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ABSTRACT 

Particle properties can have a great influence on the design, optimization, and control of plants in the processing 
of heavy minerals such as gold and silver. In this paper, the identification of the position of a particle in the bed of a Jig-
type gravity concentrator was proposed by means of data obtained from a phenomenological model of the particle 
trajectory. The data obtained from the phenomenological model were used for the construction and validation of an auto-
regressive model with exogenous input (ARX) and an artificial neural network (ANN) model. The results obtained were 
contrasted and the construction process of both models was documented. The identified models showed a fit with errors 
lower than 2 % with respect to the data provided by the phenomenological model, which makes them suitable for control 
and optimization purposes of the equipment in mineral recovery. 
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INTRODUCTION 

The use of models in the mineral processing 
industry is becoming more frequent and requires more 
planning for design and optimization tasks, with which it 
is possible to understand, explain and test without the need 
to intervene in the actual processes [1]-[7]. 

Unfortunately, the lack of knowledge about all 
the phenomena occurring in this type of process is a 
frequent condition in practice in the mineral processing 
industry. Such a situation occurs because of the low 
availability of phenomenological studies and because of 
some modeling difficulties inherited from past 
experiences; insufficient computational power induced the 
false appreciation that phenomenological-based models 
are complex. The solution of systems of differential 
equations was the major difficulty faced. This situation 
was directly reflected in the low availability of accurate 
models, which caused, for example, design problems in 
mining-metallurgical processes that had to vary their 
operating point. Today, it is possible to overcome this 
difficulty and use models characterized by the need for a 
large amount of data associated with the operating 
conditions to predict the behavior of these processes, 
exploiting the capabilities of the empirical model as the 
process itself is worked with [1], [6], [7]. 

Mineral processing is considered fundamental to 
the mining industry. Classically, the term mineral 
processing or mineralurgy is used to describe the 
transformation operations involved in the upgrading and 
recovery of minerals [8]-[14]. These operations are carried 
out sequentially to obtain a raw material useful in 
subsequent processes or a final product desirable in the 
market. The operations that are grouped under the name 
mineral processing can be divided into four groups: size 
reduction, classification, concentration, and refining. Each 
stands out within a mineralurgical process, according to 
the mineralogical characteristics of the feed and the 
specifications of the final product. Concentration uses the 

difference in physical or volumetric properties of mineral 
substances for their separation, generating the segregation 
of two or more species [15], [16]. In a gravimetric 
concentration equipment, a stream called feed is divided 
into two: a stream called concentrate, which has a high 
content of the species of interest and another stream called 
tails, in which this content is substantially decreased [11], 
[12], [17]-[24]. 

Jig is a gravity concentrator device in which 
mineral particles move relatively in a pulsating water flow 
resulting in a stratification of particles of different 
densities and sizes. In Figure-1, a schematic view of a Jig 
is given. According to Figure-1, we intend to model the 
dynamics of the separation of high-density minerals from 
low density minerals in a Jig type gravimetric 
concentration equipment according to a stratification of 
the particles present in a feed stream (Fa) whose solids 
load is less than 10% in volume. The stratification is 
produced by the transmission of mechanical energy which 
is generated by the movement of a piston that exerts 
pressure on the water (Fh2o) in the internal chamber of the 
Jig in a harmonic way, generating a movement in pulses 
(ascent and descent) of the particulate system that enters 
the separation chamber of the Jig, so that a stratification of 
the bed formed by the particles is obtained, which is later 
used to produce the separation of the minerals. The 
separation chamber of the Jig is open to the atmosphere, 
inside it there is a screen where a bed of particles is 
deposited that have an intermediate density with respect to 
the minerals to be separated. The particle bed has an initial 
height H0 (packed bed) that rises to a height Hmax, (fully 
fluidized bed) according to the upward and downward 
movement of Fh2o. The Fh2o current contains water at a 
flow rate greater than or equal to the minimum fluidization 
velocity of the particles to be separated. The anharmonic 
motion of Fh2o generates a hydrodynamic interaction 
between the two phases present in the process (solid-solid, 
solid-liquid interaction). This interaction alters the 
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movement of the mineral particles present in the 
separation chamber of the Jig. The upward movement of 
water and mineral particles is called the fluidization stage. 
In this stage the mineral particles rise from a height H0 to a 
height Hmax, initiating the stratification of the particles. At 
the beginning of stratification, the mineral particles with 
higher density and larger size tend to be deposited in the 
lower part of the bed, while the particles with lower 
density and smaller size are located in the upper part of the 
bed. When the descent stage begins, the denser particles 
have a higher sedimentation velocity than the less dense 
particles; this allows that before the compaction of the 
bed, the heavier mineral particles are deposited quickly 
below the screen, obtaining after several cycles of 
pulsation, a complete separation of the mineral particles in 
two streams: rejection (Fr) and concentrate (Fc). The 
process is carried out under ambient temperature 
conditions and no chemical reaction is present. 
 

 
 

Figure-1. Jig schematic view [20]. 
 

According to the above description, particle 
concentration inside de Jig happens in a complicated 
multiphase flow system. The separation of particulate 
species with respect to their specific gravity, through bed 
height (APB) in gravimetric concentration equipment (see 
Figure-1), is the result of stratification of suspended 
particles under the influence of hydrodynamic forces [25]-
[30]. Several operational parameters such as water 
pulsation amplitude and frequency, bed thickness and feed 
flow characteristics affect the stratification process [31], 
[32]. The main objective of this paper is to obtain two 
types of empirical models, autoregressive with exogenous 
input (ARX) and artificial neural network (ANN), from a 
set of data obtained from a phenomenological model of the 
position of a particle inside gravimetric concentration 
equipment. This model has as input variable, the effect of 
the solid-fluid interaction force and as perturbation, the 
solid-solid interaction force. By incorporating the solid-
solid and solid-fluid interaction forces into the trajectory 

model, the particle stratification, and its effect on the 
recovery in the concentration process can be quantified. 
The paper gives a detailed description of the formulation 
of the empirical models, based on the data collected for 
identification and validation. 

The rest of the paper is organized as follows: 
section two presents the methodology considered for the 
development of this study through the phenomenological, 
ARX and ANN models; section three presents the 
description of model’s analysis through discussion of the 
results obtained; finally, section four presents the 
conclusions and future work derived from this research. 
 
MATERIAL AND METHODS 

The empirical models that will be simulated for 
the Jig are intended to answer the following question: how 
is the movement of the particles inside the Jig, with 
changes in the external variables (frequency and amplitude 
of the water flow Fh2o and mineral solids feed flow Fa)? 
(These external variables directly affect the trajectory 
related to the solid-liquid interaction force FS-L). It is 
intended to follow the changes in the internal states of the 
process. As it is a system with strong hydrodynamic 
interactions, due to the FS-L interaction force (particle-
fluid), the position and linear velocity of the particles 
would be the internal states or variables of interest. 
 
Phenomenological Model of the Gravimetric 
Concentrator 

The phenomenological model of the gravimetric 
concentrator considered is based on a mathematical 
description of solid-solid and solid-fluid interactions. In 
this model, the force balance on a particle takes into 
account the effect of continuous variation of the fluid on 
the particle. Thus, the force balance on a particle in a fluid 
medium can be expressed by Eq. (1), (2) and (3) [10], 
[33]-[37]. 
 𝑑2𝑥𝑑𝑡2 + 𝛼𝑚 𝑑𝑥𝑑𝑡 + 𝛽𝑚 𝑥 = 1𝑚 𝐹𝑆−𝐿 + 1𝑚 𝐹𝑆−𝑆     (1) 

 𝛼 = 𝜇ℎ𝜀          (2) 

 𝛽𝑚 = �̅�2         (3) 

 
The total force on each particle is composed of 

the particle-liquid interaction force FS-L and the particle-
particle interaction force FS-S. Eq. (1) represents a non-
homogeneous differential equation, where β is the liquid 
vibration coefficient,�̅�2 is the undamped natural 
frequency of vibration, α is the damping coefficient, µ  is 
the liquid viscosity, ε is the bed porosity, h is the bed 
height at rest, and m is the particle mass. 

Eq. (1) describes a second order system, where it 
can be identified that the particle position x(t) is the output 
of the system, FS-L is the input associated to the velocity 
with which the water drags the particles and FS-S is a 
perturbation that is modifying the trajectory of the 
particles by the collisions between them. 
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Data Generation for Identification and Validation 
In order to obtain sufficient data of the particle 

position x(t) subject to changes in the input FS-L and 
perturbation FS-S for identification and validation of the 
empirical models, the particle position is calculated by 
integrating Eq. (1) by means of the centered difference 
method where the increments in the position are calculated 
at each sampling time (tm =0.02s). Details of the sampling 
time calculation procedures and the discretization of Eq. 
(1) can be found in [38]–[43]. Thus, the discretized Eq. (1) 
takes the form: 
 𝑥𝑘+1 = 𝑎 ∙ 𝑥𝑘 − 𝑏 ∙ 𝑥𝑘−1 + 𝑐 ∙ 𝐹𝑆−𝐿 𝑘 + 𝑑 ∙ 𝐹𝑆−𝑆 𝑘    (4) 
 𝑎 = 𝑡𝑚2 ∙𝛽+𝑐∙𝑡𝑚+2∙𝑚𝑚+𝑡𝑚∙𝛼        (5) 

 𝑏 = 𝑚𝑚+𝑡𝑚∙𝛼        (6) 

 𝑐 = 𝑑 = 𝑡𝑚2𝑚+𝑡𝑚∙𝛼        (7) 

 
The process data are recorded for a total 

operating time of 10 min.; these data are obtained by 
perturbing the process by means of random signals. The 
sequence of the data is shown in Figure-2. The sequence 
contains 30,000 samples. The input FS-L is a random signal 
that varies from a minimum value (FS-L min=0 mN) to a 
maximum value (FS-L max=1.5 mN), and the duration time 
of the signal is determined to ensure that the excited 
output does not reach steady states. The duration times 
were lower than the time where the process reaches its 
steady state (about 10 s) (maximum duration 8 s) 
(minimum duration 2 s). The perturbation FS-S varies 
randomly in an interval of ±2 mN with maximum and 
minimum duration times of 13 and 1 s respectively. 
 

 
 

Figure-2. Data used for identification and validation of 
empirical models. 

Once the data is obtained, the time-delay matrix 
is found (5 time-delays for each variable), this is done in 
order to get sufficient data for the identification and to 

ensure which regressors best fit the models. In addition, at 
this stage of the development it is more convenient to 
normalize the variables because additional errors 
corresponding to the physical units of the variables are 
eliminated. Figure-3 shows the normalized and time-
delayed variables. 
 

 
 

Figure-3. Normalized and time-delayed variables. 
 

With the variables normalized and time-delayed, 
the data are randomly distributed for identification 
(training) and validation. According to theory [44]-[51], an 
adequate division of the data is to take 70% for 
identification and 30% for validation. 
 
RESULT ANS DISCUSSIÓNS 

Particle trajectory patterns that can help to 
understand the stratification process inside the Jig 
separation chamber are reviewed. The model was 
simulated in two software applications, 
MATLAB®(R2021b) and ANSYS Fluent R2(2020) using 
a user define function (UDF) to couple the water velocity 
field and the Runge Kutta method to calculate the particle 
trajectories, these programs were installed in a computer 
with a 4-core processor and 8GB of RAM. We used a 
sampling time ts=0.01 s. 
 
ARX Model Identification 

Using the sequence of identification data (see 
Figure-3) the X matrix is formed, which contains the 
regressors and a first column made up of ones, which are 
used to find the independent term of the ARX model. The 
matrix is based on adjusting the data by means of least 
squares algorithm. The following first-order ARX model 
(see Eq. (8)) was found by performing different simulation 
tests with the different regressors. 
 𝑥(𝑡) = −5.0678 × 10−4 + 0.9997𝑥(𝑡 − 1) + ⋯ … 5.9027 × 10−4𝐹𝑆−𝐿(𝑡 − 4) + ⋯      (8) … 6.8411 × 10−4𝐹𝑆−𝑆(𝑡 − 5) 
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The order and time-delays for the regressors of 
the ARX model in Eq. (8) were determined by means of a 
step test to the system, showing a reasonable fit with 
respect to the other simulations with the identification 
data. 
 
ANN Model Identification 

Since the objective is to compare the performance 
of both types of models, the same regressors that were 
used in the identification of the ARX model should be 
used for the identification of the ANN model. A multilayer 
perceptron ANN with three inputs (corresponding to the 
three regressors used) was created using the Matlab® 
artificial neural network toolbox. The program identifies 
the three input regressors and the output. From the 
simulations performed, errors of less than 2% were 
obtained with 5 neurons in the hidden layer and starting 
the training process for 10 epochs. The results of the 
network without training and the training performance are 
shown in Figures 4 and 5 respectively. 
 

 
 

Figure-4. Network performance without learning. 
 

 
 

Figure-5. Learning performance. 

Figure-4 shows the unsorted distribution of the 
data for the untrained neural network, once the training 
algorithm is started, it converges in only 4 epochs (see 
Figure-5), making the network follow the input patterns 
that have been provided. 
 
Discussion of the Identification and Validation Results 

The performance of the two identified models 
was compared in two stages. In the first stage Figures 6 
and 7, the identification data are shown with the absolute 
errors (maximum, average and minimum) that are reported 
in Table-1. 
 

 
 

Figure-6. ARX model simulation based on the 
identification data. 

 

 
 

Figure-7. ANN model simulation based on the 
identification data. 

 
Table-1. Absolute errors in identification. 

 

Model 
Max. Error 

(%) 
Mean Error 

(%) 
Min. Error 

(%) 
ARX 1.06 0.23 1.64x10-5 

ANN 1.27 0.34 6.03x10-6 
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In the second stage the models are compared by 
means of the validation data (Figures 8 and 9) with their 
respective absolute errors presented in Table-2. 
 

 
 

Figure-8. ARX model simulation based on the 
validation data. 

 

 
 

Figure-9. ANN model simulation based on the 
validation data. 

 
Table-2. Absolute errors in validation. 

 

Model 
Max. Error 

(%) 
Mean Error 

(%) 
Min. Error 

(%) 
ARX 1.03 0.22 3.37x10-5 

ANN 1.22 0.34 1.47x10-6 

 
It can be seen from Figures 6 to 9 and Tables 1 

and 2 that the performance of both models is good, both in 
identification and validation, yielding errors of less than 
2%, which is adequate for engineering purposes, 
especially to implement a control strategy for the Jig 
concentration process. 

Comparing the errors of both models, it can be 
said that the performance of the ARX model is somewhat 

better than the performance of the ANN model. This may 
be due to the fact that regressors from the ARX model are 
used to train the ANN model for comparison purposes. 
The error in the ANN model could be decreased by two 
orders of magnitude if more regressors were chosen from 
the time-delay matrix ordelve into the number of neurons 
and hidden layers in the network that give a better fit with 
respect to the data provided. 

The prediction performance of the two identified 
models is compared by simulations with the validation 
data (see Figures 8 and 9). It is evident that the ARX 
model performs better than the ANN model. Note that, 
since the validation data were recorded from a 
mathematical model and not from experimental data, it is 
necessary to be able to validate both models taking into 
account the environmental conditions as there could be a 
significant, but constant, offset between the simulation 
result and the recorded data. This type of drawback is 
easily compensated with an integral action in a controller. 

The average prediction errors that were estimated 
using the validation data sequence for the two models are 
shown in Table-2. We see that the ARX model performs 
somewhat better than the ANN model. The prediction 
errors reveal that a significant amount of dynamics 
remains unmodeled. This may be due to the slow time 
constant that we have neglected and other effects that have 
not been adequately modeled in the phenomenological 
mathematical structure. 
 
CONCLUSIONS 

In this work, two empirical models were 
developed, and their performance was evaluated by means 
of absolute errors. It can be said that the application of 
empirical models to the study of dynamic systems is very 
limited, since they are highly dependent on the operating 
conditions, any change in the process variables makes the 
model deviate significantly, causing a bad performance on 
the real processes. 

It is concluded from the simulations performed 
that the ANN model is very sensitive to the data provided. 
Further simulations on the ANN model, changing the 
number of regressors and the number of neurons in the 
hidden layer, show very significant changes in the errors 
of the identification and validation data. 

This paper has shown that the modeling 
framework based on local models and interpolation may 
give models that are as useful, accurate, and reliable as 
with phenomenological modeling, even if the system is 
well understood. Such models may serve as an alternative 
that may be attractive especially for systems that are not 
well understood, as in the case of Jig. Moreover, we 
believe empirical models developed in this framework 
have significant advantages over many other non-linear 
empirical modeling frameworks. The reason is that it 
admits interpretability of the model through the intuitive 
and easily understandable operating regime concept, and 
the fact that the local ARX models can be interpreted 
independently. 
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