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ABSTRACT

This work presents the Galerkin-Vlasov method for solving the elastic buckling problem of Kirchhoff plate
(length a and width ) under uniaxial uniform compressive load applied at the two opposite simply supported edges (x = 0
and x = a) with the edge y = 0 simply supported and the edge y = b free. Mathematically, the problem is a boundary value
problem (BVP) represented by a partial differential equation (PDE) over the domain subject to boundary conditions at the
plate edges. Upon suitable selection of basis functions the Galerkin-Vlasov method converts the domain equation to an
integral equation, and ultimately to ordinary differential equations (ODE). The ODE is solved, and boundary conditions
along y = 0, and y = b for the considered problem used to generate system of homogeneous equations in terms of the
integration constants. The characteristic buckling equation is found as a transcendental equation from the condition for
nontrivial solutions of the system of homogeneous equations. The roots of the transcendental equation obtained by
computational software and iterative techniques are used to obtain the elastic buckling loads for the first two buckling
modes, for various aspect ratios (a/b) and for Poisson ratio of p = 0.25. It is found that the critical elastic buckling load
occurs at the first buckling mode, and the values of the critical elastic buckling loads computed are in close agreement with
values obtained previously by Timoshenko.

Keywords: galerkin-Vlasov method, elastic buckling problem, Kirchhoff plate, characteristic buckling equation, critical elastic buckling

load, elastic buckling load coefficient.

INTRODUCTION

Elastic buckling problems of plates arise when
plates are subjected to loads applied in a direction parallel
to their plane and are commonly encountered in
engineering [1-5]. Usually buckling failures occur
suddenly, and may result in catastrophic structural failure.
Hence, it is necessary to determine the buckling load
capacities of the plates in order to avert premature failure.

Early studies of plate buckling could be traced to
Navier who derived using Kirchhoff’s assumptions the
partial differential equation of stability of rectangular
plates. Since then, research studies on the buckling of
plates with varieties of shapes, boundary and loading
conditions have been reported by Timoshenko and Gere
[1], Bulson [2], Gambhir [3], Chajes [4], Wang et al [5],
Shi [6], Shi and Bezine [7], Abodi [8], Batford and
Houbolt [9], Wang ef al [10], Xiang et al [11], Ullah et al
[12], Ullah et al [13], Abolghasemi et al [14].

The buckling of plates may be categorized as
elastic buckling and plastic buckling. In elastic buckling
problems, it is assumed that the critical buckling load is
less than the elastic limit of the plate material. However
the plate may be stressed beyond the elastic limit before
buckling occurs, and buckling theories of plasticity are
needed to describe such plastic (inelastic) buckling
problems. Generally two plastic theories - the deformation
theory and the incremental theory of plasticity - are used
for plastic buckling problems (Yu Chen, [15]).

Navier derived using Kirchhoff’s assumptions the
governing partial differential equation for the elastic

stability of thin rectangular plates under lateral load by
including the twisting action. The inclusion of the twisting
term was an important contribution to the theory of plates
because the resistance of the plate to twisting can greatly
reduce the deflections under lateral load.

Saint Venant modified the Navier’s governing
equation for elastic stability of thin rectangular plates by
the inclusion of axial edge forces and shearing forces.
Ibearugbulem [16] used the direct variational principle for
the analysis of the elastic stability problems of thin
rectangular flat plates under various boundary conditions.
Oguaghamba [17] analysed the buckling and post-
buckling loads of isotropic thin rectangular plates.
Oguaghamba et al [18] studied the buckling and post-
buckling loads characteristics of thin rectangular plate
with clamped edges.

Nwadike [19] used the Ritz method for the
buckling analysis of isotropic rectangular plates.
Ibearugbulem et al [20] and Osadebe er al [21] used the
Taylor-Maclaurin series as shape functions in the
Galerkin’s variational method for the stability analysis of
simply supported thin rectangular plates. Abodi [8] used
the finite difference method for the elastic buckling
analysis of plates under in-plane patch loading.

Shi [6] and Shi and Bézine [7] used the boundary
element method for the buckling analysis of orthotropic
plates. Nwoji et al [22] used the double finite Fourier sine
integral method for the elastic buckling analysis of simply
supported thin rectangular plates under uniaxial uniform
compressive loads and obtained exact solutions for the
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elastic buckling loads for all the buckling modes, as well
as exact buckling modal shape functions.

Onah er al [23] used the single finite Fourier sine
integral transform method for the elastic buckling analysis
of uniaxially compressed Kirchhoff plate with two
opposite edges simply supported and the other edges
clamped (CCSS Kirchhoff plate). They found that the
single finite Fourier sine transform method converts the
BVP to an integral equation which further simplified to
ODE. They obtained characteristic buckling equations
corresponding to the exact solutions to the problem.

THEORETICAL FRAMEWORK

The study considers a rectangular Kirchhoff plate
of length a, width b and thickness, ¢ subjected to uniaxial
compressive load N, as shown in Figure-1. The elastic
buckling plate theory used is expressed in the rectangular
Cartesian coordinates x, y, z where x and y are coincident
with the middle plane, and z points downward from the
middle plane.

The Kirchhoff assumptions used are:
a) the deflections are small and maximum deflections

are smaller than the plate thickness

b) the middle plane is inextensible and remains a neutral
surface

c) the plate thickness is small compared to the in-plane
dimensions

d) plane cross-sections of the plate rotate during flexure,
but remains orthogonal to the middle surface and do
not distort, and hence stresses and strains are
proportional to their distance from the neutral surface

VA
P [ —
le———
Nx | —— N
—_— X
l————
—
le————
> > X
Figure-1. Kirchhoff plate subject to uniaxial compressive

force N,

The displacement field components are given by:

H(xy) =22 (1)
ox

vix,y,7) = —z% 2)
Oy

w(x,y,2) = w(x,y) 3)

where u,v,w are displacement components along the x, y,
z Cartesian coordinate axis respectively. w(x, y) is the
transverse deflection of arbitrary point (x, y) on the middle
plane (z = 0).

The strain fields are obtained from the strain-
displacements relations of the small displacement
elasticity theory as follows:

ou *w
g = A _ ¥ 4
T ox ox? @
v o’
gy = == -2 VZV (5)
dy Oy
— A 2
SN LICLA AL ©)
oy Ox Ox0y
ow
e.=—=0 7
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yx":a_”Jra_W:ﬂ a_W:o (8)
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Yy = —= +—=0 ©)]

T oy oy oy

22

where g,,, &, €
strains.

, are normal strains, Yy, Yx., Yy, are shear

The virtual strain energy is given by the volume
integral:

1/2
ou = J{ I (0,0, +0,08e, +1,87, )dz}dxdy ...(10)

R2L-t/2

2 2 2
614:—"- M L2y EO oy Ty
aXZ ») ayZ Xy 8)(8_)7

RZ

where R® is the two dimensional domain of the middle
surface; M,,, M,,, M,, are the bending and twisting
moments per unit length; and are given by:

/2

M, = j G,2dz (12)
~t/2
12

My}' = J GY}'ZdZ (13)
—t/2
t/2

M, = j v, 2dz (14)

—t/2

1575



VOL. 15, NO. 14, JULY 2020

ISSN 1819-6608

©2006-2020 Asian Research Publishing Network (ARPN). All rights reserved.

ARPN Journal of Engineering and Applied Sciences i «a

www.arpnjournals.com

The work done by the applied in-plane load N,
due to the displacement w is

1 6w)2
=——||N. | — | dxd 15
v v (G as
R

The virtual work 8W due to the in-plane load N,

is thus:
ow 06
SW = ﬂN —W—ded (16)
By the principle of virtual displacements,

Ol =08U -dW =0 a7
8T = ”[ w )\MZWHM”@ N aw"éwjdxdy:o(lg)
ox ) © Ox0y " ox Ox

From the divergence theorem,
2 M o 82 2
SH:—IJ 9 MZ“ +2 a —Nxa—v: dwdxdy —
o\ Ox 6x6y oy* Oox

m[(M n.+M_n )68—W+(M . +M n )E}d s +

xy Ty wey
r

oM oM, oM,
m|:[6Mxx . —Nxa—wjm +( SARR Jnv:'Swds -0(19)
s ox %% ox oy ox :

where n,, n, are the direction cosines of the unit normal n
on the boundary I, and ds is the incremental length along
the boundary. &w is arbitrary in R’ and the domain
integration is independent of the contour integration, on
the boundary, the PDE obtained is for the domain R’ is:

62Mn 82 Xy azMyy _ azw

+ - = 0 20
ox? Ox0y oy’ 20)

For homogeneous isotropic plates, the Hooke’s
generalized stress — strain relations are:

E
G, = 1—p2 (€. +},l8yy) 21)
E
G, :m(sxv + e, ) (22)
E
1, =Gy, =—7, 23

where E is the Young’s modulus of elasticity, G is the
shear modulus and p is the Poisson’s ratio.

Then, substitution of Equations (21-23) into
Equations (12-14) gives:

12

12
E E 0w o*w
M, = :Lﬁ(gxx +uey )zdz = 112 77[2[7157}12 oy’ ]Zdz
2 2
S Ll 24)
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Oy ax
12
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EZ Er’
where D = I < ydz = t 2 @7
—[/21_lvl 12(1_“ )

The elastic buckling equation for the considered
problem is obtained in terms of deflection, w by
introducing the expressions for M,,, M,, and M,, in terms
of w(x, y) in Equation (20):

2 ’w 7w 2 *w o’w 2 o? o*w (28)
5{7[)[&'2 ”'aavz j}%ﬁ{m[a\l*“ﬁxz )}”ﬁ{ P “)m»} Nga =0
Hence

4 4 4 2
Da:V+2 62W2+62V +NxaV2V:o (29)

ox ox“ 0y oy ox

2
(30)
2 4 4

where V0= 2 10 O 31)

ox* ox’oy’ oyt
V* is the biharmonic partial differential operator.
Clamped Edge Boundary Conditions
At a clamped edge C, the deflection and slope are

required to vanish. Along a clamped edge, x = a, (say)

w(x=a,y)=0 (32)
X (x=ay=0 (33)
Oox

Simply supported edges, S
Along a simply supported edge S, x = a (say) the
deflection and bending moment are both zero.

wx=a,y)=0 (34)
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=0 (35)

x=a,y

2 2
M, =—D[a—vzv+ua VZVJ
ox Oy

Free edge FF
The bending moment and vertical shear force
along a free edge will both vanish.

METHODOLOGY

The considered Kirchhoff plate buckling problem
is simply supported at x =0, x =@,y = 0 and free at y = b
with the origin of coordinates taken at one corner of the
plate. The uniform compression force is applied at x = 0,
and x = a. The deflection function is chosen by the Vlasov
procedure to be the linear combinations of the product of
the eigenfunctions of a freely vibrating Euler - Bernoulli
beam in the x - direction, and an unknown function of y
denoted by A(y) in the y coordinate direction. Thus,

w(x, y) = ZAn( y)sin % (36)
n=1

where n is a positive integer and represents the buckling
mode number.

The Galerkin-Vlasov variational equation for the
considered problem becomes the following integral
equation:

a

b
o N 62 © R — (37)
v z A ysinnl’f == A (Wsin T L gin ™ gdy = 0
'!!{ [,1:1 . () a D o ;:1 () - ; y

o b ,
ZIJ{V4 (An(y)siﬂﬂj + N B—ZA”(y)sinﬂ}sin I ixdy =0 (38)
=107 a D ox a a

S st or-a(2T oo (2] 22 Yo 2 -0 O
=19

o b 2 4 2

i N
Zj(A,’,‘(y)—Z[ﬂ) A;’(y>+[(”—”) R )A,,(y>]1,n,,dy=o(40)
Pt a a D\ a

where I, = I sin = sin 2 gy 41)
a a
0

By the orthogonality properties of the sine
functions, which is the basis function in the x coordinate
direction,

I, =0,

mn

if m#n (42)

mn

:% ifm=n (43)

RESULTS

The unknown function A,(y) is found by solving
the system of ordinary differential equations which results
from Equation(40). Hence at the nth buckling mode,

i ) " mr ) N, (nmn 2
A, (y)—Z(—j Ar(y)+ [—] ——(—j A,(»)=0(44)
a a D\ a

Letﬂ:B
a

(45)

n

The fourth order ordinary differential equation
(ODE) can be expressed in compact form as:

N
. BijAn(y) =0 (46)

v _ 2 4 4
A, () ZBnAn(Y)Jr(Bn D

The solution, using the method of differential
operators or the method of undetermined parameters is
found as:

A,(y)=c, cosho,y+c,sinha,y+c;cosa,y+c, sina,y (47)

Where

a, :J_r[ B2 N, +p2 jm (48)
g

o =i( p2 e _p2 jm (49)
L

nm

2
Since, N, >D( ) due to the geometric

a
restraints or constraints along y = 0, and y = b. Constants
c1, €3, c3 and ¢y are the four constants of integration which
are determined by enforcement of the boundary conditions
along y = 0, and y = b edges. The problem considered a
thin SSSF plate restrained and loaded as shown in Figure-

VA

F

Nx—™s Sk N,
S mX

Figure-2. SSSF Kirchhoff plate under uniaxial
compressive load N,.
The boundary conditions are:
w(x,y=0)=0 (50)
L A(y=0)=0 (51)
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M, (x,y=0)=0 (52)
2

LAy = 0)—u(m7nj A(y=0)=

Al(y=0)—pBiA,(y=0)=0 (53)

M, (y=b)=0 4

2
Al(y=b)—u(n—;j A(y=b)=
Aly=b)—up,A,(y=b)=0 (55)

At the free edge, y = b,

ocw oPw
Vy=-D +(2-p j =0 (56)
’ ( 5}’3 6x26y (r.y=b)
2
Ally=b)-(2- u)(%) Al(y=b)=
Ay =b)—Q2-WP,A,(y=b)=0 (57)

Enforcement of Boundary Conditions
Application of the boundary conditions gives:

A (y=0)=c, +c;=0 (58)
Al(y=0)—ppiA, (y =0) = c;0f —c505 —pBi(c, +¢;) =0(59)

. 2 2 2 2

Soeg(ag —pf,) —cs(oy + B, ) =0 (60)
Al(y=b)—pp2A,(y =b) = ¢, (02 —pp2)cosh o, b+ ¢y (0 —pp?)sinh o, b —
c5(03 + P2 )coso,b —c (0 +pp>)sina,b =0... (61)
Al(y=b)—(@2-pBLA(y = b) = c; (0] sinh o, b — (2 — WPZoy, sinh o, b) +

¢, (2 cosha,b — (2 — B2, cosh oy b) + 5 (0 sina,b + (2 — pB2aL, sin o,b) —

¢, (0 coso,b + (2 —p)Bia, cosa,b) = 0 (62)
Simplifying,

c,0, (0 —(2— B2 )sinh o, b + 01, (02 — (2 — w)B2)cosh o, b +
€504, (02 + (2 — WP )sin cb — 401, (02 + (2 — P2 ) cosa,b = 0 (63)

The homogeneous algebraic equations obtained
by the enforcement of the four sets of boundary conditions
are given by Equations (58), (60), (61) and (63). From
Equation (58)

€ =—C4 (64)

Substitution of Equation (64) into Equation (60)
gives:

(o] —pBl) +c (a5 +ppl) =0 (65)
¢, (02 +a3)=0 (66)

(o +a3)#0
f¢, =0 (67)

;=0 (68)

Then the system of homogeneous algebraic
equations reduces to:

¢, (a2 —pB2)sinha, b — ¢, (0 +pp?)sina,b = 0...(69)
€300 (0% —(2— B2 )cosh o, b — ¢4, (02 +(2— w2 )cos a,b = 0 (70)
Let A, = o —up’ (71)
A, =as +up’ (72)
It can be shown that:

o —ppE = o + Q- WP =1, (73)
o +uBy =0 —(2-pB; =4, (74)
Then we obtain:

¢\ sinha,b—c, A, sino,b =0 (75)
and c,o,A, cosha,b—c, 0, cosa,b =0 (76)

In matrix form,

A,sinh o, b -\, sina,b \(c, 0
= (77)
o, A, cosha,b  —a,A, cosa,b )\ ¢, 0
For nontrivial solutions, (62) #0
2

The condition for nontrivial solutions gives the
characteristic buckling equation as:

A, sinh o, b A\, sina,b

=0 78
oA, cosho, b —o,A, cosa,b (78)

Expansion of the determinant gives the
characteristic buckling equation as:

—a,\? sinh o, b cos o, b + a, A3 cosh o, bsin a,b = 0 (79)

The characteristic buckling equation is expressed
explicitly as:

1578



VOL. 15, NO. 14, JULY 2020

ISSN 1819-6608

©2006-2020 Asian Research Publishing Network (ARPN). All rights reserved.

ARPN Journal of Engineering and Applied Sciences i ;a\.

www.arpnjournals.com

—a, (0 — P> )’ sinh o, beos o,b + oy (o) +pp2 ) cosh o, bsin a,b = 0 (30)

The characteristic buckling equation is solved
using computer based iterative methods to generate
solutions for o, and o, from which, using Equations (48)
and(49), the elastic buckling loads N, are evaluated for
u=0.25, and for buckling modes n = 1, 2 and various
values of the plate aspect ratio (a/b).

The general expression for the buckling mode
shape is found as:

w(x,y) = (A, sinha,bsina,y+A, sinha, ysina,b)sin B, x (81)

where, 0<x<a, 0<y<b.

The critical elastic buckling load coefficients
obtained by Timoshenko [24] for the considered elastic
thin plate buckling problem, and the buckling load
coefficients obtained for the SSSF Kirchhoff plate under
uniaxial compressive load N, at the two opposite simply
supported edges x = 0, x = a are presented in Table-1 for
buckling modes, n =1, and n = 2.

Table-1. Non dimensional buckling loads or buckling load coefficients for SSSF Kirchhoff plate
subjected to uniaxial compressive force N, along the edges x =0, x = a.

K(a/b) forn =1 | K(a/b)forn=2 | Timoshenko [24] % Difference of
alb Present results Present results K(a/b) for n =1 present results (n =1)
B and Timoshenko [24]
0.4 6.6367 25.2899
0.6 3.1921 11.4675
0.8 1.9894 6.3667
1.0 1.4342 4.4036 1.44 —0.403
1.5 0.8880 2.2022
2 0.6979 1.4342 0.698 —-0.0205
2.5 0.6104 1.0798 0.610 0.0656
3 0.5630 0.8879 0.564 -0.1773
3.5 0.5345 0.7726
4 0.5161 0.6979 0.517 -0.1741
4.5 0.5034 0.6469
5 0.4944 0.6104
5.5 0.4877 0.5835
6 0.4826 0.5630
In Table-1, and x = a has been successfully solved in this work using
a N _b? the Galerkin-Vlasov variational method. The problem is a
K (;j =—— (82) boundary value problem (BVP) of elastic stability that
n°D could be derived using equilibrium or variational
5 approaches. As a BVP, it is represented by the partial
and. N = K( a )(Tﬂ Dj (83) differential equation - Equation (30) - and boundary
o b\ b? conditions, determined by the edge support conditions. For

The critical elastic buckling load is found for the
first buckling mode n =1, since K(a/b) for n = 1 is less
than K(a/b) for n = 2 for all considered values of a/b. The
buckling mode function at the critical buckling mode, for
which n = 1 is obtained is:

w(x,y) = (A, sinha,bsina,y +2A, sinh o, ysin o, b)sin (84
a

DISCUSSIONS

The elastic buckling problem of a rectangular
SSSF Kirchhoff plate subjected to uniaxial compressive
load N, on the two opposite simply supported edges x = 0

the SSSF plate considered, the Vlasov procedure allowed
the use of the eigenfunctions of a vibrating simply
supported Euler - Bernoulli beam as the basis functions in
the x coordinate direction. The deflection function w(x, y)
used has been expressed in Equation (36) as a linear
combination of the products of unknown function A,(y)
and the eigenfunctions in the x direction. Thus, the
boundary conditions along the x = 0 and x = a axes are
fully satisfied by w(x, y).

The Galerkin-Vlasov variational equation is
expressed as Equation (37) and upon simplification the
integral equation reduced to a system of n fourth order
ordinary differential equations. Equation (44). The
solution of Equation (44) has given the unknown function
A,(y) as Equation (47) which is in terms of four unknown
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integration constants. The boundary conditions of the
SSSF plate has been used to obtain a system of four
homogeneous equations - Equations (58), (60), (61) and
(63). Solution of the resulting equations has reduced to a
system of two equations given in matrix form as Equation
(77). The characteristic buckling equation obtained using
the condition for nontrivial solution is found as Equation
(80).

The characteristic buckling equation is solved
using computer based iterative methods to obtain the
elastic buckling loads for the first two modes n =1 and n =
2 and for p = 0.25, for various values of the plate aspect
ratio (a/b). The buckling load coefficients obtained for the
first two buckling modes for various values of a/b are
presented in Table-1.

Table-1 reveals that critical elastic buckling
occurs at the first buckling mode for which n = 1 since the
buckling load coefficients for n= 1 are smaller than those
for the corresponding plate aspect ratio (a/b) for n = 2. The
buckling mode shape function has been obtained as
Equation (81) and as Equation (84) for the critical
buckling mode. The solutions obtained are comparable
with solutions obtained by Timoshenko [24] who used
various other methods. The difference between the critical
elastic buckling load obtained in this study and the
Timoshenko’s results vary from - 0.403% for a/b = 1 to -
0.1741% for a/b = 4; and are generally less than 0.5%.

CONCLUSIONS
In conclusion,
a) The Galerkin-Vlasov method converts the BVP of

elastic buckling of Kirchhoff plate to an integral
equation.

b) The use of the eigenfunctions of a vibrating simply
supported Euler-Bernoulli beam in the x coordinate
direction simplifies the integral equation problem due
to the orthogonality of the eigenfunctions.

c) The integral equation is reduced upon simplification
to a homogeneous fourth order ODE in the unknown
function A, (y).

d) Enforcement of the boundary conditions along the y =
0 and y = b edges is found to result in a system of four
homogeneous equations in terms of the unknown
integration constants.

e) The conditions for nontrivial solution is found to give
the characteristic elastic buckling equation as a
transcendental equation which is solved for o, a, and
hence for N, using methods, and
computational software tools.

iterative

f) Critical elastic buckling load corresponds to the first
buckling mode.

g) The critical elastic buckling load coefficients obtained
agrees with previous results obtained by Timoshenko,
and the differences are less than 0.5%.

REFERENCES

[1] Timoshenko S. P and Gere J. M. 1985. Theory of
Elastic Stability. McGraw Hill, New York.

[2] Bulson P.S. 1970. The Stability of Flat Plates. Chatto
and Windus, London, U.K.

[3] Gambhir M.L. 2004. Elastic Buckling of Thin Plates
In: Stability Analysis and Design of Structures.
Springer Berlin Heidelberg.
https://doi.org/10.1007/978-3-662-09996-4_8.

[4] Chajes A. 1993. Principles of Structural Stability
Theory. Englewood Cliffs New Jersey Prentice-Hall.

[5] Wang C.M., Wang C.Y. and Reddy J.N. 2005. Exact
solutions for buckling of structural members. Boca
Raton Florida CRC Press LLC.

[6] Shi G. 1990. Flexural vibration and buckling analysis
of orthotropic plates by the boundary element method.
International Journal of Solids and Structures. 26:
1351-1370.

[7] Shi G., Bézine G.P. 1990. Buckling analysis of
orthotropic plates by boundary element method.
Mechanics Research Communications. 17: 1-8.

[8] Abodi J.T. 2012. Elastic buckling analysis of plates
under in-plane patch loading using finite difference
method. Journal of Kerbala University.10(2Scientific,
2012): 142 -150.

[9] Batford S.B. and Houbolt J. C. 1946. Critical
combination of shear and transverse direct stress for
an infinitely long flat plate with edges elastically
restrained against rotation NACA Report. 847, 8- 12.

[10]Wang C.M., Xiang Y. and Chakrabarty J. 2001.
Elastic/plastic buckling of thick plates. International
Journal of Solids and Structures. 38: 8617-8640.

[11]Xiang Y., Wang C.M. and Wang C.Y. 2001. Buckling
of rectangular plates with an internal hinge.
International Journal of Structural Stability and
Dynamics. 1(2): 169-179.

[12]Ullah S., Zhang J., Zhong U. 2020. New analytic
of buckling problem of rotationally
rectangular thin plates. International

solutions
restrained

1580



VOL. 15, NO. 14, JULY 2020

ISSN 1819-6608

©2006-2020 Asian Research Publishing Network (ARPN). All rights reserved.

ARPN Journal of Engineering and Applied Sciences i ;a\.

www.arpnjournals.com

Journal of Applied Mechanics

Dol:10.1142/S1758825119501011.

[13]Ullah S., Wang H., Zheng X., Zhang J., Zhong Y., Li
R. 2019. New analytic buckling solutions of
moderately thick clamped rectangular plates by a
straight forward finite integral transform method.
Archive of Applied Mechanics. 89(9): 1885-1897.

[14] Abolghasemi S., Eipakchi H. and Shariati M. 2019.
An analytical solution for buckling of plates with
circular cutout subjected to non-uniform in-plane
loading. Archive of Applied Mechanics, 89. 2519-
2543. https://doi.org/10.1007/S00419-019-01592-3.

[15] Yu Chen. 2003. Buckling of rectangular plates under
intermediate and end loads. MSc Thesis submitted to
Department of Civil Engineering, National University
of Singapore.

[16]Ibearugbulem O.M. 2012. Application of a direct
variational principle in elastic stability analysis of thin
rectangular flat plates. PhD Thesis Structural
Engineering Submitted to School of Post Graduate
Studies Federal University of Technology, Owerri,
May 2012.

[17]Oguaghamba O.A. 2015. Analysis of buckling and
post buckling loads of isotropic thin rectangular
plates. PhD Thesis submitted to Post Graduate
School, Federal University of Technology Owerri,
Nigeria.

[18] Oguaghamba O. A., Ezeh J. C., Ibearugbulem M. O.,
Ettu L. O. 2015. Buckling and post buckling loads
characteristics of all edges clamped thin rectangular
plate. The International Journal of Science (IJES).
4(11): 55-61.

[19]Nwadike A. N. 2014. Buckling analysis of isotropic
rectangular plates using Ritz method. M.Eng Project
report Dept of Civil Engineering, Federal University
of Technology Owerri July 2014.

[20]Ibearugbulem O. M., Osadebe N. N., Ezeh J. C.,
Onwuka D.O. 2011. Buckling analysis of axially
compressed SSSS thin rectangular plate using Taylor
- Maclaurin shape function. International Journal of
Civil and Structural Engineering. 2(2): 676-681.

[21]Osadebe N. N., Nwokike V. C. and Oguaghamba O.
A. 2016. Stability analysis of SSSS thin rectangular
plate using multi-degrees of freedom Taylor -
Maclaurins series in Galerkin variational method.

Nigerian Journal of Technology (NIJOTECH). 35(3
July 2016): 503-509.
http://dx.doi.org/10.4314/nijt/v35i3.5.

[22]Nwoji C. U., Onah H. N., Mama B. O., Ike C.C,,
Ikwueze E.U. 2017. Elastic buckling analysis of
simply supported thin plates using the double finite
Fourier sine integral transform method. Explorematics
Journal of Innovative Engineering and Technology
(EJIET). 01(01 September, 2017): 37-47.

[23]Onah H. N., Nwoji C. U, Ike C. C. and Mama B. O.
2018. Elastic buckling analysis of uniaxially
compressed CCSS Kirchhoff plate using single finite
Fourier sine integral transform method. Modelling,
Measurement and Control. B, 87(2 June 2018): 107-
111. DolI:10.18280/mmc_b.870208.

[24] Timoshenko S. 1936. Theory of elastic stability.
McGraw  Hill  Publishing Co Ltd. Dol:
https://doi.org/10.1007/S0368393100104389.

1581



