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ABSTRACT

The present study proposes and explores a food chain model to study about the dynamical behavior of two preys
and a predator ecosystem where the preys having competitive interaction among themselves. A Holling type-II functional
response has been adopted for first prey and a predator of the proposed model. The boundedness, stability, existence
condition of equilibrium of the model is investigated both from analytical and numerical point of view. Hopf bifurcation
analysis is also discussed at the positive equilibrium point and a global property of dynamical system is one of the parts of
the study. Here, the presented work also utilized to calculate the instability of the population throughout the co-existence’s

state of steady because of the white noise. At last, the study is hold up by performing the numerical illustrations.

Keywords: holling type-II response function; two preys - predator; local stability; numerical simulations; global stability.

1. INTRODUCTION

In daily routine life, various equations are playing
a significant role to calculate the implementation of new
methods and ideas. The development of these calculations
is really applied to give the direction for various
phenomena which can able to demonstrate the various
equation that is in the form of equation language. Based on
the physical phenomena and the conditions given many of
the models are converted as a system of nonlinear
differential equations. Later finding the solutions of those
models are very difficult by following the analytic
techniques so that such complications can be avoidby
using either qualitative or numerical techniques which are
more effective than analytical techniques. Many biological
models have been modeled in terms of nonlinear
differential equations. After the pioneer work from the
Lotka and Volterra most of the biologists and
mathematicians together extended their work under certain
conditions around to different types interactions among
two species [3, 9, 17, 18, 21] and the multi species [4, 20].
Stability analysis of prey-predator models and their role in
environment can observe in [2, 13]. Later many authors
have introduced time delay effect to the species. The
general discussions on delayed biological systems had in
the articles of Cushing [1], May [12], Gopalsamy [5, 6],
Martin and Ruan [11], Kunal Chakraborty er al [8] and
recently Papa Rao [15] with three species system. Hopf
bifurcation analysis of three species with or without time
delay can be found in [10, 22, 23]. Three species
ecological models with different types of functional
response among species can see in [7, 14, 16, 19].

The dynamical interaction between three species
with Holling type-II response function is included for the
first prey and a predator species for the logistical model,
whereas the predator species is going to extent is
discussed. In this paper we studied the local and global
stability of the system at each existing equilibrium points
by perturbed technique. Further in the last section we have
given the numerical solutions of the system at particular
parameter values in the model which interns shows how

the system transformed to stability to unstable or vice
versa.

2. MATHEMATICAL MODEL
x(t), y(t) are the two prey species populations
(in thousands, or millions, or whatever) and z(#) denotes

the density of the predators at any instant of time ¢ . Based
on the response of Holling type-II functional, the first prey
species xis intake by the hunter z and furthermore, both
the preys’ species ( x, ¥ ) are competing each other.

2.1 Assumptions
=  The parameters r and § are intrinsic growth rates of the

prey species x and y respectively

= The prey specie’s development is considered as a
logistic.

*  The parameters kK and [ are the carrying capacities of
two prey species xand y respectively.

= The competing participants for prey species x are
defined as the parameter

= Also, the for-prey species y is defined as the

parameter 0.

= Here, the participants are decided based on the
competition interaction between both of them.

= The single hunter z’s attack rate which is hunt for
the single prey species is considered as the parameter

B
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= This action is performed whenever the hunter is not
currently consuming any prey species.

= The hunter 7 ’s half saturation level is defined as the
parameter r; which is over the first prey species X .

= The hunter z’s coefficient of natural death rate is

denoted as the parameter ﬁo .

= The first prey Xx’s grazing functional response is

Brxz
h+ X

represented by the condition of and it is

performed by the hunter.

= The Holling type-II functional response is known by
this grazing functional response.

=  Which is representing the consumption rate of the
prey species x by the hunter z .

= Here, Holling type-II’s half saturation constant is

denoted as 7; .

Here, two preys are aggressively interacted each
other where the multi-interaction’s model equation is
performed between three preys. According to the Holling
type-1II functional response, the first prey is consumed by
the mortal hunter which is derived in the below given
formula that is denoting the non-linear decoupled
variational equation.

dW _dx dy dz

—_—= +
dt dt dt dt

rX———«a

dx X B xz
— =rx|1-= |—axy— 1=
dt [ kj xy

n+x
dy y
—=sy|1—-—=|=-0 2.1
dt y( zj xy
dz p,xz
- =1 & Z
dt rn+x Po

3. BOUNDED AND DISSIPATIVENESS OF THE
MODEL

Consider , = {(X, v, Z)/X, ¥,z 2 0} . The model
equation (2.1) is studied in €, or in 50 for the biological
meaning of practical. From the first two equations of the
system (2.1), it is easy to derive limsup, ., x(t) <k and
limsup, |, y(@)<I.

Lemma 3.1 The model equation (2.1)’s result
(X(f ), y(0), z(t )) that  have  the values
x(0)=0,y(0)=0,z(0)=0 bounded,
dissipative and positive for entire >0 and it is provided
as B, <.

Proof: Obviously, the solution (X(f ), y(1),z(t ))
of the system (2.1) with initial conditions
x(0)=0,y(0)=0,z(0)=01is positive for allz=>0.

Define the function W(x,y,z) =x+y+2z then from
system (2.1), it follows that

initial

which is

2 2
d_W: rx w_ﬂ + sy_&_é"xy + ﬁlxz _ﬂOZ
dt k n+x l n+x

2

= x—%—(a+§)xy+sy—

Assume that S, < f3,, then the above equation
becomes
aw rx’ sy* r 5\ S s
—<mx——+sy——<—(2kx—x" )+ —(2ly—
d PR )+ (2=57)
By introducing positive constant & = min{k,l},

The aforementioned mathematical formula can derive as
given below:

dd—v:/+(§WS%(kz—(x—k)2)+;(12—(y—l)z)Srk+sl=u

) u
d_W+§WSM:>W:£+me‘S’, where m =W (0) ——

dt & g

2
sy Xz

B =B Pz

r1+x

= W (x(0), (1), 2(2)) < ga —e )+ W(0)e ™

Therefore 0 <W(z) S% , for ¢ sufficiently large,

provided 3, < f3, .

3
Therefore, R+ are confined in the region
u
Q, ={(x,y,z) eR:W=x+y+z SE} which  is

initiated by the entire results of the model equation (2.1).
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Hence the system is dissipative, provided £, < 3, , which
completes the proof.

4. EQUILIBRIUM POINTS
The following are the possible equilibrium points
which will useful to know the stability of the system (2.1).

= All species extinct state E| : (0,0,0)

=  The equilibrium point E, : ((), [ ,0) on the boundary of

second octant.

*  The equilibrium point FE, :(k,(),())on the boundary

of first octant.

*  The planner equilibrium E, Z()_C R y,O) on the plane

_ ks(r-la) _ rl(s—ko)
X—y,wherex=——andy=——""—
rs —klao rs —klad

= The equilibrium points of the boundary

Esi()_C,O,Z)on the axis planex—Z, here

1B,

X = and
ﬂz_ﬂo
___ mp (1_ kn B, j
ﬂl(ﬂZ_IBO) ﬁz_ﬂo .
i 2rx _ _ n
r— _ay_ﬂlz((r]+x)
J = -0y
hBzZ
(r, +x)*

Theorem: 1 At the extent point of the
equilibrium, the model equation is always unbalanced.
In this case, the variational matrix for linearized

system at E, : (0, 0, 0) is given by

r 0 0
J, =10 s O
0 0 -5,

v _

The positive equilibrium point £ :()_C , y,f), where

:—rlﬂo ,yzl[l——é‘ri'go jan
B, =B, s(By — L)

_ np, {r—lajt 15, [@_Lj}
B(B,—B) B-B\ s k

Now we will see the behavior of the species based on

=|

N

the solutions and nature of the phase plane by computing
the eigen values of the 3 X 3 coefficient matrix around
each equilibrium of the nonlinear system after reducing
into linear system. The three-dimensional linear system
has three eigen values at every particular equilibrium
point, so by observing the nature of the eigen values we
can identify the species behavior near the equilibrium
point. i.e. the local stability of the system can have based
on the eigen values.

5. EXISTENCE AND STABILITY OF
EQUILIBRIUM POINTS

The matrix representation of the linearized

system of equations by introducing the small perturbation

U such that X = X + U over the equilibrium state is as
follows:

JU

where U = (I/tl,l/tz,l/t3)T, X =(x, ysZ)T and

Cax Bx
Hh+Xx
25V
s—=2 5% 0
[
O ﬁ2x__ 0
7’i+x

The corresponding eigen values are 7, S,—,BO.

The extinct equilibrium region becomes saddle point and
hence the given system is unstable always.

r
Theorem: 2 I f @ > —, then dynamical system is

stable at the equilibrium point £, otherwise is unstable.

Proof: The corresponding variational matrix at

E,is
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r=laa 0 0
Jg,=| -l6 —-s 0
0 0 -5

The eigen values for this matrix are [ —ar,—s ,
r
— f3,. All three eigen values are negative if o > 7and

hence the system becomes stable state, otherwise the
equilibrium region becomes saddle point and so the
system is unstable.

Bor,

0 , then

)
Theorem: 3 If K > — andk >
S ), =B
the system is stable at F; otherwise is unstable.
Proof: The coefficient matrix for linearized

system at this point E : (k,0,0) is

e L.
r,+k
Jp,=| 0 s—=5k 0
0 0 ﬁ_ﬂo
n+k

The characteristic equation for this matrix is

k
(A+r)(A—(s—5k)) 4{%-@)] ~0.

h
Pk

n+

—r,s — Ok and

- ﬂo are represents the eigen

S
values of the system. The system is stable if k > g and

k > ﬂorl
27 Mo
Theorem: 4 If&> ks(r—al) ,

B, r(rs—klad)+ks(r—al)

in all other cases the system is unstable.

the boundary steady state [, ()_C TR O) is stable.

Proof: Equation to calculate the corresponding
Jacobin  matrix under the equilibrium region

E,(x, y, 0) is derived below:

S S S
JE4 =Sy S» O
0 0 S

where

S :r—zkﬂ—af, S, =—ax,S;=— o

_ B

and S,; = +)_C—ﬂo.

The characteristic expression for the above matrix
is represented below:

(/12 _(Sn +522)ﬂ,+(511522 _Slzszl))(l_sw) =0

, 8, ==06Y, 8, :S_?_éf

1
n+Xx

I£S,, <0.8,, +S, =—(%+%j<0and

S8, —S,S, =X y(% - a§j >0 which  implies

that & > kS(I’ _ al) s the
B, r(rs—klad)+ks(r—al)

equilibrium point E, (X, y, 0)is stable otherwise is

unstable.
Theorem: 5 The

E,(x, y, 0) becomes asymptotically stabilized globally

equilibrium  region
S . 2 .
at the interior portion R,” of the plane X — y along with

the term which is defined in Theorem 4.
Proof: The system becomes reduced to obtain the
subsystem in the interior portion of the X—y plane

which is represented below:

dx X
= rx(]—;)—axy = f1(x,¥) and

dy y
—=sy|l-=|=-dxy = f,(x,
. y( lj y=f(x,9)

Here, consider N(x,y)is equal to ﬁ and it is
describes N(x,y)>0, V(x,y) in interior portion of

R2
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V.[IN(x, y)]. dr|_ V|:Lj||:fl(x’ )’)}

xy | [ (%)

GRS RG]

:_(L+%J<O, V(x,y)e&2

vk x

Therefore, no time wise result is obtaining in the

. . 2 . . .
plane x— y’s interior R . which is based on the criteria

of Bendixson-Dulac. Meanwhile, the entire model
equation’s results are bonded with each other and the

equilibrium point of unique point is considered as E|
Lo . S 2
which is placed in the plane X—y’s interior R+ .

E,(x,y,0) is

asymptotically stabilized in worldwide which is in the

Therefore, the equilibrium point
interior R +2 based on Poincare Bendixson-Dulac theorem.

Theorem: 6  The
E,(x, y, 0)becomes

equilibrium  region

asymptotically  stabilized in

worldwide in the interior R,” with the consideration of

term which is derived in Theorem 4.
Proof: The nonlinear
function is derived as,

system’s Lyapunov

Vi(x,y,2) =1, {x—x—xlog(xj}+l2 {y—y—ylog[y]}
* y

The following equations are obtained in the basis
of variations with respect to f and the replacing results of
X, ¥, 2.

dv, xX—Xx \dx y—y \dy
— =] —+L | — |=
dt x J)dt y )dt

VRS IO 4 i
k +x l

. x  _ . Bz
By proper selection ofr=-—+ay+-——,
k n+X
sy .
s = v —+ OX the above equation becomes

l —2 — = - z L )32
=—%(x—X) —all(x—xxy—y)—ﬂllmx—x)[ = —L_J—S—@—y)

r1+x }"1+X

(r, +x)(r, +Xx)

(1, +x)(r; +Xx)

—zlﬁl,,l[u—z)(z—aj{ LA 2(x =) j_{zlﬂlx(x—)—c)(z—z)j

l —\2 ¥ EY}
STz(y_y) —(al, +SL)(x—=X)(y =)

av,
dt
—0L(x=x)(y=Y)
rl — sl — — —
== (=D == =3 (@ + L) (x =Dy =)
(r, +x)(r, +X)
— | A bz — |(x—Xx)*—
k  (rn+x)(1 +X)
(x—x)(z—-2)
_11:81( — J
(1 + X)
Choose [, = ﬂ,l2 =1, the above equation becomes

1

dV, _ r(n, +I)7 z

dr kB, (r +x)
—(x—X)(z—2)

_(re+® 2 +l+l[a(r.+)7)+5J = F)?
kB, (r+x 2 2 B

s Lfetirx) =) L7y
L+2[ z +5H<> ¥ -ZE-D

a(n +X)

j(x,;)z,%(yfyff( +EE By~ F)

5

s 1 % L1,
[ZHZ(“("A“‘)wH(yy) —SG-D

kB, Fr+x) 2 2

dv, __ r(n+x)  z . 1 +l o(n —0—})_'_5 (x—F)
dt
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then

¥ll[ug]( z )
r1+x

kp, 2 2 B
av, _
o < 0 and hence by known theorem, At the equilibrium
region the system becomes globally stable E, (X, y, 0).

_ s _r 5
Theorem: 7 If X > gand z< k—(r1 +X)” then the
I

boundary steady state E ( X, O,Z)becomes stable in

X — Z plane.
Proof: For this Theorem, the equivalent Jacobin
matrix expression is given below:

a, a, d;
Jo. =1 0 a, O

a,, O 0
where
a, = _2rx - r]ﬁlf 75 Ay =—0X, Q3 =— ﬂ]va ay =5—6X
k (r+X) n+X
rpz
and a,) =———_—5 -
(r +X)
The characteristic equation of J E is

(12 —a, A—aa, ))(a22 —ﬂ,) =0 .One can observe

that a,, <0 anda,, <0,a;;a;, >0 which implies that

_ N _ r —\2 rer . .

x> g and 7 < k—(r1 +X)~, the equilibrium region
|

E5 ( X, O,Z) becomes unstable when it is not lying on

the plane x—Z.
Theorem: 8 The

E.(x,0,7) is asymptotically stabilized in worldwide

equilibrium  region

according to theTheorem-7 and X > (7; +Kk) which is

lying on the plane X—2Z’s interior R+2 .
Proof: The model equation (2.1) is decreases to
following sub equation for any value in the X— Z plane’s

interior R,” which is placed in the same plane’s interior

R2

+

dx x B1xz dz Baxz
—=rx(1——)— = f3(x,z)and— = —Poz =
dt k ri+x f3( ) dt  ri+x Bo

fa(x,2)
Now, letM (x,z) =

r+x

thenM (x, z) > 0,V (x, z)

>
Xz

. o 2
in the interior of R, ~ .

dx
V. [M(x,2)]. g V. [(rli; X) (Eﬁi 3)]

dt
R Sl
= —;(g‘ 1) _K( = )

rx—(+k
<¥> < 0,¥(x,2) €R,?

According to the Bendixson-Dulac conditions, In

L . 2
the interior portion of R “of plane Xx—zdoes not
consists of periodic results. Meanwhile, the entire model
equation’s results are bonded with each other and the
equilibrium point of unique point is considered as Eg

which is placed in the plane x — z’s interior R+2.
Therefore, the equilibrium region E5(X, 0,Z) becomes
asymptotically stabilized in worldwide which is in the
interior R +2 based on Poincare Bendixson-Dulac theorem.
a+2r . Bz

2k (r,+x)(7 +X)

the equilibrium point E (X, 0,Z) is asymptotically

Theorem: 9 When

stabilized in worldwide in the interior R,” with the

consideration of term which is derived in Theorem 7.
Proof: The positive definite function is
considered as

V,(x,2)=m, {x—x—xlog[xj}rmz {Z_Z_Zk)g(zﬂ
X Z

Here, the positive constants are described as

m,m,.

The following equations are obtained in the basis
of variations with respect to f and the replacing results of
X, Z.

dv, x—X \dx 7—27 \dz
=m —tm,| — |—
dt x )dt z jdt

—ml(x—x){r(l—zj—ay—ﬂ‘z}rmz(z—z){ﬂzx—ﬁo}

htx nh+x

. rx z
By proper selection of ¥ = 7 +oy+—"—,

B.X
#_ , the above equation becomes
n+x

Lo =
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dv,
dt

=T ey mm,(x%)(y—y)—ﬁ.m.(x—f)[ : ,L]

L+Xx K+X
_ X X
+mzﬂz(z—z)[ - }

h+x nR+X

_|m pmz e IR (x-X)(z-2)

B {k (r]+x)(r]+f)}(x ) mamGm0G - ﬁlml[ (r+x) j
(x=X)(z-2)

+ﬂzmzr{(ﬂ+x)(rl+f)}

The aforementioned equation is modified as
given below equation by selecting the non-negative

B +X)

B
av, :_[r_ﬁ@}(x_x)z =T (=)

constants m, =1 and m, =

dt k (rn+x)(1n+X)
S Yt L .2 P S
[k i+ 0, +x)+2:|(x V=Y
av, a+2r z
= —<0,if > Az —
dt 2k (r, +x)(r, +X)
a+2r zZ
Therefore, if > 'BIZ —, the
2k (r,+x)(7 +X)
equilibium point E (X, 0,Z) is asymptotically

stabilized in worldwide with the help of the theorem of
Lyapunov.

Theorem: 10 The equilibrium region in interior
portion FE: ( X, y,f) exists if 5, > fB,,r >l and
klad > rs.

Proof: assume thatXx, y, Z are the positive

results for the following expression
X <

rl1—-— —ay—ﬂ—le, ) 1—X —-ox=0
k n+x [

Pox

}'i+)C

i By -
obtainx =———,y =[| 1
orint ﬂz_ﬂo g (
7= hb, |:r_
ﬁl(ﬂz _:Bo)

Hence the equilibrium

and —ﬁo =0. By solving above expression we

— —571'80 J and
5(182 - /80 )

+ﬂ(@_zj}
ﬂz_ﬂo S k

region at interior portion
E(X,y,2)exists  if B,>f,., r>laand
klod > rs.

Theorem: 11 If

BB,>B,, the

B >0,B,>0 and

interior  equilibrium  region

E, ( x,y, Z) is asymptotically stabilized in local wise.

Proof: Jacobian matrix is given below for the
equilibrium region condition.

J56 a, a, O
a,, O 0
here
ay = ﬂ‘xf 2 _E’ a, =—ax, a; =— ﬁlyi’ ay =—8Y, a, :_Q
(n+X) k : n+Xx -
np,z
and a3l = L_z .
(r+X)
The characteristic equation of J £ 18
A*+BA*+B,A+B,=0.
N
Here B, =-(a,, +a,)= —22
kIN
B, = a,,a,, —a,,a,, —a,;ay,
rs xXvz
B, = a,aya,, = Mand
) IN;
N, =(r,+X)>0,N, = rxIN; + sykN; — ki BxZ >0,
rix + ksy)N;
when £ < ( N, .
kixz
rIx + ksy)N;?
If B < (X T ksy)N the coefficients of
kixz

characteristic equation B, >0and B; > 0.
Now
A=B B, —B; =—(a,, + a;,(a,,ay, — a,,0,,) + @,,a,3a5,

Az_ﬂ]sfyzjvzjwfz(g_a5J+nﬁlﬁgz[§_ﬂlfzzj
k>N, KIN? \ ki N; k N
If
3 — —
B> — ’NIN;y _ ﬁlsf + N2 kias — )
Unpxz(rN; —kfBz)| N, k
then A > 0.

The necessary and sufficient conditions for the
stability of the system by Routh-Hurwitz criterion is

B, >0,B, >0and BB, > B, . It is clear from above

that it holds the conditions of Routh-Hurwitz criterion at
the satisfied conditions and hence the system is locally
stable at this equilibrium point otherwise is unstable in all
other cases.

Theorem: 12 Along with the conditions stated in
the Theorem-11 and if

2r+k(a+5ﬂ])> zZ
2k,
equilibrium point £ ( xX,y, Z) is globally asymptotically

— , the interior
(r, +x)(r; +X)

stable.
Proof: Let the Lyapunov function for the
nonlinear system be

Vi(x,y,2)=n [x—)?—flog(éﬂ+n, [)f—i—ylog[%j}—n} [z—f—flog(éﬂ
X y z
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The following equations are obtained in the basis
of variations with respect to # and the replacing results of

X, Y,Z
dv, =”1(x_xj@+”v y—y Q+n3(z—2j@
dt x Jdt "\ y )dt z jdt
_ X Bz — sy
=n(x-x)|rll-=|-ay— +n,(y—y)| s———0x
k n+x l

+ny(z— z){ﬂ’x—ﬂo}
+Xx

h

_ Bz

rx
ofr=?+05y+ ,

By proper selection

Sy X
S:l+&,ﬁo=L_, the
l n+Xx

equation becomes

dav, z
?—nl(x x)|:—f(x X)—a(y—=y)— ﬁl( +x_r,+7c]:|

+n,(y— y)[**(y y)—6(x— x):|+n3(z z)ﬁ{ B E,}

h+x nK+x

=—%(x—f)2 —%u—w —(an, +6n)(x—X)(y )

- o[ G- +X(-2)-T(x %)

pim X)[ (r +x)(r +X) }rr‘ﬁ%
dv, oy _, s, S _ B
a x (x=X) *T(Y*}’) —(an, +8n,)(x=X)(y—y)

L [=D)(z-7) =% (x-%)(z-7)
ﬂ‘"‘( (0 ]”jl"lz[(r.+x><r,+f)]+"ﬂz”"[<n+x><r.+f>}
_|\m_ BnZ ¥
Tk (40 +T)

_pn ((x—f)(z—ajwﬂm [(x—f)(z—z)}

(1, +x) (n+x)(1+X)

¥) = (an +8m,)(x=%)(y-3)

nL+Xx
n,=landn, = ,

h

By choosing n, =—,
1 2
the above equation becomes,

AZ S A S P _|e
o [k@ (n+x>(n+f)}(x el (ﬂlﬁs](x o=
|z 1 s e —y)?
- {kﬁ. (r.+x)<r.+¥>+2[ﬁ. H(x o [ﬁ (ﬂlﬂyﬂ(y Y
i 2r+k(a+5ﬂl)> z
2k S, (r, +x)(r; +X)

v
thend—3 <0 and hence from known according to the
t

theorem, equilibrium region in interior portion E¢(X,y, Z)
is on globally asymptotically stable state.

6. HOPF BIFURCATION

In this study, the performance of the dynamic
system is showcased by utilizing many parameters.
Whenever the species are co-existing in equilibrium state,

the constant prey-predator parameters are often established
on steady state. Even though, if any changes are takes
place in the parameter of the model the entire performance
of the system can be changed. Bifurcation points is a
transition which is occurs due to the condemnatory
parameter values. Whenever, a system has significant
periodic results at that time Hopf bifurcation occurs. In
this portion discussed about Hopf bifurcation occurs at the
point of condemnatory value 5, = 3,

Theorem 6.1 consider that
rix + ksy)N;
,31 < ( kl—y) L at the point of condemnatory
XZ

value a uncomplicated Hopf bifurcation occurs for the
system. the condemnatory value is 5, = f55.

Proof: Liu technique is utilized for examining the
model of the Hopf bifurcation.

Consider that local stability constraints are taken
for the Hopf bifurcation model

3 — —
,32*2 _ ’Nlszy — |:IBISZZ +1\[2(kla5—rs):|,
rnBxz(rN; —kpz) k
then
N
| ., =—2>0
Br=ps klle
72 p—
B = M BTN o gy |>0
R P(rNP—-kBZ)| N7k

dA rﬁlx

zZ 2
rN; —k =0
dp, B=p" kN7 ( /o)

Therefore # (0. Thus, uncomplicated Hopf

21p,=5,"
Bifurcation occurs at the point of the condemnatory value

of S,

7. STOCHASTIC ANALYSIS

In this portion, developed the stochastic type of
framework (2.1) which is utilized for identifying the
impact of the noise. By the stochastic type of framework,
enumerated the variances occupied on the positive
equilibrium state owing to the noise. The additive
gaussian white noise occurs at the model due to the
irregular noise of the model and their disturbances
described below:

ax _ rx(l—fj—axy— Bz gz )
k n+x

= f3," is proved

dy

— =sy|l1—-=|-0Oxy+k t

dt y( lj yH ke, () (7.1)
dz f,xz

= - — B2+ kE

dt  r+x Poztkaes (@)
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Here two preys terms are denoted as x(t), y(t) and
hunter terms are z(t).

kl,kz,k3 are assumed as a real constant.

f (1)= (fl (), 52 (@), 53 (t )) represents the three-dimension
procedure of the Gaussian white noise which is utilized for
satisfying E[é‘l (t)] =0,i=123.
E[£0E () ]=6,80-1),i=j=123.

Kronecker symbol is denoted asd;, Dirac operation is

denoted as O .
Let x() =u, +T",y(t)=u, +S",z(t) =u, + R’

The species processing time derivatives are given
below:

& _du dy _du, de_du,
dt dt’ dt drdr dt

, replacing the above

derivatives in expression (7.1)
duy u, +T"
L=y + T (1 -2 ) — (g + Ty + 57

p1(uy + T*)(uz + RY)
A+ (u+TY

du, u, +S§*
Z= s+ 5 (1 o ) —8(uy + T (uy + SV

+ ky$2 (1)

duz _ Ba(u+T")(uz+R") _ *
T o Bo(us + R™) + k3&3(t) (7.2)

+ k&1(8)

Linear part of the above equation is

du, r ) . B X
E: —EulT —auzT _EugT +k1§1(t)
duZ * S *
_ddt =B—6u13 - Tuzs + k8 (D
u *
dt3 - T_fulR + k3&3(t) (7.3)

By taking fourier transform to the expression of
(7.3) on the both sides, we obtain

kB (@) = (io + ) () + aT* (o) )
161 k 1 2 r1 3
koby () = 65°1; () + (1w + ;5) (@)
ka3 (@) = — 2R, (0) + (0 () (7.4)

The following expression (7.5) represents the
matrix form of the above expression (7.4)

M(w)ii(w) = é(w) (7.5)

A(w) B(w) C(w)

where M(w) = |D(w) E(w) F(w)|;i(w)=
G(w) H(w) I(w)

i ()] A

Uy (w)|;¢(w) = sfz(w)

i3 (w) & (w)

and A(w) = iw +£T*;B(w) =aT*C(w) = %T*
1
s
D(w) = 65" E(w) = iw + TS*; F(w)=0

G(w) = —%R*; H(w) = 0;[(w) = iw

From the expression (7.5), we obtain
i(w) = [M(w)]7*¢(w) (7.6)

Let [M(Cl))]_l = L(w) , where

AdjM (w)
|M(w)

L(w) =

(7.7)

Thereforefi(w) = L(w)&(w) (7.8)

Whether Y(t) function contains a mean value of
zero then the variances that is fluctuation intensity of the
function components with the ranges of frequency
(w,w+dw) is considered as Sy(w)dw. Where
Sy (w denotes the function Y spectral density and which is
expressed mathematical by the following expression

v 2
Sy(@) = Lt H2- (7.9)

Whether the function Y contains a mean value of

zero then the invertible transform of Sy (w) becomes auto
covariance operation

Cy(1) = i JZ Sy(w)e@ dw (7.10)
The fluctuation intensity of the function Y(t) is
described in mathematical expression which is given
below
1 oo
a2 = Cy(0) = ;f_m Sy(w)dw (7.11)

Next, auto correlation operation is transformed
into function named auto variance

Cy(7)
Py(7) = C:(O)

(7.12)

The mathematical expression for the Gaussian
White noise procedure is expressed below:
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- It E[fi(waj(w)] _
To+oo T

T T
Lt L [ E[6@)E ()] Spg e dedr’ = 5 (7.13)
2 2

By the expression (7.6), we obtain
ii(w) = i Lij()&(w);i = 1,2,3
(7.14)
By (7.9), we have
3 2
Su,(@) = ) (@)|Ly@)]| 5i=123
=1
By (7.7), we obtain

2 1 *
O-ulzﬁ f_ keq

Ay |2d
— | dow
|M (w)]

]
]k

2
dw

2
dw

2
da)}
B,

2 o0
e aoe [
|M(m)|‘ o

B
M (@)
C

|M ()]

A
IM(w)]

o

2 1 °
UUZZE f_ k1

C, |2d}
M)l

-
0'u3 =
1 =}
— k
21 {f—w 1

oo B3
[ ke ||M(u>)|

A |
|M(w)|| doo +

2 [ee]
do+ % ks | (7.15)

|2 du)}

Cs
[M(w)l
where

|M(a))|:|R(a))|+i|I(a))|, the real and imaginary

parts of |M ((0)| are
w?sS*  wirT* N B1B2sT*R*S*

R? = —
(@) l k 12
wrsT*S* W T*R*
I*(w) = —w? + ———— — wadT*S* + %
kl 4]

And

|A1|2 =X12 + Y125 |B1|2 =X22 + Yzz; |C1|2 =X3% +Y32
|Az|2 =Xf + Y425 |Bz|2 =X52 +Y525 |C2|2 = X62 +Y62
|A3|2 :X'? + Y72; |Bg|2 :XSZ +Y82; |C3|2 = Xg + Y92

where
wsS™*
X1 = _(l)z;Yl = T,Xz = 0, Yz = (A)aT*;X3
ByST*S* wpT*
= — ;Y3 = —
1l n
R*T*
X, =0;Y, = w6S*; X5 = w? —%;Y5
n
wrT* B16S*T*
k 6 £l 6
SR*S* wpf,R* aR*T*
_BsRS . _WRR L peRT
1l n n
= 24 rss 1 6S*'T*
=—-w 7 a ;

wsS*  wrT”
b=—7"%=

The equation (7.15) becomes

2 1 * 1 k 2 2
Oy, —ﬁ{f_wm[ 1(XT + YD)

+ Kk, (X3 +Y2) + k3(X2 + Y3)] dm}

* 1 2 2
f_wm[h(& +Y5)

1

2 =
Tuz 271{
+ k(X2 + Y2) + k3(XZ + Y2)] da)}

2 * 1 k 2 2
O, _E{me[ 1(X7 +Y7)

+ k(X2 + Y2) + k3(X2 + Ygz)]dw}

If replacing the values of ky,k,, ks as zero to
obtain the dynamic performance of the system for the
expression (7.1), then the population of fluctuation
intensity becomes

Case: 1 Here the value of
zero, then

k,and k,is taken as

2 k3(X?? + Y32) fDO 1

= dw
b 2 w R% (W) + I?(w)
,  ks(X¢+YE) j‘” 1

= dw
w2 2m o R?2 () + I?(w)
2 k3(X‘§ + Y92) fDO 1

= dw
Us 2m w R% (W) + I?(w)

Case: 2 Here the value of k, and kj; is taken as
zero, then

, k(X +YP) j°° 1

= dw
e’ 2 —wR?(w) + I?(w)
, k(X +Y]) f‘” 1

= dw
Uz 2m o R% (W) + I?(w)
, k(X7 +Y7) jw 1

= dw
Us 2m —wR?(w) + I (w)

Case: 3 Here the value of k;, and k; is taken as
zero, then

o2 = ko (X3 +Y5) fm 1 do
b 2m _o R¥(w) + I2(w)

, k(XS +Y) jw 1
ol = dw
he 2m o R?2 () + I2(w)

. k(X2 4D f°° 1
o5, = dw
b 2m w R2(w) + I (w)

It is difficult to see the analysis validation for the
population of the fluctuation intensity. Nevertheless, can
evaluate the mathematical expression for the various
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parameters of the function. The simulation results are
represented in the Figure-9 to Figure-22.

8. NUMERICAL ILLUSTRATIONS

In this portion, describes the dynamic
performance for the proposed frame work (2.1) through
the mathematical expression by using the software of
MATLAB. Owing to the lack of taking the real time data
of all the parameters for the proposed framework the
inferable data is taken for the all parameters. The
parameter values are given below:

r=05, =045 k=19, a=0.04, =0.09, s =0.25,
[=14, 6=02, B,= 0.7850, f,= 0.49. For these

parameter values, it seen that B1= 0.119068 > 0, B3=
0.005209 > 0,A = BB ,—B,=0.000852 > 0. As stated

in the theorem 11, the positive equilibrium region Eg
becomes asymptotically stabilized in locally state. Figure-
1 represents a positive equilibrium region of E4 on a
asymptotically stabilized in locally state.

From this figure, it is concluded that the
population of all species co-existing concurrently.

wocsen 1
wecos? | 1
wwoosen)

population

Time

(a)

species3 population

4
2

species2 population 0 o]

(b)

species1 population

Figure-1. (a) Positive equilibrium region E¢ Stabilitygraph, (b) Two Preys-Predator stable limit cycle.

According to the theorem-6.1, we can define the
condemnatory value of f§,. The condemnatory value of 3,

is 0.9421. The system is unstable for 3, > 3," around the
positive equilibrium point Eg, taking 3, =0.95,1.5,2.5,

the solution of the system (2.1) has been shown in Figures
4, 6, 8, which indicates that at the point of the positive
equilibrium state E, the system becomes unstable.

species1
species2
species3

population

species3 population

Figure-2. Bifurcation diagram for ﬂz =0.95
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species1
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2 30 }
&
2 | | | |
20 ‘ | | f

0 50 100 150 200 250 300 350 400 450 500
Time

(@)

3

3

species3 population
8 8
. .

-2 species1 population

Figure-3. Bifurcation diagram for 5, =1.5

species1
60 species2
species3
50
= 40 |
=]

k]
:w»|\llfl;|;
a
=]
=% | ‘ ‘

20 | | [l

0 50 100 150 200 250 300
Time

(a)

350 400 450 500

3

3

species3 population
3 8

oo

2

species2 population

2 species1 population

Figure-4. Bifurcation diagram for ,32 =25

Case: (a) Consider the parameter values:r=
16.2, =152, k=47, a=1.05, ﬂ1= 20, s = 40.64, [

=12, 0=10.755, B,=50.15, fB,=3.99, k= 0.1, k,=

0.3, ky=02, &(1)=03,&,(1)=03,&,(1) =0.1, the

stochastic diagram is

species2
predator |l

‘,}‘ TR T
i

{ T

-

population

predator population

species2 population

0 species1 population

(b)

Figure-5. The fluctuating population growth with high intensity on the irregular surroundings.
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Case: (b) the parameter values are considered as: 0.743 k3 =0.896, & ()=0.643,&,(1) =0.653, &,(1) =
. N . s 1 . s . s
r=162, ,=152, k=47, @=1.05, =35, s= 40.64, [

=12, 0=10.755 ,B,= 275, = 3.99.k = 0.687,k,=

0.757, the relevant stochastic diagram is represented below

species1
species2
predator |

o

[N} w ~
) L

population

predator population

f’w\nvn eentbbe ettt an e e b LA
LF umwq\mlu\lwmm\u'\fl.\MW,MW‘\‘I.MM‘

AAOAARAAMSARRARSAAMARCARR BB AAA MJM

o

50 100 150 200 250 300 350 400 species2 population 0 o species1 population
time
(@) (b)

Figure-6. The fluctuating population growth with low intensity on the irregular surroundings.

Case: (c) the parameter values are considered as k3 =5, £(1)=5.&,(1) =3, &,(1) =0.956, the relevant
r=162, 1,=1725, k=47, @=1.05, B =20, s= 40.64,

[=12, 6=10.755, B,=215, B,=3.99, k;=5, k,=5

stochastic diagram is represented below:

18
species1
16 species2 | 1
predator 20
e
515 N

12+ S
= £ \
S0 A A A ' g0 el )
AARAAARAAAAAAAA, 2ol i
2 ol f \ ’ L ‘ \ | f 1 1 & \
g °I| \ \ ] TR BV TN 35

Ld J | v \ J | o \
. u ‘\ |/ L‘H u ‘J ., IRVl \, \u g \I
I | ‘ |V (R . @
4 15 \
15
2NN NN '\ MmN A JLwLy 10
¥ “‘ \J J f\J (VARAVAVAVAVAY . 10
0 ' ' ' t 5
g = .. tismoe 60, 70 &y 0 j9 species2 population 0 o species1 population
(a) (b)

Figure-7. The fluctuating population growth with low intensity on the irregular surroundings.

Case: (d) the parameter values are considered as k3 =2, &(0)=3,&,(1) =5, &(1) =02, the relevant
r=162, =162, k=47, @=1.05, [,= 20, s= 40.64,

[=12, §=10.755,B,= 215, B,=3.99, k=6, k,=5

stochastic diagram is represented below:
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m ylw
ﬁd WNNMWMMWMW‘M%W “Wmvw‘“’m i A

0 10 20 30 40 50 60 70 80 920 100
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species2 population 0 o
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Figure-8. The fluctuating population growth with low intensity on the irregular surroundings.

Case: (e) Here, manystochastic graphs are
given with the fluctuating population growth under

the low intensity condition for irregular
surroundings.

species1
species2
predator

population
(=]

N ¥ AV AVAVAVAVAVAVAVAVAVAVAVAVAVAVAY

AN NN AN NN N N NN

" L

" ! ] ) _ . 2
0 50 100 150 200 250 300 350 400 species2 population 0 o species1 population
time
(a) (b)

5~ /
//

34
24
14
)
0 .l
15

predator population

Figure-9. The fluctuating population growth with low intensity on the irregular surroundings.
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0 20 30 40 50 60 70 8 90 100 spedssBnoniiafion g o _ .
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10 4

6 4

predator population
(=]
.

A
)

Figure-10. The fluctuating population growth with low intensity on the irregular surroundings.
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ation

pop

bme

(a)

predator population

species2 population 0 o

(b)
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Figure-11. The fluctuating population growth with low intensity on the irregular surroundings.

9. CONCLUSIONS

In this study represented a food chain framework
for two preys - hunter population in the ecosystem has
been considered. The finite quality of the results and the
representing the existence of the points at the equilibrium
state are established in this proposed framework. The
system performances are analysed in global and local
region even at the equilibrium region which is represented
in expression (2.1). Hopf bifurcation around the positive
equilibrium region has been established. By using the
gaussian white noise approach, we developed the proposed
stochastic type of framework for the considering the
impact of the fluctuating surroundings.

We established the behavior of the system with
effect of stochastic perturbations.

By this stochastic process we observed that
because of involvement of the stochastic perturbations can
form the substantial changes in the intensity of our system
framework by the changes in the diplomatic parameters
may create a high fluctuation intensity in the surroundings
which leads to chaotic behaviour.
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