VOL. 21, NO. 6, MARCH 2026

ISSN 1819-6608

©2006-2026 Asian Research Publishing Network (ARPN). All rights reserved.

ARPN Journal of Engineering and Applied Sciences i ;,\E.

www.arpnjournals.com

ADVANCED MODELING OF FLEXIBLE MECHANISMS VIA VIRTUAL
KINEMATIC CHAINS AND DAVIES METHOD

Gonzalo Moreno, James R. Vera Rozo and Juan Carlos Serrano
Department of Mechanical Engineering, University of Pamplona. Pamplona, Colombia
E-Mail: gmoren@hotmail.com

ABSTRACT

All mechanical systems are subjected to forces that generate stresses and deformations in their components. These
effects are critical for structural design, material selection, and motion prediction. Flexible components are particularly
challenging to analyze due to geometric changes under loading conditions. This paper presents a methodology for
modeling flexible mechanisms using a virtual kinematic chain combined with the Davies method for static analysis. The
proposed approach allows the determination of stresses, deformations, and motion characteristics in a unified framework.
A case study is presented to validate the model, showing strong agreement with classical methods while providing

enhanced insight into deformation effects.
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1. INTRODUCTION

Stiffness and deformation analysis are key
indicators in the performance evaluation of mechanical
systems. These parameters are essential for the design of
mechanical components and control systems, particularly
when system performance at specific positions is critical.

Traditional rigid-body models are often
insufficient when flexible components are involved. To
address this limitation, the Virtual Joint Method (VIM)
introduces localized compliance by incorporating passive
joints into rigid-body models [1].

However, some mechanical components exhibit
not only axial deformation but also shear deformation.
Although shear deformation is generally small, it can
significantly affect the behavior of systems such as
suspensions, tires, and hydraulic or pneumatic systems.

Based on the theory of buckling of columns
presented by Popov [2], flexible components can be
modeled by combining axial and shear deformation. Axial
deformation is represented by a helical spring, while shear
deformation is modeled using a revolute joint with a
torsional spring.

In this work, these concepts are integrated into a
virtual kinematic chain and analyzed using the Davies
method [3], which provides a systematic framework for
static analysis based on graph theory and screw theory [3-
71.

The main objective of this work is to develop a
flexible mechanism model using a virtual kinematic chain
and to analyze it through the Davies method, providing an
accurate and systematic approach for static analysis.

The remainder of this paper is organized as
follows: Section 2 presents the proposed methodology,
including deformation modeling and static analysis.
Section 3 presents the case study and results. Finally,
conclusions are given in Section 4.

2. METHODOLOGY

This section describes the modeling approach
used to represent flexible mechanical components and the
procedure followed to perform the static analysis using the
Davies method.

2.1 Deformation Modeling

Elastic and plastic deformation of mechanical
components can be caused by internal or external forces,
as well as temperature variations.

Considering these aspects and based on the
buckling theory of columns [2], a deformation model is
proposed. In conventional modeling approaches, elastic
deformation is typically represented using prismatic joints;
however, this simplification neglects shear deformation,
which can be significant in certain applications.

To overcome this limitation, this work adopts an
approach based on column buckling theory [2]. Under an
applied force, a structural element experiences:

=  Axial deformation
= Shear deformation

These deformations introduce two degrees of
freedom: translational displacement and rotational
deformation (Figure-1).

The proposed model represents (Figure-2):

=  Axial deformation using a helical spring
= Shear deformation using a revolute joint with a

torsional spring

This combination enables a more accurate
representation of flexible components.
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Figure-1. Deformation model of mechanical components.

Where k; and k, are the stiffness of the
compression spring and the torsional spring, respectively
(k, > kq)[2], and 0 is the rotation angle of the bar.

2.2 Virtual Kinematic Chain Representation

Using mechanism theory, helical springs are
represented by prismatic joints in mechanism analysis [5]
[8]. Figure-2(a) shows the proposed mechanism of the bar,
which is composed of three links (n = 3) identified by the
letters A (the base) and B-C (helical spring), and the two
joints (j = 2) identified by numbers as follows: a revolute
joint “R” (1) and a prismatic joint “P” (2).
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Figure-2. Proposed deformation model.

From the general equations of mobility (Egs. 1
and 2) [9] [10] [11], in a planar space (A = 3), the
proposed mechanism has two degrees of freedom (2 DoF),
and it makes the same movements (or behavior) as a
buckling bar.

M=Axn—j—1)+j (D
v=j—-n+1 2)

Where M is the number of degrees of freedom
(DoF) or mobility of the mechanism, A is the number of
degrees of freedom of the space in which the mechanism
is intended to function, n is the number of mechanism
links, including the fixed link, j is the number of
mechanism joints, and v is the number of independent
loops in the mechanism.

The mechanism of the Figure-2(a) has two
passive actuators that control the following movements of
the bar: the first actuator is a prismatic joint, which
controls the axial deformation of the bar, and the second
actuator is a revolute joint, which controls the shear
deformation, as shown in Figure-2(b).

Figure-2(c) shows the forces that act on the joints
of the mechanism: F, and F, are the normal and
perpendicular loads in the passive prismatic joint,
respectively; M is the moment that acts on the prismatic
joint, T is the torque that acts on the revolute joint, and 6
is the rotation angle of the bar.

2.3 Deformation Due to Force and Temperature

In a continuous body, deformation results from
displacement fields induced by forces or temperature
changes.

The total deformation is expressed as:

Orotat = O + Or 3)

Where the deformation (874¢4;) is influenced by
the deformation due to forces (6r) and the deformation
due to temperature changes (&), as shown in Eq. (3).

Table-1 summarizes different deformation
models reported in the literature, where all notations are
adapted to those used in this paper:

Table-1. Summary of the related works and expressions for the deformation
of mechanical components.

Publications Element Deformation by Model
—E,L
Hibbeler [12] Links Force 5= AZ’
AF FStaTt —F
Hibbeler [12] Spring Force fg=—=——"
ks ks
Dhoshi et al. [13] Leaf Spri F 3AFL, _AF
i . af Sprin T =—=—
oshi et a eaf Spring orce 1S = BENBTZ ~ ko
Tayl L[4 Rubber - T F 1) SAF _AF
tal. - = =—
aylor et al. [14] ubber - Tyres orce = ta ko
Hibbeler [12] Links Temperature Sr=a.AT.L
T
Popov [2] Torsional spring Torque 0= T
ts
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where § is the elastic deformation, &g is the spring
deformation, &, is the leaf spring deformation, §; is the
rubber axial deformation, &7 is the thermal deformation, L
is the original length of the bar, A is the cross-sectional
area of the bar, E is the modulus of elasticity of the
material, AF is the algebraic change in the initial load,
Fstart is the initial load, k; is the equivalent spring
stiffness, L; is the length of the leaf spring, N is the
number of the leaves, B is the width of the leaf, T is the
thickness of the leaf, E is the modulus of elasticity for a
multiple leaf, k;; is the equivalent stiffness of the
suspension, k, is the rubber stiffness, a is the regression
coefficient, ky is the equivalent rubber stiffness, AT is the
algebraic change in the temperature, a is the linear
coefficient of thermal expansion, 7 is the torque, and k;, is
the spring torsional coefficient.

2.4 Static Analysis Using the Davies Method

Several methodologies allow us to obtain a
complete static analysis of the mechanism. In this
research, the formalism presented by [3] was used as the
primary mathematical tool to analyze the mechanisms
statically. The Davies method appears in many
publications in the literature, and further details regarding
its use can be found in [3-7]. The Davies method was
selected because it offers a straightforward approach to
obtaining a static model of the mechanism, which can be
readily applied in different mechanical systems.

The Davies method provides a systematic way to
relate the joint forces and moments in closed kinematic
chains [15]. This method is based on graph theory, screw
theory, and the Kirchhoff cut-set law, and it can be used to
express the static equilibrium of a mechanism in matrix
form [15].

3. RESULTS AND DISCUSSIONS

3.1 Case Study

To wvalidate the methodology, a mechanism
consisting of a rigid bar supported by two springs is
analyzed.

The rigid bar (AB) of the Figure-3(a) is supported
by two springs at its ends A and B. If the bar is loaded with
the forces P, and P, at point C, determine the loads and
the deformations of the springs.

P
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< e v=1
T 7777777777777 77 P’y v Frrrrrrs

(a) (b)

Figure-3. (a) Mechanism example 1. (b) Movement of
the mechanism.

The mechanism allows three motions under the
action of forces, displacement in the x- and y-direction,
and a rotation about the z-axis, as shown in Figure-3(b).
To model the mechanism, the following considerations
were taken into account:

= the mechanism of the Figure-3(a) has 3-DoF, the
work space is planar (1 = 2), and the number of
independent loops is one (v = 1); from the general
equations of mobility (Egs. 1 and 2), the kinematic
chain of the mechanism is composed of six links (n =
6) and six joints (j = 6),

= applying the proposed methodology, the springs are
modeled as flexible mechanical components, with
axial deformation and a small shear deformation, and

= to allow the rotation of the bar AB in the z-axis, the
link between the bar and the springs is made with
revolute joints.

3.2 Model Development

Applying these considerations, the kinematic
chain of the mechanism shows in Figure-4(a) is
developed; the chain is composed of six links identified by
letters A (the base), B and C (spring 1), D and E (spring 2),
and F (rigid bar), and the six joints are identified by
numbers as follow: four revolute joints “R” (1, 3, 4 and
6), and two prismatic joints “P” (2 and 5).

77 7777777777777

(a) ks (b)

Figure-4. (a) Kinematic chain of the mechanism. (b)
System including actuators.

The developed mechanism has 3-DoF, and it

requires three passive actuators to control its movement.
The mechanism has one passive actuator in each prismatic
joint (axial deformation), and one passive actuator in joint
1 (torsion spring - shear deformation), which controls the
movement of the mechanism, as shown in Figure-4(b).
As it has been mentioned above, the static analysis of the
mechanism can be carried out with the use of the Davies
method, which uses screw theory and graph theory
together with Kirchhoff's laws to build and solve the static
and kinematic analysis of any mechanism.

The mechanism of the Figure-4(a) can be
represented by the graph shown in the Figure-5(a), where
the vertices correspond to the links and the edges
correspond to the constraints of each joint and the external
forces. Figure-5(b) presents the cut-set action graph, and
Eq. (5) represents the expanded cut-set matrix [Q], where
each line represents a cut of the graph, and the columns
represent the constraints of the joints as well as the
external forces present in the mechanism.
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Figure-5. (a) Direct coupling graph. (b) Cut-set graph.

Fix Fly M1, FZp Fon Mo, F3x F3y Fax F4y FSp FSn MSZ Féx Féy Py P
Cutijg2 1.1 0 0 0 0 0 0 O O O O 1 1 11
Cut2/0 0 0 1. 1 1 0 0 0 0 0 0 0 1 1 11
[Qlsx;7=Cut3|/0 0 0 0 0 0 1 1 0 0 0 0 0 1 1 11 5)
Cut4j0 0 0 0 0 0001 100O0 -1 -1 00
Cut5t0 0 0 0 0 0 0 0 0 01 1 1 -1 -1 0 O

Considering a static analysis in two-dimensional
space, all the wrenches of the mechanism together
comprise the action matrix [A4,4] given by Eq. (6).

A A A A A A
[Ad]3><17 = [$F1x Fiy Miz Fey Py Pz](6)

The wrench can be represented by a normalized
wrench and its magnitude. Therefore, from Eq. (6), the
unit action matrix and the magnitude action vector are

obtained, as represented by Egs. (7) and (8).

[Ad]3x17 = [$£1x é1y 1‘3112 é6y g1 g2] (7)
[Plizxa = [Fxr Fyn My, Fey P1 P] (®)

Using the cut-set law [15], the algebraic sum of
the normalized wrenches, Egs. (7) and (8), which belong
to the same cut (Figure-5(b) and Eq. (5)), must be equal to
zero. Therefore, the statics of the mechanism can be
defined, as exemplified in Eq. (9):

[An]lsx”[t‘u]%xl = [0]15x1 9)

It is necessary to identify the set of primary variables [l}’p]
(known variables), among the variables of ¥, starting from
the system in Eq. (9). Once identified, the system is
divided into two sets, as shown in Eq. (10),
[Ans]lsxls[lps]zsxl + [Anp]lsxz [lyp]:x1 = [0]15><1 (10)
where [‘Pp] is the primary variable vector, [¥;] is the
secondary variable vector (unknown variables), [Anp] are
the columns corresponding to the primary variables, and
[/ins] are the columns corresponding to the secondary
variables.

In this case, the primary variables vector is:
[%],0 = [P Pl (11)
3.3 Results

Solving the system in Eq. (10) using the Gauss-
Jordan elimination method, all secondary variables of the
system being functions of the primary variables of the
mechanism (P; and P,), Table-2 shows the parameters
used for the example and the result obtained:
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Table-2. Parameters of Example 1.

Parameters Inputs Test 1 Test 2 Units
14 0.4 0.275 0.2747 m
1, 0.4 0.3584 0.3586 m
X4 0.3 m
X5 1.2 m
0, 0 0 ~0 degree
0, 0 0.46 0.47 degree
P 1000 1000 1000 N
P, 100 0 100 N
k, 6 kN.m"!
k, 6 kN.m"!
ks 12 kN.m'!

Fon -750 -775.3 N
Fsn -250 -224.7 N
011 -0.125 -0.1253 m
P -0.0416 -0.0414 m

It can be observed that the differences between
Test 1 and Test 2 are minimal, indicating numerical
consistency of the proposed formulation. Additionally, the
deformation values remain within expected physical
ranges, confirming the stability of the model under the
given loading conditions.

This example demonstrates the effectiveness of
the proposed methodology, and the obtained results show
strong agreement with those derived from classical static
analysis methods, confirming the validity and robustness
of the proposed modeling approach.

3.4 Discussion
The proposed methodology
advantages over traditional approaches:

offers several

= [t provides a more realistic representation of flexible
components

= [t incorporates shear deformation effects, which are
often neglected

= [t enables a unified treatment of rigid and flexible
systems

The results indicate that shear deformation
introduces measurable differences in displacement
values. These differences become significant in
systems requiring high precision.

Furthermore, the proposed approach enables
a more comprehensive understanding of load
distribution within flexible mechanisms. Unlike
traditional rigid-body approximations, this method
captures localized compliance effects, which are

essential for accurately predicting system response
under complex loading conditions. This becomes
particularly relevant in applications involving
precision engineering, vehicle dynamics, and robotic
systems.

4. CONCLUSIONS

This paper presented a methodology for modeling
flexible mechanisms using virtual kinematic chains
combined with the Davies method.

The main contributions include:
= A modeling approach that incorporates both axial and
shear deformation
= A systematic framework for static analysis

The methodology was validated through a
representative case study. The results demonstrate that the
proposed method provides accurate and consistent
predictions, improving upon classical approaches.

The proposed methodology represents a valuable
contribution to the field of mechanism analysis,
particularly in applications where flexibility effects cannot
be neglected. Its implementation can lead to more accurate
designs and improved performance prediction in
engineering systems.

Future work will focus on dynamic analysis and
experimental validation of the proposed methodology.
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