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ABSTRACT 

In this article, we investigate energy efficient power control for the uplink of an OFDMA (Orthogonal Frequency-

Division Multiple Access) single-cell communication System. We assume that the user equipment’s decide freely their 

power level on the available subcarriers of the system in order to maximize their individual Energy Efficiency (EE) while 

respecting minimum normalized rate requirements to guarantee a certain Quality of Service (QoS). We use the non-

cooperative Game theory to demonstrate that users will end by learning the equilibrium. The solution of the Game is given 

as a water-filling like power allocation. Furthermore, we implement a distributed power allocation scheme using two ways: 

a) Fractional Programming techniques: an existing Algorithm for power allocation b) A closed form expression: our 

proposed algorithm for power allocation. Simulations show that the proposed algorithm performs better in terms of 

Spectral Efficiency (SE) even though it has less EE than the reference algorithm. 

 
Keywords: energy efficiency, power control, non-cooperative game theory, resource allocation, OFDMA, generalized Nash equilibrium, 

fractional programming. 

 

NOTATIONS 

In this section we define the notations we adopt in this paper: 

 𝑥+ stands for max(0, 𝑥) 
 Matrices and vectors are written in bold letters 

 𝒲()denotes the Lambert W function 

 The cardinality of a set𝐴: |𝐴| 
 

INTRODUCTION 

Nowadays Telecommunication industry is facing 

a tremendous growth of data usage driven by energy-

hungry applications [1]. To keep up with mobile data 

growth, more battery technology improvement is required. 

Unfortunately, battery technology is not evolving that fast 

[2]. Consequently, enhancing the EE (Energy Efficiency) 

ofwireless communication becomes crucial for reducing 

the gap between the exponential data consumption and the 

relatively slow battery technology development.  

Authors in [2] investigate energy efficient power 

optimization scheme for interference-limited environment 

using non-cooperative gamesand then derive the trade-off 

between EE and Spectral Efficiency (SE).The work of [4] 

proposes a power allocation scheme for maximizing the 

energy efficiency while respecting minimum QoS of the 

uplink of an OFDMA based HetNet where a macrocell is 

aided by a set of Small Cells. The authors propose a 

solution concept based on Debreu Equilibrium, a 

generalization of Nash Equilibrium; an algorithm based on 

water-filling best response. 

In this article, we investigate energy efficient 

power control for the uplink of an OFDMA single-cell 

communication system. We use the non-cooperative Game 

theory todemonstrate that users will end by learning the 

equilibrium.The solution of the Game is given as a water-

filling like power allocation.  

Furthermore, we implement a distributed power allocation 

scheme using two algorithms: 

 

 

 

a) An existing Algorithm: the power allocation is done 

byusing Fractional Programming techniques 

b) Our proposed Algorithm: the power allocation is done 

by using a closedform expression. 

SYSTEM MODEL 

The network is composed of one BS (Base 

Station) and K cellular UEs. The set of UEs in the system 

is denoted as: 

 𝒦 = {𝑈𝐸1, 𝑈𝐸2, … , 𝑈𝐸𝐾} 
 

We have adopted a single cell network based on 

OFDMA (Orthogonal Frequency Division Multiple 

Access) with the following spectral resources: Bandwidth 

(W) divided on (N) sub-carriers equally spaced. Then the 

bandwidth per sub-carrier is: 

 𝐵 = 𝑊/𝑁 

 

The noise power:𝜎2 = 𝐵 ∗ 𝑁0 with 𝑁0the noise 

spectral density. Every UE has the freedom to transmit on 

all subcarriers and to choose his power level.The 

parameters of user k are as follows: 

 

 𝒉𝒌,𝒏 :The channel gain between the cellular UEk and 

the BS over the n
th 

subcarrier 
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 𝒑𝒌,𝒏 : The transmit power of the cellular UEk over 

the subcarrier n. 

 𝒑𝒎𝒂𝒙 :The maximum power per subcarrier. 

 𝒑𝒄𝒊𝒓 :The circuit power linked to electronics 

consumption. 

 𝑹𝒎𝒊𝒏 : The minimum normalized rate requirement 

 

The power vector on all subcarriers the UEkis 

defined as: p𝑘=[𝑝𝑘,1, 𝑝𝑘,2, … , 𝑝𝑘,𝑁] 
The total power consumption of UEk taking into 

account the radiative power all over the subcarriers and 

also the circuit power: 𝑃𝑡𝑜𝑡(p𝑘)= ∑ 𝑝𝑘,𝑛𝑁𝑛=1 + 𝑝𝑐𝑖𝑟  

We denotep−𝑘the vector of powers other than UEk: 

 p−𝑘 = [p1, … , p𝑘−1, p𝑘+1,… , p𝐾] 
 

The SINR of the UEk over the subcarrier n: 

 𝛾𝑘,𝑛 = ℎ𝑘,𝑛𝑝𝑘,𝑛∑ ℎ𝑖,𝑛𝑝𝑖,𝑛𝐾𝑖=1𝑖≠𝑘 + 𝜎2 

 

Let us define the effective channel gain: 

 νk,n = γk,npk,n = hk,n∑ hi,npi,nKi=1i≠k + σ2 

 

Finally, let us define the user’s utilities: 𝑈𝑘𝑆𝐸(p𝑘 , p−𝑘) = ∑ 𝑙𝑜𝑔2𝑁
𝑛=1 (1 + 𝛾𝑘,𝑛) 

And  𝑈𝑘𝐸𝐸(p𝑘 , p−𝑘) = 𝑈𝑘𝑆𝐸(p𝑘 , p−𝑘)𝑃𝑡𝑜𝑡(p𝑘)  

 

The former function corresponds to the SE 

(Spectral Efficiency) of the uplink communication of UEk 

and the latter function corresponds to the EE (Energy 

Efficiency) of the uplink communication of UEk. 

The UE will try to maximize its global energy 

efficiency while respecting minimum normalized rate 

constraint. The optimization problem that the UE will try 

to solve is the following: 

 Maximizep𝑘𝑈𝑘𝐸𝐸(p𝑘 , p−𝑘) 
s.t.    (C1) p𝑘 ∈ [0, p𝑚𝑎𝑥]𝑁   (1) 

        (C2) 𝑈𝑘𝑆𝐸(p𝑘 , p−𝑘) ≥ 𝑅𝑚𝑖𝑛 

 

Consequently, in our system there are K 

optimization problems that have to be solved jointly. 

As each UE chooses freely its power levels over 

the subcarriers, we have then rational agents sharing the 

same resources controlling only their variables but their 

outcome depends on all players’ actions. The natural 

framework to study interactive decision making between 

rational agents is the non-cooperative game theory. The 

non-cooperative game is formally defined as the following 

triplet: 

 𝒢 = {𝒦, {𝓐k}k∈{1,..,K}, {𝒰k}k∈{1,..,K}} 
Where: 

 

 Players:𝒦 = {𝑈𝐸1, 𝑈𝐸2 , … , 𝑈𝐸𝐾} 
 Actions:𝓐𝒌 = [0, 𝐩𝑚𝑎𝑥]𝑁, set of 𝑈𝐸𝑘actions 

 Utilities: the utility function corresponds to the 

normalized EE expressed in (bit/J/Hz) 

For each:𝑘 ∈ {1, . . , 𝐾},  let us denote the action 

space of the other players:𝒜−k = ∏ 𝒜iKi=1i≠k   

Now we have to determine the equilibrium of the 

game 𝒢. The existence of equilibrium is very important for 

distributed system design because when agents reach 

equilibrium they have stable and predictable behavior. It is 

at the equilibrium that network will effectively operate. 

We use the solution concept of Debreu Equilibrium also 

named GNE (Generalized Nash Equilibrium). 

We will denote by 𝒜𝑘𝐺(p−𝑘) the set of powers of 

user UEk that respects the minimum normalized rate 

constraint and maximum power constraint knowing other 

players strategy: 

 𝒜𝑘𝐺(p−𝑘) = {p𝑘 ∈ 𝒜𝑘:(p𝑘 , p−𝑘)respects(C1)&C2)} 
 

Definition 1. Generalized Nash Equilibrium 

A joint power strategy matrixp∗ = (p𝑘∗ , p−𝑘∗ )is 

said to be Generalized Nash equilibrium ifp−𝑘∗ ∈𝒜𝑘𝐺(p−𝑘)In other words, when the players are playing a 

GNE no player has interest to deviate unilaterally from 

this equilibrium to another feasible point. The objective 

function defined in (1) is non-concave, we use fractional 

programming to transform it into quasi-concave problems 

This same method was used for example in [5]. 

Proposition 1.When the Game admits a GNE the 

optimal power of the UEs is given by the following 

formula: 

 ∀K ∈ {1, . . , K}: PK,N∗ = ( 1𝝀K∗ − 1ΝK,N)+ 

 

With: 𝜆𝑘∗ = MIN(𝜆𝑘 , 𝜆𝑘𝑚𝑎𝑥) and𝜆𝑘 = 𝒲(𝐵𝑘𝑒𝑥 𝑝(𝐴𝑘−1))𝐵𝑘  𝒲 is the Lambert function. 

Let us denote 𝑁𝒌∗, the set of active subcarriers of 

the user UEk (i.e. with strictly positive power) when 𝜆𝒌∗ = 𝝀𝒌: 

 𝑁𝒌∗ = {𝑛 ∈ 𝑁| ( 1𝝀𝒌 − 1𝜈𝑘,𝑛) > 0} 

 

Then:𝐴𝑘 = LOG(∏𝑛∈𝑁𝒌∗𝝂𝒌,𝒏)|𝑁𝑘∗ |   and  𝐵𝑘 = (𝒑𝒄𝒊𝒓−∑𝑛∈𝑁𝒌∗ 𝟏𝝂𝒌,𝒏)|𝑁𝑘∗ |  
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and 𝝀𝒌𝒎𝒂𝒙is obtained when the normalized rate constraints 

are active: 

 𝜆𝑘𝑚𝑎𝑥 = (2−|𝑁𝑘𝑚𝑎𝑥|𝑅𝑚𝑖𝑛 ∏𝑛 ∈𝑁𝑘𝑚𝑎𝑥𝜈𝑘,𝑛) 1|𝑁𝑘𝑚𝑎𝑥|
 

And N
max

 is the number of active subcarriers when the 

minimum rate is active:  

 𝑁𝑘𝑚𝑎𝑥 = {𝑛 ∈ 𝑁| ( 1𝜆𝑘𝑚𝑎𝑥 − 1𝜈𝑘,𝑛) > 0} 

 

Proof:please refer to [4] 

 

ALGORITHMS DESIGN 
Practically, each UE will solve the optimization 

problem (1) by giving its best response to the strategy of 

the other players. The Best Response function of the UEk 

is the best action pk to adopt knowing other players’ 
actions p-k : 

 ∀P−𝑘 ∈ 𝒜−𝑘, 𝐵𝑅𝑘(P−𝑘) = 𝑎𝑟𝑔𝑚𝑎𝑥P𝑘𝑈𝑘𝐸𝐸(p𝑘 , p−𝑘) 
 

As instantaneous feed back is not possible in 

practice, then we adopt an asynchronous scheme where the 

user choose a power vector at step t based on the actions 

taken by the other users in the previous step t - 1. Actually, 

each user transmitter receives the SINR all over the 

subcarriers from the Base Station which is the only 

information available to the transmitter together with his 

individual CSI (Channel State Information) In the first 

step of the algorithm the user chooses the initial vector of 

power pinit. In each step, the user UEk calculates the 

estimated effective channel gain using the value of the 

previous SINR on subcarrier n: 

 νk,n̂(t) = γk,n(t − 1)pk,n(t − 1) 
 

The estimated utility function that the user UEk 

will try to maximize w.r.t to conditions (C1) and (C2): 

 𝑈𝑘𝐸𝐸(p𝑘(𝑡), p−𝑘(𝑡 − 1)) = ∑ 𝑙𝑜𝑔2𝑁𝑛=1 (1 + 𝜈𝑘,�̂�(𝑡)𝑝𝑘,𝑛(𝑡))∑ 𝑝𝑘,𝑛(𝑡)𝑁𝑛=1 + 𝑝𝑐𝑖𝑟  

 

As in proposition 1:  

 ∀𝑘 ∈ {1, . . , 𝐾}: 𝑝𝑘,𝑛∗ = ( 1𝜆𝑘∗ (𝑡) − 1𝜈𝑘,�̂�(𝑡))+ 

 

We derive an iterative power control method 

(Algorithm 1), this is the Outer Algorithm. 

The challenge  is to find𝜆𝑘∗ (𝑡). For this purpose 

we use two Inner algorithms: 
 

 The 1
st
 method that was used by [4] relies on 

Dinkelbach algorithm: Algorithm 3. 

 The 2
nd

 method is the proposed in this article relies on 

the closed form expression as in Algorithm 4. 

Furthermore, the Algorithm 2 is used to calculate 

the value of  𝝀𝒌𝒎𝒂𝒙. 

The four algorithms used are summarized below: 
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SIMULATION AND COMMENTS 
In order to compare Algorithm 3 (Dinkelbach) 

and Algorithm 4 (Closed-Form), we use a single cell 

system where the BS is located at center of the cell that 

has 300 meters radius and K = 10 cellular users that have 

uplink communication towards BS. The Table-1 present 

main parameters adopted for the Simulation. 

We generate randomly the position of reference 

user then for a given realization of other K - 1 users, all K 

users learn the equilibrium by performing iteratively the 

Algorithm3 or Algorithm 4 for 30 iterations to be sure of 

convergence. 

 

 
 

The results of simulation we obtain are the 

Energy Efficiency and the Spectral Efficiency of the 

reference user as function of iterations averaged on the 

number of the other users positions 1000 realizations.We 

deduce from the simulations that equilibrium of the game 

exists as all algorithms converge before the 10th iteration. 
When at equilibrium, each user chooses to send at 

fixed power over all the subcarriers. This is a direct result 

of the channel gain flat fading assumption: there is no 

better subcarrier to transmit for the user. We give below 

our comments on results obtained: 

 

 EE: The Energy efficiency corresponds to the EE 

utility times the bandwidth. The simulations in 

Figure-1 that represent the EE shows that the 

Algorithm 3 is 16% better than Algorithm 4 

 

 
 

Figure-1. Evolution of EE. 

 

 SE: simulations in Figure-2 shows that the SE of the 

Algorithm 4 is nearly 40% better than Algorithm 3 

 

 
 

Figure-2. Evolution of SE. 
 

CONCLUSION AND FUTURE WORKS 

In this work we propose to use a closed-form 

expression of the power allocation instead of using 

Dinkelbach algorithm. Results show that the proposed 

closed-form algorithm gives better SE (Spectral 

Efficiency) than the existing Dinkelbach Algorithm, the 

EE is less than the original Algorithm. However, the 

power consumption is much higher without going beyond 

maximum power constraint. Consequently as this 

Algorithm gives good insights, more advanced assessment 

techniques need to be addressed in future works: 

complexity, scalability to increase of number of users, etc. 

Also, more investigation need to be done in order to 

increase the Energy Efficiency of the proposed algorithm. 

Another possible future work is the application to more 

sophisticated scenarios such as Device To Device (D2D) 

and Small Cells. 
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