moreover, the 
curvature of 𝛄c is  
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𝜅1𝛾𝑐(𝑡) = 𝑐2𝑝2+𝑐2 |𝐾𝛼𝑐(𝑡)| > 0,                               (26) 

 
and the torsion of 𝛄c is  
 𝜅2𝛾𝑐(𝑡) = 𝑝𝑐𝑝2+𝑐2𝐾𝛼𝑐(𝑡) ≠ 0.                               (27) 

 
Proof. We first find the derivatives of the vector 

function 𝜸𝑐(𝑡) up to order 3. The tangent vector  
 𝜸𝑐′ (𝑡) = (𝑥′(𝑡), 𝑦′(𝑡), 𝑝)𝑇 ,                                 (28) 
 
 is nonzero everywhere and has a constant length  
 ‖𝜸𝐜′(𝑡)‖ = √𝑝2 + 𝑐2.                                             (29) 
 

In addition, the vector 𝜸𝑐 ′(𝑡) makes a constant 
angle with the 𝑧-axis because the scalar product 𝜸𝑐 ′(𝑡) ⋅ (0,0,1)𝑇 = 𝑝 
has a constant value for any 𝑡 ∈ 𝐼. The second and third 
derivatives are respectively 𝜸𝑐′′(𝑡) = (𝑥′′(𝑡), 𝑦′′(𝑡),0)𝑇 
and 𝜸𝑐′′′(𝑡) = (𝑥′′′(𝑡), 𝑦′′′(𝑡),0)𝑇. By (22) the vector cross 
product  
 𝜸𝑐 ′(𝑡) × 𝜸𝑐′′(𝑡) = (              −𝑝𝑦′′(𝑡)                 𝑝𝑥′′(𝑡)𝑥′(𝑡)𝑦′′(𝑡) − 𝑦′(𝑡)𝑥′′(𝑡))

= (−𝑝𝑦′′(𝑡)𝑝𝑥′′(𝑡)𝑐3𝐾𝛼𝑐(𝑡))
 (30) 

 
is also a nonzero vector in the interval 𝐼. Thus, 𝜸𝑐 is a 
regular parameterized curve with a constant speed (29). 
Since 𝜸𝑐 ′(𝑡) makes a constant angle with the rulings of 𝑆𝛼𝑐, the curve 𝜸𝑐 is a geodesic on 𝑆𝛼𝑐.  

From 𝜸𝑐 ′(𝑡) ⋅ 𝜸𝑐 ′(𝑡) = 𝑝2 + 𝑐2 it follows 
that  
 𝜸𝑐 ′(𝑡) ⋅ 𝜸𝑐 ′′(𝑡) = 0    a𝑛𝑑𝜸𝐜 ′′(𝑡) ⋅ 𝜸𝑐 ′′(𝑡) + 𝜸𝑐 ′(𝑡) ⋅ 𝜸𝑐 ′′′(𝑡) = 0.  (31) 

 
The first Lagrange’s identity (7) yields  𝛾𝑐′′(𝑡) ⋅ 𝛾𝑐′′(𝑡) = (𝛾𝑐 ′(𝑡) × 𝛾𝑐′′(𝑡)) ⋅ (𝛾𝑐 ′(𝑡) × 𝛾𝑐′′(𝑡))𝛾𝑐 ′(𝑡) ⋅ 𝛾𝑐 ′(𝑡) . 

 
By (30) the last equality can be rewritten in terms 

of coordinate functions as  (𝑥′′(𝑡))2 + (𝑦′′(𝑡))2= 𝑝2[(𝑥′′(𝑡))2 + (𝑦′′(𝑡))2] + 𝑐6(𝐾𝛼𝑐(𝑡))2𝑝2 + 𝑐2 . 
Consequently,  
 𝛾𝑐′′(𝑡) ⋅ 𝛾𝑐′′(𝑡) = (𝑥′′(𝑡))2 + +(𝑦′′(𝑡))2= 𝑐4(𝐾𝛼𝑐(𝑡))2.                  (32) 

 
From (30) the norm of the vector 𝜸𝑐′ (𝑡) × 𝜸𝑐′′(𝑡) 

is  

∥ 𝜸𝑐′ (𝑡) × 𝜸𝑐′′(𝑡) ∥= √𝑝2[(𝑥′′(𝑡))2 + (𝑦′′(𝑡))2] + 𝑐6(𝐾𝛼𝑐(𝑡))2= √𝑐4(𝑝2 + 𝑐2)(𝐾𝛼𝑐(𝑡))2.                (33) 

 
Consider the vector cross product  
 𝜸𝑐′′(𝑡) × 𝜸𝑐′′′(𝑡) = (                        0                        0𝑥′′(𝑡)𝑦′′′(𝑡) − 𝑦′′(𝑡)𝑥′′′(𝑡)).        (34) 

 
Using the second Lagrange’s identity (8) and 

having in mind (31) and (32)we get  
 (𝜸𝑐 ′(𝑡) × 𝜸𝑐′′(𝑡)) ⋅ (𝜸𝑐′′(𝑡) × 𝜸𝑐′′′(𝑡))= (𝜸𝑐 ′(𝑡) ⋅ 𝜸𝐜′′(𝑡)) ⋅ (𝜸𝑐′′(𝑡) ⋅ 𝜸𝑐′′′(𝑡))    −(𝜸𝑐 ′(𝑡) ⋅ 𝜸𝑐′′′(𝑡)) ⋅ (𝜸𝑐′′(𝑡) ⋅ 𝜸𝑐′′(𝑡))= (𝜸𝑐′′(𝑡) ⋅ 𝜸𝑐′′(𝑡))2 = 𝑐8(𝐾𝛼𝑐(𝑡))4.                 (35) 

 
 On the other hand, by (30) and (34), we have  
 (𝜸 𝑐′ (𝑡) × 𝜸𝑐 ′′(𝑡)) ⋅ (𝜸 𝑐′′(𝑡) × 𝜸𝑐 ′′′(𝑡))= 𝑐3𝐾𝛼𝑐(𝑡)(𝑥′′(𝑡)𝑦′′′(𝑡) − 𝑦′′(𝑡)𝑥′′′(𝑡)).                (36) 

 
Comparing (35) and (36) yields  (𝑥′′(𝑡)𝑦′′′(𝑡) − 𝑦′′(𝑡)𝑥′′′(𝑡)) = 𝑐5(𝐾𝛼𝑐(𝑡))3 and 𝛾𝑐′′(𝑡) × 𝛾𝑐′′′(𝑡) = (0,0, 𝑐5(𝐾𝛼𝑐(𝑡))3). Hence, the scalar 
triple product  
 𝛾𝑐′(𝑡) ⋅ [𝛾𝑐′′(𝑡) × 𝛾𝑐′′′(𝑡)] = 𝑝𝑐5(𝐾𝛼𝑐(𝑡))3                (37) 
 
is different from zero for any 𝑡 ∈ 𝐼 and therefore 𝜸𝑐 is a 
non-planar curve on 𝑆𝛼𝑐. Substituting the right hand sides 
of (29) and (33) into (10) gives (26). Similarly, from (11), 
(33) and (37), we obtain (27).                                     □ 

Using (26) and (27) we can also express the 
shape curvature �̃�1𝛾𝑐(𝑡) and the shape torsion �̃�2𝛾𝑐(𝑡) of 𝜸𝑐 by the signed curvature 𝐾𝛼𝑐(𝑡) and the shape curvature 𝐾𝛼𝑐(𝑡) of 𝜶𝑐. From (12), (22) and (23) it follows that  
 �̃�1𝛾𝑐(𝑡) = 1‖𝜸𝑐′ (𝑡)‖ 𝑑𝑑𝑡 ( 1𝜅1𝛾𝑐(𝑡))= 1√𝑝2+𝑐2  . 𝑝2+𝑐2𝑐2  . 𝑑𝑑𝑡 ( 1√(𝐾𝛼𝑐(𝑡))2)= − √𝑝2+𝑐2𝑐2  . 𝐾𝛼𝑐′ (𝑡)𝐾𝛼𝑐(𝑡)𝐾𝛼𝑐2 (𝑡)|𝐾𝛼𝑐(𝑡)|= √𝑝2+𝑐2𝑐 {𝐾𝛼𝑐(𝑡)𝑠𝑔𝑛[𝐾𝛼𝑐(𝑡)]},

   (38) 

 
where 𝑠𝑔𝑛[𝐾𝛼𝑐(𝑡)] denotes the sign of the function 𝐾𝛼𝑐(𝑡). In the same way, the formula (13) gives  
 �̃�2𝛾𝑐(𝑡) = 𝜅2𝛾𝑐(𝑡)𝜅1𝛾𝑐(𝑡) = 𝑝𝑐 𝑠𝑔𝑛[𝐾𝛼𝑐(𝑡)].                               (39) 

 
Definition 3 The curve 𝛄c from Proposition 2 is 

called a geodesics of type (p, q, c) on the generalized 
cylinder Sαc.  
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Now, we derive the Frenet frame of the constant 
speed curve 𝜸𝑐. By (28) and (29) the unit tangent vector of 𝜸𝑐 is  
 𝐓𝛾𝑐(𝑡) = 1√𝑝2+𝑐2 (𝑥′(𝑡), 𝑦′(𝑡), 𝑝)𝑇 .                               (40) 

 
The formulas (30) and (33) imply that the unit 

binormal vector of 𝜸𝑐 is  
 𝐁𝛾𝑐(𝑡) = 1𝑐2√(𝑝2+𝑐2)(𝐾𝛼𝑐(𝑡))2(−𝑝𝑦′′(𝑡)  𝑝𝑥′′(𝑡)𝑐3𝐾𝛼𝑐(𝑡)).                        (41) 

 
Then, the principle unit normal vector of 𝜸𝑐 is  
 𝐍𝛾𝑐(𝑡) = 𝐁𝛾𝑐(𝑡) × 𝐓𝛾𝑐(𝑡)= 1𝑐2√(𝐾𝛼𝑐(𝑡))2 (𝑥′′(𝑡), 𝑦′′(𝑡),0)𝑇 .                 (42) 

 
In what follows we examine a special case of a 

unit speed geodesic on a generalized cylinder.  
Theorem 4 Let α be a regular curve 

parameterized by (20) in xy-plane with constant speed 
1√2 

and everywhere nonzero signed curvature Kα(t). Let Sα be 
the generalized cylinder over 𝛂 given by (24). Suppose 

that the geodesic 𝛄: I → 𝔼3 of type ( 1√2 , 0, 1√2) on Sα is 

given by (25) with p = 1√2 and q = 0. Then, 𝛄 is a unit 

speed space curve and its focal curve β: I → 𝔼3 has a 
curvature  
 𝜅1𝛽(𝑡) = |𝐾𝛼(𝑡)|2| 𝐾𝛼(𝑡)|𝐾𝛼(𝑡)|+4[( 1|𝐾𝛼(𝑡)|)′ 1𝐾𝛼(𝑡)]′|                               (43) 

 
 and a torsion  
 𝜅2𝛽(𝑡) = |𝐾𝛼(𝑡)|2( 𝐾𝛼(𝑡)|𝐾𝛼(𝑡)|+4[( 1|𝐾𝛼(𝑡)|)′ 1𝐾𝛼(𝑡)]′).                               (44) 

 
Proof. For the plane curve 𝜶 under consideration, 

the formulas (21) and (22) become ‖𝛼′(𝑡)‖ =√(𝑥′(𝑡))2 + (𝑦′(𝑡))2 = 1√2and  

 𝐾𝛼(𝑡) = 2√2(𝑥′(𝑡)𝑦′′(𝑡) − 𝑦′(𝑡)𝑥′′(𝑡)),                (45) 
 
respectively. Then, from (25) and (29), the geodesic 𝜸 on 𝑆𝛼 of type ( 1√2 , 0, 1√2) is a unit speed curve which 

possesses a parametrization  
 𝜸(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 1√2 𝑡)𝑇w𝑖𝑡ℎ    (𝑥′(𝑡))2 + (𝑦′(𝑡))2 = 12 .(46) 

 
By Proposition 2, the curvature 𝜅1𝛾(𝑡) and the 

torsion 𝜅2𝛾(𝑡) of 𝜸 are  

𝜅1𝛾(𝑡) = 12 |𝐾𝛼(𝑡)| > 0    𝑎𝑛𝑑𝜅2𝛾(𝑡) = 12𝐾𝛼(𝑡) ≠ 0.                                        (47) 

 
This means that 𝜸 is a non-planar curve. Using 

(40), (41) and (42), we get the Frenet frame (16) of this 
unit speed curve 𝜸 
 𝐓𝛾(𝑡) = 𝜸 ′(𝑡) = (𝑥′(𝑡), 𝑦′(𝑡), 1√2)𝑇𝐍𝛾(𝑡) = 2√(𝐾𝛼(𝑡))2 (𝑥′′(𝑡), 𝑦′′(𝑡),0)𝑇𝐁𝛾(𝑡) = √2√(𝐾𝛼(𝑡))2 (−𝑦′′(𝑡), 𝑥′′(𝑡), 12𝐾𝛼(𝑡))𝑇 .

  (48) 

 
Thus, by (19), the focal curve 𝜷 of 𝜸 has a vector 

parametric equation  
 𝜷(𝑡) = 𝜸(𝑡) + 1𝜅1𝛾(𝑡)𝐍𝛾(𝑡) + ( 1𝜅1𝛾(𝑡))′ 1𝜅2𝛾(𝑡)B𝛾(𝑡).     (49) 

 
Applying (17) and the Frenet-Serret equations 

(18) for the unit speed curve 𝜸 we obtain the tangent 
vector of the focal curve 𝜷 ′(𝑡) = 𝐴(𝑡)𝐁𝜸(𝑡),where  
 𝐴(𝑡) = 𝜅2𝛾(𝑡)𝜅1𝛾(𝑡) + [( 1𝜅1𝛾(𝑡))′ 1𝜅2𝛾(𝑡)]′= 𝐾𝛼(𝑡)|𝐾𝛼(𝑡)| + 4 [( 1|𝐾𝛼(𝑡)|)′ 1𝐾𝛼(𝑡)]′ .                (50) 

 
 Direct computations yield  𝛽 ′′(𝑡) = 𝐴′(𝑡)B𝛾(𝑡) + 𝐴(𝑡)B𝛾′ (𝑡),𝛽 ′′′(𝑡) = 𝐴′′(𝑡)B𝛾(𝑡) + 2𝐴′(𝑡)B𝛾′ (𝑡) + 𝐴(𝑡)B𝛾′′(𝑡),𝛽 ′(𝑡) ×𝛽 ′′(𝑡) = [𝐴(𝑡)]2(B𝛾(𝑡) × B𝛾′ (𝑡)) =                                =𝜅2𝛾(𝑡)[𝐴(𝑡)]2T𝛾(𝑡).  

This means that the curve 𝛽 is regular if and only 
if 𝐴(𝑡) ≠ 0. Since T𝛾(𝑡) and B𝛾(𝑡) are unit vectors, the 
curvature of 𝜷 is  
 𝜅1𝛽(𝑡) = |𝜷 ′(𝑡)×𝜷 ′′(𝑡)||𝜷 ′(𝑡)|3= |𝜅2𝛾(𝑡)||𝐴(𝑡)|2|𝐴(𝑡)|3 = |𝜅2𝛾(𝑡)||𝐴(𝑡)| .                (51) 

 
The following calculations are also based on the 

Frenet-Serret equations. From  T𝛾(𝑡) ⋅ B𝛾′ (𝑡) = −𝜅2𝛾(𝑡)(T𝛾(𝑡) ⋅ N𝛾(𝑡)) = 0 
we conclude that T𝛾(𝑡) ⋅ B𝛾′′(𝑡) = − T𝛾′(𝑡) ⋅ B𝛾′ (𝑡)= 𝜅1𝛾(𝑡)𝜅2𝛾(𝑡)(N𝛾(𝑡) ⋅ N𝛾(𝑡))= 𝜅1𝛾(𝑡)𝜅2𝛾(𝑡).  

Thus, the torsion of 𝜷 is  
 𝜅2𝛽(𝑡) = (𝜷 ′(𝑡)×𝜷 ′′(𝑡))⋅𝜷 ′′′(𝑡)|𝜷 ′(𝑡)×𝜷 ′′(𝑡)|2= 𝜅2𝛾(𝑡)(𝐴(𝑡))3(𝐓𝛾(𝑡)⋅𝐁𝛾′′(𝑡))(𝜅2𝛾(𝑡))2(𝐴(𝑡))4= 𝜅1𝛾(𝑡)𝐴(𝑡) ≠ 0.

                (52) 
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This implies that 𝜷 is a non-planar curve. 
Substituting right hand sides of (47) and (50) into (51) and 
(52) we get (43) and (44). □ 

Combining Lemma 1 and Theorem 4 we may 
define a unique space curve corresponding to an arbitrary 
unit speed plane curve.  

Algorithm 5  A construction of a space curve 
from a given unit speed plane curve.  

Input: The unit speed curve in 𝑥𝑦-plane with a 
vector parametric equation  
 𝜶1(𝑠) = (𝑥1(𝑠), 𝑦1(𝑠),0)𝑇𝑠 ∈ 𝐼1 ⊆ ℝ                (53) 
 
and everywhere nonzero signed curvature  𝐾1(𝑠) = 𝑥1′(𝑠)𝑦1′′(𝑠) − 𝑦1′(𝑠)𝑥1′′(𝑠).  

1. If ℎ:ℝ → ℝ is a linear map given by ℎ(𝑠) =√2𝑠 = 𝑡 for 𝑠 ∈ ℝ, if 𝑥(𝑡) = 𝑥1 ( 1√2 𝑡), and if 𝑦(𝑡) =𝑦1 ( 1√2 𝑡), then determine the curve 𝜶 in 𝑥𝑦-plane with a 

parametrization  
 𝜶(𝑡) = 𝜶1 ( 1√2 𝑡) = (𝑥(𝑡), 𝑦(𝑡), 0)𝑇 ,𝑡 ∈ 𝐼 = ℎ(𝐼1) ⊆ ℝ.                              (54) 

 

which has a constant speed 
1√2.  

2. Compute the signed curvature 𝐾𝛼(𝑡) of 𝜶 
using (45).  

3. Define by (46) the unit speed geodesic 𝜸 on the 
right generalized cylinder 𝑆𝛼 over 𝜶.  

4. Calculate by (47) the curvature 𝜅1𝛾 and the 
torsion 𝜅2𝛾 of 𝜸.  

5. Find the expressions (48) for the vectors of the 
Frenet frame of 𝜸.  

6. Obtain a vector parametric equation (49) of the 
focal curve 𝜷 of 𝜸.  

7. If 
𝐾𝛼(𝑡)|𝐾𝛼(𝑡)| + 4 [( 1|𝐾𝛼(𝑡)|)′ 1𝐾𝛼(𝑡)]′ ≠ 0, then 

compute the curvature 𝜅1𝛽 of 𝜷 by (43) and the torsion 𝜅2𝛽 of 𝜷 by (44), else the curve 𝜷 is not regular.  
Output: The vector parametric equation of the 

space curve 𝛽. The curvature and torsion of 𝛽 when 𝛽 is a 
regular curve.  

Definition 6 The curve 𝛃 from Algorithm 7 is 
called an associated space curve to the unit speed plane 
curve 𝛂1.  

Comparing (47) with (43) and (44) we observe 
that the curves 𝜸 and 𝜷 have a common property. The 
absolute value of the torsion of 𝜸 (resp. 𝜷) is equal to the 
curvature of 𝜸 (resp. 𝜷). In other words, the shape torsion 
(15) of 𝜸 (the shape torsion (13) of 𝜷) is equal to either +1 or −1.  
 
3.2 Applications 

In this subsection we consider several illustrative 
examples for associate space curves to plane curves with 
known arc-length parameterizations. A standard method 

for obtaining an arc length parametrization of a 
parameterized curve is presented in Tu [15, Ch. 1, p.10]. 
 
3.2.1 An associate space curve to a circle 

Consider the circle in the 𝑥𝑦-plane centered at the 
origin with radius 𝑟 = 𝑎 > 0. Its arc-length 
parametrization is  𝜶1(𝑠) = (𝑎cos (𝑠𝑎) , 𝑎sin (𝑠𝑎) , 0)𝑇 ,    𝑠 ∈ [0,2𝜋𝑎) (see Tu 

[15, Ch. 1, p.11] for details). The parametrization (54) of 
the same circle  𝜶(𝑡) = (𝑎cos ( 𝑡𝑎√2) , 𝑎sin ( 𝑡𝑎√2) , 0)𝑇,   𝑡 ∈ [0,2√2𝜋𝑎) 
has a constant speed 

1√2. Obviously, the signed curvature of 𝜶 is equal to 
1𝑎 for any 𝑡. The corresponding unit speed 

geodesic 𝜸 on the right circular cylinder 𝑆𝛼 is given by 𝜸(𝑡) = (𝑎cos ( 𝑡𝑎√2) , 𝑎sin ( 𝑡𝑎√2) , 𝑡√2)𝑇 ,       𝑡 ∈ [0,2√2𝜋𝑎). 
Thus, 𝜸 is a part of a circular helix with a constant 

curvature 𝜅1𝛾 = 12𝑎 and a constant torsion 𝜅2𝛾 = 12𝑎 . The 

associate space curve 𝜷 of the circle 𝜶1, or equivalently 
the focal curve of 𝜸, is a part of another circular helix 
parameterizedby 

 𝜷(𝑡) = (−𝑎cos ( 𝑡𝑎√2) , −𝑎sin ( 𝑡𝑎√2) , 𝑡√2)𝑇 , 𝑡 ∈[0,2√2𝜋𝑎). The curvature of 𝜷 and the torsion of 𝜷 are 

both equal to 
12𝑎 for any 𝑡. In addition, the rotation of 𝜋 

radians about the 𝑧-axis maps the space curve 𝜸 into the 
space curve 𝜷.  
 
3.2.2 An associate space curve to a logarithmic spiral 

A logarithmic spiral is a plane curve given by  𝜆(𝑢) = (𝑎𝑒𝑏𝑢cos(𝑢), 𝑎𝑒𝑏𝑢sin(𝑢)), 𝑢 ∈ (−∞,∞), 
where 𝑎 and 𝑏 are nonzero real constants. The logarithmic 
spiral in the 𝑥𝑦-plane can be considered as a unit speed 
curve 𝜶1: (0,∞) → 𝔼3 with a parametrization  

𝜶1(𝑠) =
( 
   
 𝑎𝑠√ 𝑏2𝑎2(1 + 𝑏2) cos ( 12𝑏 ln ( 𝑏2𝑠2𝑎2(1 + 𝑏2)))
𝑎𝑠√ 𝑏2𝑎2(1 + 𝑏2) sin ( 12𝑏 ln ( 𝑏2𝑠2𝑎2(1 + 𝑏2))) 0 ) 

   
 , 

𝑠 ∈ (0,∞), where " ln " denotes the natural logarithm. The 

signed curvature of 𝜶1 is 𝐾1(𝑠) = 1𝑏𝑠. By Lemma 1 there is 

a re-parametrization 𝜶: (0,∞) → 𝔼3 of this logarithmic 
spiral given by  

𝛼(𝑡) =
( 
   
 𝑎𝑡√ 𝑏22𝑎2(1 + 𝑏2) cos ( 12𝑏 ln ( 𝑏2𝑡22𝑎2(1 + 𝑏2)))
𝑎𝑡√ 𝑏22𝑎2(1 + 𝑏2) sin ( 12𝑏 ln ( 𝑏2𝑡22𝑎2(1 + 𝑏2)))                                    0 ) 

   
 , 
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𝑡 ∈ (0,∞) such that 𝜶 has a constant speed ∥ 𝜶′(𝑡) ∥= 1√2 
and a signed curvature 𝐾𝛼(𝑡) = √2𝑏𝑡 . From Proposition 2 the 

geodesic of type ( 1√2 , 0, 1√2) on the cylinder 𝑆𝛼 over 𝜶 is a 

unit speed space curve 𝜸 with a parametrization  

𝜸(𝑡)=
( 
    
𝑎𝑡√ 𝑏22𝑎2(1+𝑏2) cos ( 12𝑏 ln ( 𝑏2𝑡22𝑎2(1+𝑏2)))𝑎𝑡√ 𝑏22𝑎2(1+𝑏2) sin ( 12𝑏 ln ( 𝑏2𝑡22𝑎2(1+𝑏2)))𝑡√2 ) 

    ,            
𝑡 ∈ (0,∞), a curvature 𝜅1𝛾(𝑡) = 1√2 |𝑏|𝑡and a torsion 𝜅2𝛾(𝑡) = 1√2𝑏𝑡 . Using (38) and (39) we see that the shape 

curvature �̃�1𝛾(𝑡) = √2 |𝑏| of 𝜸 and shape torsion �̃�2𝛾(𝑡) = 𝑏|𝑏| of 𝜸 are  nonzero constants. Hence, the unit 

speed geodesic 𝜸 is a conical helix. Now, we can use 

Theorem 4. By (50) the function 𝐴(𝑡) = |𝑏|2𝑏 (1 + 2𝑏2) is a 

nonzero constant. Then, the focal curve 𝜷 of 𝜸 is a regular 

space curve with a constant speed |𝐴(𝑡)| = 12 (1 + 2𝑏2), a 

curvature 𝜅1𝛽(𝑡) = 1√2𝑏2(1+2𝑏2)𝑡 > 0, and a torsion 𝜅2𝛽(𝑡) = 1√2(1+2𝑏2)𝑏𝑡 ≠ 0. Thus, both the shape curvature 

and the shape torsion of 𝜷 are nonzero constants. 
Therefore, the associate curve 𝜷 to the unit speed 
logarithmic spiral 𝜶1 is also a conical helix whose 
parametric equation (49) is  𝜷(𝑡) = 

( 
   
   −𝑎(1 + 2𝑏

2)𝑡√ 𝑏22𝑎2(1 + 𝑏2) cos( 12𝑏 ln ( 𝑏2𝑡22𝑎2(1 + 𝑏2)))
−𝑎(1 + 2𝑏2)𝑡√ 𝑏22𝑎2(1 + 𝑏2) sin ( 12𝑏 ln ( 𝑏2𝑡22𝑎2(1 + 𝑏2)))(1 + 2𝑏2)𝑡√2 ) 

   
   , 

𝑡 ∈ (0,∞). In other words, the focal curve of the conical 
helix 𝜸 is a second conical helix 𝜷. Comparing the 
parameterizations of the conical helices 𝜸 and 𝜷 we 
observe that there exists a direct similarity of 𝔼3 which 
transforms 𝜸 into 𝜷. This similarity is a composition of the 
space rotation of 𝜋 radians about the 𝑧-axis and the 
uniform scaling of 𝔼3 determined by the matrix 

(1 + 2𝑏2 0 00 1 + 2𝑏2 00 0 1 + 2𝑏2). 
Moreover, both 𝜸 and 𝜷 lie on the cone implicitly 

defined by 𝑥2 + 𝑦2 = 1+𝑏2𝑏2 𝑧2.  

In the case of 𝑎 = 1 and 𝑏 = − 1√2, the conical 

helices 𝜸 and 𝜷 have curvatures and torsions as follows: 𝜅1𝛾(𝑡) = 1𝑡, 𝜅2𝛾(𝑡) = − 1𝑡, 𝜅1𝛽(𝑡) = 12𝑡, and 𝜅2𝛽(𝑡) = − 12𝑡. 

As consequence, 
𝜅2𝛾(𝑡)𝜅1𝛾(𝑡) = 𝜅2𝛽(𝑡)𝜅1𝛽(𝑡) = −1. Parts of these 

conical helices defined on the interval (0,2𝜋] are plotted 
in Figure-1.  
 

 
 

Figure-1. The unit speed geodesic 𝜸 (in blue) on the 
generalized cylinder over a logarithmic spiral with 𝑎 = 1,    𝑏 = − 1√2 and its focal curve 𝜷 (in red). 

 
3.2.3 An associate space curve to the involute of a circle 

The circle in the 𝑥𝑦-plane centered at the origin 
with radius 𝑎 > 0 has an involute whose arc length 
parametrization (53) is  

𝜶1(𝑠) =
( 
   
 𝑎cos (√2𝑠𝑎 ) + 𝑎√2𝑠𝑎 sin(√2𝑠𝑎 )
𝑎sin (√2𝑠𝑎 ) − 𝑎√2𝑠𝑎 cos(√2𝑠𝑎 )                              0 ) 

   
 , 

𝑠 ∈ [0,∞). By Lemma 1 the involute of the circle 
possesses another parametrization 

𝜶(𝑡) = (  
 𝑎cos (√𝑡√2𝑎 ) + 𝑎√𝑡√2𝑎 sin (√𝑡√2𝑎 )𝑎sin (√𝑡√2𝑎 ) − 𝑎√𝑡√2𝑎 cos (√𝑡√2𝑎 )                             0 )  

 , 
(𝑡 ∈ [0,∞)) with a constant speed 

1√2. The signed 

curvature of the curve 𝜶 is equal to
121/4√at for 0 < 𝑡 < ∞. 

Using Algorithm 5 we find the associate space curve 𝜷 to 
the involute 𝜶1 of the circle. First, the geodesic 𝜸 on the 
generalized cylinder 𝑆𝛼 with an arc length parametrization  
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𝜸(𝑡) =
( 
   
  𝑎cos(21/4√𝑡𝑎) + 21/4√𝑎𝑡sin (21/4√𝑡𝑎)𝑎sin (21/4√𝑡𝑎) − 21/4√𝑎𝑡cos (21/4√𝑡𝑎)𝑡√2 ) 

   
  

 

 

has a curvature 𝜅1𝛾 = 125/4√at and a torsion 𝜅2𝛾 = 125/4√at. 
Second, the parametric equation of the focal curve 𝜷 of 𝜸 
is 

𝛽(𝑡) =
( 
   
  −𝑎cos(21/4√𝑡𝑎) − 21/4√𝑎𝑡sin (21/4√𝑡𝑎)−𝑎sin (21/4√𝑡𝑎) + 21/4√𝑎𝑡cos (21/4√𝑡𝑎)                              2𝑎 + 𝑡√2 ) 

   
  , 

 

the curvature of 𝜷 is 𝜅1𝛽 = 125/4√at and the torsion of 𝜷 is 𝜅2𝛽 = 125/4√at. Thus, we can conclude:  

(a) Both 𝜸 and 𝜷 are unit-speed curves;  
(b) The space curves 𝜸 and 𝜷 have the same 

curvature and the same torsion. In addition, 
𝜅2𝛾(𝑡)𝜅1𝛾(𝑡) =𝜅2𝛽(𝑡)𝜅1𝛽(𝑡) = 1.  

(c) There exists a rigid motion of 𝔼3 which 
transforms 𝜸 into 𝜷. This rigid motion is a composition of 
the space rotation of 𝜋 radians about the 𝑧-axis and the 
translation of 𝔼3 determined by the vector (0,0,2𝑎)𝑇.  

In the case of 𝑎 = √24 , parts of the curves 𝜸 and 𝜷 

defined on the interval (0,2𝜋] are plotted in Figure-2.  
 

 
 

Figure-2. The geodesic 𝛄 (in blue) on the generalized 
cylinder over an involute of a circle and its focal 

curve β (in red). 

3.2.4 An associate space curve to a catenary 

The graph of the function 𝑦 = acosh (𝑥𝑎),     −𝑎 ≤ 𝑥 ≤ 𝑎 for any positive real constant 𝑎 is called a 
catenary. In Gray et al.  [6, p. 47] it is shown that this 
plane curve considered in the 𝑥𝑦-plane possesses an arc 
length parametrization 𝜶1: [−𝑎, 𝑎] → 𝔼3 determined by  

𝜶1(𝑠) = (𝑎 ln(𝑠𝑎 + √𝑠2𝑎2 + 1) , 𝑎√𝑠2𝑎2 + 1, 0)𝑇 . 
According to Lemma 1 there is a re-

parametrization 𝜶: [−𝑎√2, 𝑎√2] → 𝔼3 of 𝜶1 given by  

𝜶(𝑡) = (𝑎 ln( 𝑡√2𝑎 + √ 𝑡22𝑎2 + 1) , 𝑎√ 𝑡22𝑎2 + 1, 0)
𝑇
 

which has a constant speed 
1√2. The signed curvature of 𝜶 

is 𝐾𝛼 = 2𝑎2𝑎2+𝑡2. Applying Algorithm 5 we can determine 

the associate space curve 𝜷 to the catenary 𝜶1. It 
immediately follows from the parametrization of 𝜶 that 
the parametrization of the unit speed geodesic 𝜸 on the 
generalized cylinder 𝑆𝛼 is  

𝛾(𝑡) = (𝑎 ln( 𝑡√2𝑎 + √ 𝑡22𝑎2 + 1) , 𝑎√ 𝑡22𝑎2 + 1, 𝑡√2)
𝑇 . 

Then, the curvature and the torsion of 𝜸 are 𝜅1𝛾(𝑡) = 𝑎2𝑎2+𝑡2 and 𝜅2𝛾(𝑡) = 𝑎2𝑎2+𝑡2, respectively. By 

(49) the focal curve 𝜷 of 𝜸 is parameterized by 𝜷(𝑡) =

( 
  𝑎 ln ( 𝑡√2𝑎 + √ 𝑡22𝑎2 + 1) − 3√2𝑡√ 𝑡22𝑎2 + 1√2𝑎2+𝑡2(3𝑎2−2𝑡2)√2𝑎2𝑡(5𝑎2+2𝑡2)√2𝑎2 ) 

  , 
𝑡 ∈ [−𝑎√2, 𝑎√2], its curvature  is 𝜅1𝛽(𝑡) = 𝑎3(2𝑎2 + 𝑡2)(5𝑎2 + 6𝑡2) 
and its torsion is  𝜅2𝛽(𝑡) = 𝑎3(2𝑎2+𝑡2)(5𝑎2+6𝑡2).  
Obviously,

𝜅2𝛾(𝑡)𝜅1𝛾(𝑡) = 𝜅2𝛽(𝑡)𝜅1𝛽(𝑡) = 1. In the case of 𝑎 = 1, the 

curves 𝜶, 𝜸 and 𝜷 are plotted in Figure-3.  
 

 
 

Figure-3. The catenary (in orange), the unit speed 
geodesic 𝜸 (in blue) on the generalized cylinder over the 
catenary, and the focal curve 𝜷 (in red) of 𝜸. 
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4. CONCLUSIONS 
In this paper, we discuss differential geometric 

invariants of non-planar geodesics on generalized 
cylinders. Then, we study a construction that connects a 
given unit speed plane curve with a unique regular space 
curve. Firstly, we consider a new plane curve with a 

constant speed
1√2such that the unit speed plane curve and 

the new plane curve coincide as point sets. The 
parameterizations as well as the signed curvatures of these 
plane curves are closely related. Secondly, we define a 
unique unit speed non-planar geodesic on the right 
generalized cylinder over the considered plane curve with 

a constant speed
1√2. Finally, we examine the focal curve of 

the obtained geodesic which is also a non-planar curve. 
The curvature and torsion of the geodesic and its focal 
curve are expressed in terms of the signed curvature of the 

above-mentioned plane curve with a constant speed 
1√2. 

Moreover, it is shown that the ratio of torsion and 
curvature of considered unit speed geodesics and their 
focal curves is equal to either +1 or −1. Both possibilities 
are illustrated by suitable examples. 
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