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ABSTRACT 

This paper presents a simplified nonlinear dynamic model designed specifically for a Dual-Cross-Module Cable-

Driven Continuum Robot (DCM-CDCR), which is inspired by a fishbone-like structure. It explores and compares three 

variants of PID control-the classical Proportional-Integral-Derivative (PID), Optimized PID, and Fractional-Order PID-to 

mitigate motion oscillations. Unlike CDCRs with cylindrical backbones, the DCM-CDCR offers advantages such as 

lightweight construction, structural stability, and reduced motor requirements for spatial movement. However, its intricate 

and highly nonlinear kinematics present challenges in both modeling and control. To tackle these challenges, a forward 

kinematic model utilizing the Constant Curvature Kinematic Approach (CCKA) is employed to simplify motion 

representation. The dynamic model, formulated using the Euler-Lagrange formalism, incorporates factors such as gravity, 

elasticity, and internal moments. The control strategies encompass PID controllers-classical PID, Optimized PID (OPID), 

and Fractional-Order PID (FOPID). Validation of the proposed models and controllers includes simulation examples that 

assess static and dynamic responses, along with comparative evaluations of controller performance in target tracking tasks. 

Furthermore, simulation results are cross-verified with real measurements to validate the static model's accuracy. 
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1. INTRODUCTION 

Continuum robots have recently attracted 

considerable attention due to their versatility across 

various applications [1-3]. Cable-Driven Continuum 

Robots (CDCRs) represent a notable class in this field, 

offering configurations with either a single bending 

section [4, 5] or multiple bending sections connected in 

series [6, 7]. Each bending section typically comprises a 

central backbone linking a fixed base to a mobile platform, 

controlled by cables, where the backbone's role is pivotal 

in facilitating movement. Consequently, CDCRs have 

been developed using diverse backbone materials such as 

elastic/flexible rods [7], springs [5], and plates [8, 9]. The 

Dual-Cross-Module Cable-Driven Continuum Robot 

(DCM-CDCR), cited in [8], serves as the focal point of 

this manuscript. 

However, modeling and controlling CDCRs pose 

significant challenges. The Constant Curvature Kinematic 

Approach (CCKA) [10] is a prominent kinematic model, 

with various methods and theories employed, including 

arc geometry [11], Denavit-Hartenberg method [10], and 

Cosserat theory [12]. Additionally, researchers have 

explored numerical and optimization techniques to delve 

deeper into kinematic modeling [13-15], employing fitting 

curves like the serpenoid curve [16] and clothoid curves 

[17] to solve kinematics problems. 

Regarding dynamic modeling, numerous methods 

have been employed to capture the dynamic behavior of 

CDCRs, including Kane’s method [7, 18], Euler-Lagrange 

formalism [6, 19, 20], and Cosserat rod theory [21, 22]. 

In terms of controlling CDCRs, the complexity of 

kinematic and dynamic models presents a challenging yet 

actively pursued research topic. Researchers have 

implemented a wide array of control strategies, ranging 

from classical to advanced ones, including integral and 

fractional PID control [7, 20, 23], sliding mode control 

[24], and nonlinear model predictive control [25-26], 

among others [27-29]. 

Focusing on the DCM-CDCR [8], this paper 

contributes by introducing a methodology for dynamic 

modeling and comparing integral and fractional PID 

controllers for effective motion control.  

The manuscript is structured as follows: Section 

two offers an overview of the structure and kinematic 

models of the DCM-CDCR. Section three details the 

dynamic modeling process, while Section four introduces 

integral and fractional PID controllers. Section five 

explores static and dynamic simulation responses, 

including the stabilization of end-tip-pose controllers, and 

validates the static model. Finally, the manuscript 

concludes with a summary in Section six. 

 

2. KINEMATIC MODELING 

This section offers a concise overview of the 

structure and kinematic models of the considered Dual-

Cross-Module Cable-Driven Continuum Robot (DCM-

CDCR). 

 

2.1 DCM-CDCR Structure 

Figure-1 illustrates the structure of the continuum 

robot, which comprises two identical modules connected 
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in series [8]. Each module consists of three main 

components: cross-shaped sheets, a sheet-like backbone, 

and two inextensible cables. More specifically, a spring 

steel backbone (ASTM A36) measuring 90 × 26 × 0.6 

mm forms the foundation of the module. The backbone is 

accompanied by fifteen cross-shaped sheets made of Z-

HIPS polystyrene, each with a diameter of 48 mm and 

thickness of 3.4 mm. These sheets are evenly distributed 

and firmly attached to the backbone. Additionally, each 

cross-shaped sheet includes two holes for the 

symmetrically distributed driving cables. These cables 

play a crucial role in controlling the robot's behavior by 

applying a moment to the tips of the backbones. 

Importantly, the robot's spatial motion is solely governed 

by deflection of both backbones simultaneously, enabling 

a two-Degree-of-Freedom (2-DoF) bending motion. 

 

 
 

Figure-1. Representation of the DCM-CDCR structure via (a) Matlab software for numerical 

simulation, (b) Solidworks software for prototyping, and (c) Physical prototype. 

 

2.2 Forward Kinematic Model 

The forward kinematic model of the considered 

DCM-DCR was previously presented in [8]. This model 

incorporates the Constant Curvature Kinematic 

Approach (CCKA) and is established on specific 

assumptions. Based on this model, the vector position 𝐫𝒌,𝒔 of any point located on the central axis of the 

robot’s backbones, denoted 𝑠, and the rotation matrix 𝐑𝑘,𝑠 of any reference frame ℛ𝑘,𝑠(𝑜𝑘,𝑠, 𝑥𝑘,𝑠, 𝑦𝑘,𝑠, 𝑧𝑘,𝑠) 
relative to the reference frame ℛ0(𝑜0, 𝑥0, 𝑦0, 𝑧0) can be 

expressed as in Eqs. (1) and (2): 

 𝐫𝑘,𝑠 = {𝐫𝑘,𝑙𝑐𝑙  ,                              𝑘 = 1𝐫𝑘−1 + 𝐑𝑘−1𝐫𝑘,𝑙𝑐𝑙    ,     𝑘 = 2                                (1) 

 

𝐑𝑘,𝑠 =
{   
   𝐑𝑘,𝑙𝑐𝑙 = [ c𝜃𝑘,𝑠 0 s𝜃𝑘,𝑠0 1 0−s𝜃𝑘,𝑠 0 c𝜃𝑘,𝑠] ,                       𝑘 = 1𝐑𝑘−1𝐑𝑘,𝑙𝑐𝑙 = 𝐑𝑘−1 [1 0 00 c𝜃𝑘,𝑠 s𝜃𝑘,𝑠0 −s𝜃𝑘,𝑠 c𝜃𝑘,𝑠] , 𝑘 = 2

      (2) 

 

such that: 

 𝐫1,𝑙𝑐𝑙 = {𝑟1(1 − c𝜃1,𝑠)  0   𝑟1s𝜃1,𝑠}𝑇                                 (3) 

 𝐫2,𝑙𝑐𝑙 = {0  𝑟2(1 − c𝜃2,𝑠)   𝑟2s𝜃2,𝑠}𝑇                                 (4) 

 

In these Equations, 𝐑𝑘 denotes the rotation 

matrix that defines the frame ℛ𝑘(𝑜𝑘 , 𝑥𝑘 , 𝑦𝑘 , 𝑧𝑘) relative 

to ℛ𝑘−1. The variable 𝑟𝑘, with 𝑘 = 1,2, represents the 

radius of curvature. This radius can be determined 

using the formula 𝑟1 = ℓ 𝜃𝑘⁄ , where ℓ and 𝜃𝑘 represent 

respectively the invariable length and the angle 

corresponding to the bending of module 𝑘. 

Additionally, 𝑠refers to the curvilinear abscissa of a 

module’s arc and 𝜃𝑘,𝑠 is the bending angle measured 

up to 𝑠, within the range of [0, ℓ], as depicted in 

Figure-2. The calculation of 𝜃𝑘,𝑠 can be done using the 

formula 𝜃𝑘,𝑠 = 𝑠𝜃𝑘 ℓ⁄ . Lastly, the abbreviations c(. ) and s(. ) represent cos(. ) and sin(. ), respectively. 

 

 
 

Figure-2. Simplified schematic of the Dual-Cross-

Module Cable-Driven Continuum Robot (DCM-

CDCR) with defined parameters. 

 

The linear velocity 𝐫̇𝑘,𝑠 at any given point 

located on the central axis of the robot’s backbones can 

be determined by directly differentiating Eq. (1) 

concerning time, which is demonstrated as in Eq. (5). 
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 ̇

On the other hand, the angular velocity 𝜔𝑘,𝑠 can be 

calculated iteratively according to Eq. (6). 

 𝐫̇𝑘,𝑠 = {𝐫̇𝑘,𝑙𝑐𝑙 ,                                                 𝑘 = 1𝐫̇𝑘−1 + 𝐑̇𝑘−1𝐫𝑘,𝑙𝑐𝑙 + 𝐑𝑘−1𝐫̇𝑘,𝑙𝑐𝑙 ,   𝑘 = 2               (5) 

 𝜔𝑘,𝑠 = {𝜔𝑘,𝑙𝑐𝑙 ,                            𝑘 = 1𝜔𝑘−1 + 𝐑𝑘−1𝜔𝑘,𝑙𝑐𝑙 ,   𝑘 = 2                                (6) 

 

such that: 

 𝜔𝑘,𝑙𝑐𝑙 = 𝒕𝑘,𝑙𝑐𝑙 × 𝒕̇𝑘,𝑙𝑐𝑙                                                        (7)                                                                            

 

where 𝒕𝑘,𝑙𝑐𝑙  represents the third column of the 

rotation matrix 𝐑𝑘,𝑙𝑐𝑙.  
However, to develop a dynamic model for the 

Dual-Cross-Module Cable-Driven Continuum Robot 

(DCM-CDCR) being studied that is both 

computationally efficient and accurately captures its 

main characteristics and that can be used for model-

based control, it is crucial to assume mass distribution 

within the movable part of each module, which includes 

cross-shaped sheets and a sheet-like backbone. Based 

on this assumption, the calculation of the position of the 

center of mass for the movable part of each module, 

concerning the reference frame ℛ0 shown in Figure-2, 

can be determined as in Eq. (8) [30]: 

 

𝐫𝑘,𝐺 = {∫ 𝐫𝑘,𝑙𝑐𝑙dsℓ0
ℓ

,                           𝑘 = 1 𝐫𝑘−1 + 𝐑𝑘−1 ∫ 𝐫𝑘,𝑙𝑐𝑙dsℓ0
ℓ

,   𝑘 = 2                            (8) 

 

Besides, by directly differentiating the position 

vector 𝐫𝑘,𝐺, it is simple to determine the velocity of the 

center of mass of each module’s movable part. It is 

noteworthy that Appendix A provides the primary 

elaborate differential kinematic models required for 

calculating the dynamic model of the DCM-CDCR. 

 

3. DYNAMIC MODELING 

The dynamic model for the DCM-CDCR can 

be obtained using the Euler-Lagrange formalism along 

each generalized coordinate 𝜃𝑘, with 𝑘 = 1, 2, i.e. the 

bending angle of each module. Formally, the Euler-

Lagrange formalism is expressed as in Eq. (9): 

 𝑑𝑑𝑡 𝜕ℒ𝜕𝜃̇𝑘 − 𝜕ℒ𝜕𝜃𝑘 = 𝑄𝑘                                                             (9) 

 

where ℒ = 𝑇 − 𝑈 is the Lagrangian that denotes the 

difference between the kinetic energy 𝑇(𝜃𝑘, 𝜃̇𝑘) and 

the potential energy 𝑈(𝜃𝑘), and 𝑄𝑘 is the generalized 

force. 

 

 

3.1 Kinetic Energy 

By utilizing the findings from the previous 

section, which are specifically elaborated in Appendix 

A, the total kinetic energy for the DCM-CDCR can be 

expressed as in Eq. (10): 

 𝑇 = 12∑ 𝐫̇𝑘,𝐺𝑇 m𝑘𝐫̇𝑘,𝐺 +2𝑘=1 12∑ 𝜔𝑘,𝑚𝑖𝑑𝑇 𝑰𝑘𝜔𝑘,𝑚𝑖𝑑2𝑘=1           (10) 

 

where the terms on the right side of Eq. (10) can be 

interpreted as follows: the first term represents the 

kinetic energies associated with translational motion, 

while the second term represents the kinetic energies 

associated with rotation. m𝑘 is the module’s movable 

part mass. 𝜔𝑘,𝑚𝑖𝑑  is the velocity calculated at the 

middle point of the module 𝑘, i.e. at 𝑠 = ℓ 2⁄  using 

Eq. (6). The matrix 𝑰𝑘 symbolizes the moment of 

inertia, which depends on the local moments of 

inertia 𝐼𝑥𝑥, 𝐼𝑦𝑦 and 𝐼𝑧𝑧, as well as the orientation of 

the movable part of each robot’s module. This 

mathematical relationship can be expressed as in Eq. 

(11): 

 𝑰𝑘 = 𝐑𝑘,𝑚𝑖𝑑 [𝐼𝑥𝑥 0 00 𝐼𝑦𝑦 00 0 𝐼𝑧𝑧] 𝐑𝑘,𝑚𝑖𝑑𝑇                               (11) 

 

where 𝐑𝑘,𝑚𝑖𝑑  is the rotation matrix calculated at the 

middle point of the module 𝑘, i.e. at 𝑠 = ℓ 2⁄  using 

Eq. (2). 𝐼𝑥𝑥, 𝐼𝑦𝑦 and 𝐼𝑧𝑧 are the local moments of 

inertia determined using a static model from CAD. 

 

3.2 Potential Energy 

The potential energy of the dual-cross-module 

cable-driven continuum robot consists of two 

components. The first component is the gravitational 

potential energy associated with the masses located at 𝐫𝑘,𝐺. The second component is the elastic potential 

energy of the sheet-like backbones, which depends on 

the bending angles 𝜃𝑘 of the modules. Therefore, the 

total potential energy can be expressed as in Eq. (12): 

 𝑈 = ∑ m𝑘𝐠𝑇𝐫𝑘,𝐺2𝑘=1 + ∑ 𝐸𝐼𝑏2ℓ 𝜃𝑘22𝑘=1                                 (12) 

 

where 𝐠 = [0, 0, −g]𝑇 is the gravity vector, 𝐸 is the 

modulus of elasticity and 𝐼𝑏  is the second moment of 

the cross-sectional area of each elastic sheet-like 

backbone. 

 

3.3 Generalized Forces 

In fact, a generalized force 𝑄𝑘 represents the 

combined effect of all forces acting on the selected 

generalized coordinate 𝜃𝑘. These forces encompass 

actuation forces, friction forces, and any external loads. 

However, the examined robot stated in [8] has a 

significant limitation in that it cannot support any 
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additional weight. Therefore, this study focused solely 

on the robot’s weight and did not consider any external 

loads. To simplify the analysis, the frictional forces 

were ignored, and the internal moment at each module 

was considered as the structural frictional moment. 

Moreover, the actuation system is approximately 

modeled by the tip moment at each robot’s module. As 

a result, the equation representing the total force 

affecting each module of the robot can be expressed as 

in Eq. (13): 

 𝑈 = 𝑑2 (𝐹𝑘,1 − 𝐹𝑘,2) − 𝐶𝑓𝑟 ∑ 𝜃̇𝑖2𝑘𝑖=1                                  (13) 

 

where the terms on the right side of Eq. (13) can be 

interpreted as follows: the first term corresponds to a 

simplified model of the force applied to bend the 

robot’s module 𝑘. To provide a clearer explanation of 

this mathematical statement, if 𝐹𝑘,1 is greater in 

magnitude than 𝐹𝑘,2, then it suggests that the unit’s 

rotation or bending movement is in a clockwise 

direction. Conversely, if 𝐹𝑘,2 is greater in magnitude 

than 𝐹𝑘,1, then the movement occurs in the opposite 

direction. 𝑑 represents the distance between the 

driving cables. To illustrate the variation in cable 

tensions, Figure-3 exhibits a scheme illustrating how 

the tensions in the four cables change for the two 

modules, ensuring the intended motion of the robot. 

The second term in the equation signifies the internal 

moments experienced by each module [30, 31], with 𝐶𝑓𝑟 representing the friction coefficient. In this study, 

for the sake of simplicity, the friction effect is 

neglected. 

 

 
 

Figure-3. An illustrative scheme, taken from the top view 

of the studied robot, providing a visual representation 

of how the tension in the cables changes in order 

to carry out any motion of the robot. 

 

3.4 Resulting Dynamic Model 

By substituting the derivatives of the 

Lagrangian ℒ and generalized forces 𝑄𝑘 into Eq. (9) for 

the selected generalized coordinate 𝜃𝑘, and 

subsequently developing the expressions, two coupled 

second-order differential equations are obtained 

representing the motion equations for the dual-cross-

module cable-driven continuum robot, presented in the 

general form as in Eq. (14): 

 𝐌(𝐪)𝐪̈ + 𝐂(𝐪, 𝐪̇)𝐪̇ + 𝐊(𝐪) = 𝐐                                   (14) 

 

where the inertia matrix 𝐌(𝐪) ∈ ℝ(𝟐×𝟐), centripetal-

Coriolis terms 𝐂(𝐪, 𝐪̇) ∈ ℝ(𝟐×𝟑), gravitational vector 𝐊(𝐪) ∈ ℝ𝟐 are provided in Appendix B. The vector 𝐪 ∈ ℝ𝟐 represents the generalized coordinates, while 𝐐 ∈ ℝ𝟐 is the input force vector.  

 

To simulate and analyze how the robot 

responds to different inputs and outputs, it is necessary 

to express the dynamics equations obtained in Eq. (14) 

in the following manner as in Eq. (15): 

 𝐒̇(𝑡) = 𝑓(𝐒, 𝑡) + ℎ(𝐒, 𝑡)𝐮(𝑡)                                         (15) 

 

where 𝑓(. ) and ℎ(. ) are nonlinear functions, urepresents the command vector, 𝑡 is the time 

parameter, and 𝐒 represents the state variable vector, 

which is given as in Eq. (16): 

 

𝐒(𝑡) = {  
  𝑆1 = 𝜃1(𝑡)𝑆2 = 𝜃̇1(𝑡)𝑆3 = 𝜃2(𝑡)𝑆4 = 𝜃2̇(𝑡)                                                       (16) 

 

4. CONTROL SYSTEM DESIGN 

It is evident from Eq. (14) that the dynamic 

model of the Dual-Cross-Module Cable-Driven 

Continuum Robot (DCM-CDCR) constitutes a complex 

and nonlinear system. In this section, the aim is to 

manage this robotic system by implementing three 

control strategies, namely the classical Proportional-

Integral-Derivative (PID) controller, the Optimized PID 

controller (OPID), and the Fractional-Order 

Proportional-Integral-Derivative (FOPID) controller. 

The FOPID controller, which was first 

introduced by Podlubny in 1999 [32], represents an 

extension of the classical PID controller by 

incorporating fractional calculus principles. This novel 

development has allowed for enhanced control 

capabilities and improved performance in various 

applications. By integrating fractional calculus 

techniques, the FOPID controller introduces additional 

degrees of freedom and flexibility, enabling it to 

effectively handle complex control tasks. 

The FOPID controller symbolized as PI𝜆Dµ, 

includes the PID and OPID controllers as a specific 

instance where 𝜆 = µ = 1. Figure-4 provides an 

overview of the connection between the classical PID 

controller and the FOPID controller, highlighting the 
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influence of the 𝜆 and µ parameters. In simpler terms, 

the PID and OPID controllers fall under the category of 

FOPID controllers, and their relationship is illustrated 

in Figure-4 based on the values assigned to 𝜆 and µ. It 

is important to highlight that the FOPID controller 

enhances the performance and robustness of the 

controlled system through the parameters 𝜆 and µ. 

However, tuning the parameters of this controller can 

be challenging due to the complex behavior exhibited 

by many robotic systems, including the robot under 

consideration. To effectively tackle this problem, we 

propose the utilization of a Particle Swarm 

Optimization (PSO) algorithm [33]. This algorithm not 

only tunes the parameters of the FOPID controller but 

also optimizes the parameters of the OPID controller. 

The parameters of the classical PID controller, on the 

other hand, are determined through a trial-and-error  

method. 

 

 
 

Figure-4. Relationships among integral and  

fractional PID variants. 

 

Since the robot under consideration has 2-DoF, 

specifically two generalized coordinates 𝜃1 and 𝜃2, it is 

necessary to implement two discrete controllers. 

These controllers can be PID, OPID, or FOPID 

controllers. One controller is used to regulate the 

bending angle 𝜃1 of the first module, while the other 

controller controls the bending angle 𝜃2 of the second 

module. However, because the two modules of the 

robot possess identical geometrical and inertial 

characteristics and properties, it is preferable to 

choose similar parameters for both controllers. 

Consequently, the control law u𝑘(𝑡), with 𝑘 = 1,2, is 

defined as in Eq. (17): 

 u𝑘(𝑡) = 𝐾𝑃𝑒𝜃𝑘(𝑡) + 𝐾𝐼𝐷−𝜆𝑒𝜃𝑘(𝑡) + 𝐾𝐷𝐷𝜇𝑒𝜃𝑘(𝑡)       (17) 

 

where 𝐾𝑃, 𝐾𝐼, and 𝐾𝐷 represent the proportional, 

integral, and derivative coefficients in the given 

context. 𝜆 and 𝜇 represent the integral and derivative 

orders respectively. 𝐷(. ) denotes the generalized 

integration and differentiation operator, which is a 

frequently used operation in fractional calculus. 

When both 𝜆 and µ are equal to 1, the controller 

becomes a PID controller. The objective of all 

controllers is to minimize the tracking error 𝑒𝜃𝑘(𝑡), 
which is defined as the difference between the desired 

position of the DCM-CDCR’s end-tip, denoted by 𝜃𝑘,d(𝑡), and the generated position, denoted by 𝜃𝑘,g. 

 

5. NUMERICAL SIMULATION AND 

EXPERIMENTAL VALIDATION 

To confirm the validity of the dynamic model 

developed, a numerical simulation was conducted using 

MATLAB software. The simulation utilized the Runge-

Kutta method as a numerical solution to assess the 

dynamic behavior of the Dual-Cross-Module Cable-

Driven continuum Robot (DCM-CDCR). The 

parameters for the simulated robot are provided in 

Table-1. Two different cases were analyzed: static 

response and dynamic response. Furthermore, a static 

modal experiment was conducted to validate the 

proposed dynamic model’s efficiency in terms of 

accuracy. Additionally, a simulation example was 

carried out to evaluate the effectiveness and control 

performance of the proposed controllers, namely: PID 

controller, OPID controller, and FOPID controller, in 

set-point tracking tasks. The optimal parameters for the 

three controllers have been included in Table-2. 

 

Table-1. Parameters for the simulated robot. 
 

Para. Designation Value 𝑑 
Distance between the 

driving cables 
46 mm 𝐸 Elasticity modulus 2 ∙ 1011 N/m2 g Gravity constant 9.81 N/s2 𝐼𝑏 

Inertia moment of the 

backbone 

817.97 ∙ 10−3 Kg/mm2 𝐼𝑥 

Local inertia moment 

along 𝑥 −axis of the 

cross-shaped sheet 

175.70 ∙ 10−3 Kg/mm2 

𝐼𝑦 
Local inertia moment 

along 𝑦 −axis of the 

cross-shaped sheet 

173.13 ∙ 10−3 Kg/mm2 ℓ Module length 90 mm m Backbone mass 26.21 ∙ 10−3Kg 

 

Table-2. Optimal parameters of controllers. 
 

Parameters PID OPID FOPID 𝐾𝑃 6.186 1.0964 2.1635 𝐾𝐷 1.175 5.7056 5.2320 𝐾𝐼 3.725 0.7885 11.2252 𝜆 1 1 0.778 𝜇 1 1 0.712 
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5.1 Static Response 

The robot’s static response involves 

analyzing the dynamic behavior of the robot in a 

state when the input tensions of the driving cables are 

all zero. This analysis is based on assumed initial 

bending angle conditions. Two cases are considered, 

one with initial angles set as 𝜃1 =  𝜋/4 and 𝜃2 =  0, 

and the other with angles set as 𝜃1 =  0 and 𝜃2 = 𝜋/4. It should be noted that when the bending angles 

reach zero, certain expressions in the dynamic model 

become indeterminate. To address this issue, we 

substitute asymptotic values close to zero for these 

singularities. 

The first oscillations of the DCM-CDCR after 

release for both cases are shown in Figures 5 and 6, 

respectively. From the analysis of these Figures, 

although the transverse arrangement of the backbones’ 
modules, the module initialized with a value of the 

bending angle experiences also minor oscillations. 

These oscillations occur due to assigning a small value (𝜃1 = 𝜃2 =  0.002 rad) to avoid numerical 

singularities, as estimated during this study. 

 

 
 

Figure-5. Static responses of the robot dynamic model with zero actuation under initial 

conditions 𝜃1 =  𝜋/4 and  𝜃2 =  0: (a) response of the bending angles, (b) end-tip  

displacements of each module of the DCM-CDCR. 

 

 
 

Figure-6. Static responses of the robot dynamic model with zero actuation under initial 

conditions 𝜃1 = 0and 𝜃2 = 𝜋/4: (a) response of the bending angles, (b) end-tip  

displacements of each module of the DCM-CDCR. 

 

5.2 Dynamic Response 

This subsection explores two simulation 

examples to illustrate the dynamic responses of the 

DCM-CDCR under consideration. The first example 

emphasizes target tracking, while the second addresses 

trajectory tracking using a point-to-point approach. 

For the first example, three scenarios are 

investigated: applying a step input of 2 N as tension in 

cables (1,1), (2,1), and both cables (1,1) and (2,1) 

simultaneously (refer to Figure-2). These simulations 

initiate from the vertical initial posture of the robot’s 

equilibrium. Figure-7 illustrates the dynamic responses 

of the bending angles for the three analyzed cases. 
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Figure-7. Dynamic responses of the DCM-CDCR for a step input of 2 N: (a) actuation of the 

first robot's module, (b) actuation of the second robot's module, and (c) actuation of 

both robots' modules simultaneously. 

 

In the second example, the dynamic model 

takes the spatial trajectory depicted in Figure-8 as input. 

The dynamic responses, including the bending angles 

and required tension forces in cables, are presented in 

Figures 9 and 10, respectively. Additionally, utilizing 

the kinematic models, Figure-11 showcases the temporal 

evolution of the cable lengths of the DCM-CDCR as it 

tracks the desired spatial trajectory. 

 

 
 

Figure-8. Visualization of the complex trajectory to be 

tracked within the DCM-CDCR workspace. 

 

 
 

Figure-9. Temporal evaluation of tension forces required 

to track the desired complex trajectory. 

 

 
 

Figure-10. Temporal evaluation of bending angles 

required to track the desired complex trajectory. 
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Figure-11. Temporal evaluation of cable lengths required 

to track the desired complex trajectory. 

 

5.3 Static Model Validation 

To assess the accuracy and efficiency of the static 

model, this subsection compares its results, obtained from 

the dynamic model of the DCM-CDCR, with real 

measurements. To accomplish this, two scenarios are 

examined: the first scenario involves activating only the 

first module of the DCM-CDCR, while the second 

scenario involves activating only the second module.  

Figure-12 illustrates the experimental setup used 

to determine the Cartesian position of the DCM-CDCR’s 

end-tip in response to the tension force applied to a cable. 

The setup comprises: (i) a physical prototype, (ii) a 

portable 3D measuring arm (Romer Absolute Arm, Model 

RA-7312) serving as an external Cartesian position sensor 

to monitor the DCM-CDCR end-tip relative to its 

reference frame, and (iii) a manual cable actuation device 

for maneuvering the DCM-CDCR.  

The comparison results for the two scenarios are 

depicted in Figures 13 and 14, respectively. Analysis of 

these Figures reveals a significant alignment between the 

simulation and measurement outcomes. Nevertheless, 

minor discrepancies are evident, possibly stemming from 

various factors, including the influence of gravity on the 

DCM-CDCR components, which were overlooked in the 

simulation, potential inaccuracies in the measurements, as 

well as the modeling assumptions and approximations 

mentioned earlier. 

 

 
 

Figure-12. Test bench overview. 

 

 
 

Figure-13. Comparative analysis of measured and 

calculated Cartesian positions of DCM-CDCR end-tip for 

the first scenario, with only the first module of DCM-

CDCR operational. 

 

 
 

Figure-14. Comparative analysis of measured and 

calculated Cartesian positions of DCM-CDCR end-tip for 

the second scenario, with only the second module of 

DCM-CDCR operational. 

 

5.4 Implementation of PID Controllers 

To mitigate oscillations around the newly 

established stable value of the bending angles, as depicted 

in Figure-7, and to efficiently control the robot, three 

variants of PID controllers-PID, OPID, and FOPID-are 

employed. These controllers are evaluated based on their 

performance in set-point tracking tasks. Figure-15 presents 

a comparative analysis of tracking performance among the 

three controllers across the scenarios outlined in 

Subsection 5.2. It is evident from Figure-15 that the 

FOPID controller, followed by the OPID, offers better 

control performance compared to the classical PID 

controller. This difference can be attributed to the 

influence of the two additional parameters of the FOPID 

Controller, the fractional integral order 𝜆, and the 

derivative 𝜇.  
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Figure-14. Comparative analysis of dynamic responses of the DCM-CDCR to a 2 N step input with 

three PID controllers and their corresponding tension forces:(a) activation of the first robot module,  

(b) activation of the second robot module, and (c) simultaneous activation of 

both robot modules. 

 

6. CONCLUSIONS 

In this paper, a simplified nonlinear dynamic 

model is presented for a category of continuum robots 

known as Dual-Cross-Module Cable-Driven Continuum 

Robots (DCM-CDCR). Initially, the forward kinematic 

model is formulated using the Constant Curvature 

Kinematic Approach (CCKA) due to its simplification in 

modeling. Subsequently, the dynamic model is developed 

using the Euler-Lagrange formalism, taking into account 

factors such as gravity, elasticity, and internal moments. 

The validity of the modeling approach is confirmed 

through various simulation examples covering static, in-

plane actuation, out-of-plane actuation, and dynamic 

scenarios. 

Additionally, real measurements are conducted to 

verify the accuracy of the static model. Finally, to address 

oscillations in the dynamic responses, three PID control 

variants are implemented and assessed based on their 

performance in set-point tracking tasks.  

Looking ahead, building upon the foundation of 

the 2-DoF module, we aim to expand the developed 

dynamic model to accommodate multiple-DoF continuum 

robots. Additionally, we plan to incorporate factors such 

as torsion, friction, and all gravitational effects to better 

approximate the real behavior of the robot. 

 

Appendix A: Derived differential kinematic models 

 

𝐫̇1,G = {  
  −ℓ𝜃̇1(𝜃1 − 2s𝜃1 + 𝜃1c𝜃1)𝜃13 ,0,                                               ℓ𝜃̇1 (s𝜃1𝜃12 + 2(c𝜃1 − 1)𝜃13 ),    

 

𝐫̇2,G =
{  
   
 ℓ𝜃̇1 (s𝜃1𝜃1 + 2(c𝜃1 − 1)𝜃12 − c𝜃1(c𝜃2 − 1)𝜃22 ) + ℓ𝜃̇2 (+2s𝜃1(c𝜃2 − 1)𝜃23 + s𝜃1s𝜃2𝜃22 ) ,
ℓ𝜃̇2 (+−2(θ2 − sθ2)θ23 − (cθ2 − 1)θ22 ),                                                                             
ℓ𝜃̇1 (c𝜃1𝜃1 − s𝜃1𝜃12 + s𝜃1(c𝜃2 − 1)𝜃22 ) + ℓ𝜃̇2 (+2c𝜃1(c𝜃2 − 1)𝜃23 + c𝜃1s𝜃2𝜃22 ),             
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Appendix B: Components of matrices utilized in Eq. (14) 

 

{  
   
  
   
   
 𝑀11 = 𝐼𝑦4 + 14 (c𝜃22 + 12) (𝐼𝑥8 + 9𝐼𝑦4 − 𝐼𝑥c2(2𝜃1)8 + 𝐼𝑦c2(2𝜃1)4 − 𝐼𝑥c𝜃28 + 3𝐼𝑦c(2𝜃1)2 + 𝐼𝑥c2(2𝜃1)c𝜃28 )                  

+ℓ2m((c𝜃1𝜃1 − s𝜃1𝜃12 + s𝜃1(c𝜃2 − 1)𝜃22 )2 + ((2c𝜃1 + 𝜃1s𝜃1 − 2)2 + (𝜃1 − 2s𝜃1 + 𝜃1c𝜃1)2𝜃12 ))
+ℓ2m(c𝜃1 − 1𝜃12 + s𝜃1𝜃1 − c𝜃1(c𝜃2 − 1)𝜃22 )2,                                                                                                   

𝑀12 = 𝐼𝑥s(2𝜃1)s𝜃216 + ℓ2m(𝜃1 − s𝜃1)(2c𝜃2 + 𝜃2s𝜃2 − 2)𝜃12𝜃23  ,                                                                                              
𝑀21 = ℓ2m(𝜃1 − s𝜃1)(2c𝜃2 + 𝜃2s𝜃2 − 2)𝜃12𝜃23 − 𝐼𝑥s(2𝜃1)s𝜃216  ,                                                                                               
𝑀22 = 𝐼𝑥8 + ℓ2m(2𝜃22 − 8𝜃2s𝜃2 − 8c𝜃2 + 2𝜃22c𝜃2 + 8)𝜃26   ,                                                                                                  

 

{  
   
   
   
  
   
   
   
  𝐶11 = −c𝜃1s𝜃1 (c𝜃22 + 12) (6𝐼𝑦 − 𝐼𝑥(2c2𝜃1 − 1) + 2𝐼𝑦(2c2𝜃1 − 1) + 𝐼𝑥c𝜃2(2c2𝜃1 − 1))8                                                  − ℓ2m(48𝜃22 + 4𝜃14 + 16𝜃12𝜃22 + 2𝜃14𝜃22 − 48𝜃22c𝜃1 − 4𝜃14c𝜃1 − 4𝜃14c𝜃2 − 2𝜃15s𝜃1 − 48𝜃1𝜃22s𝜃1)7𝜃17𝜃22−ℓ2m(8𝜃12𝜃22c𝜃1 + 2𝜃14𝜃22c𝜃1 + 4𝜃14c𝜃1c𝜃2 − 6𝜃13𝜃22s𝜃1 + 2𝜃15c𝜃2s𝜃1)2𝜃17𝜃22  ,                                        
𝐶12 = s𝜃2(9𝐼𝑦 − 𝐼𝑥c𝜃2 + 6𝐼𝑦(2c2𝜃1 − 1) + 𝐼𝑦(2c2𝜃1 − 1)2 + 𝐼𝑥c𝜃2(2c2𝜃1 − 1)2)32                                                     + ℓ2m(4c𝜃2 + 2𝜃2s𝜃2 − 4)(𝜃12+𝜃22 − 𝜃12c𝜃2 − 𝜃22c𝜃1)𝜃12𝜃25  ,                                                                        
𝐶13 = 𝐼𝑥s(2𝜃1)c𝜃216 − ℓ2m(𝜃1 − s𝜃1)(6c𝜃2 + 4𝜃2s𝜃2 − 𝜃22c𝜃2 − 6)𝜃12𝜃24  ,                                                                              
𝐶21 = s𝜃2(9𝐼𝑦 + 𝐼𝑦c2(2𝜃1) − 𝐼𝑥c𝜃2 + 6𝐼𝑦c(2𝜃1) + 𝐼𝑥c2(2𝜃1)c𝜃2)64 + 𝐼𝑥c(2𝜃1)s𝜃28                                                                  − ℓ2m(4c𝜃2 + 2𝜃2s𝜃2 − 4)(𝜃12 + 𝜃22 − 𝜃12c𝜃2 − 𝜃22c𝜃1)2𝜃12𝜃25 − ℓ2m(𝜃1 − 2s𝜃1 + 𝜃1c𝜃1)(2c𝜃2 + 𝜃2s𝜃2 − 2)𝜃13𝜃23 ,𝐶22 = 0,                                                                                                                                                                                            
𝐶23 = 𝐼𝑥s(2𝜃1)c𝜃216 − ℓ2m(𝜃1 − s𝜃1)(6c𝜃2 + 4𝜃2s𝜃2 − 𝜃22c𝜃2 − 6)𝜃12𝜃24 ,                                                                              

 

{  
  𝐾1 = 𝐸𝐼𝑏𝜃1ℓ + ℓgm(c𝜃1𝜃1 + 2(c𝜃1 − 1)𝜃13 + s𝜃1(c𝜃2 − 1)𝜃22 ) ,
𝐾2 = 𝐸𝐼𝑏𝜃2ℓ − ℓgmc𝜃1(2c𝜃2 + 𝜃2s𝜃2 − 2)𝜃23 ,                        
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