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ABSTRACT

In the higher-order Born approximation and within a symmetric coplanar geometry, we analytically calculate the
triple differential cross sections (TDCSs) for electron and positron impact ionization of atomic hydrogen with its
metastable 28 state, considering both low and high energy regimes. This is done for hydrogen atoms for incident electron
energies of 250 eV and 511002 eV. The final state wave function is described using multiple scattering theory. The results
reveal several intriguing characteristics. Relativistic and spin effects affect the triple differential cross sections. Due to the
absence of theoretical models and data from experiments on this process, we are currently unable to validate our model
against the findings. However, we believe that our work will provide a valuable foundation for future experimental and

theoretical research in this area.
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1. INTRODUCTION

The interaction between charged particles and
atoms is a fundamental problem in atomic and molecular
physics [1-3]. Electron and positron impact ionization
cross-sections are used in various research areas such as
fusion physics, plasma physics, and space physics by
various techniques, etc. [4-6]. lonization cross-sections
caused by electron and positron impact are also essential
in atmospheric physics, radiation technology, astrophysics,
etc. [7]. lonization of the hydrogenic atom by an electron
is a good representation of perturbation theory [8]. The
experiments provide a clear concept of the kinematics of
collisions by providing information regarding the path of
the scattered and ejected electrons. A multiple scattering
wave function with higher order and correlation effects
was developed for two electrons moving in a Coulomb
field. Hydrogen ionization by electron and positron
scattering presents an intriguing system for evaluating
theoretical methods due to its simplicity. Here, atomic
hydrogen is selected for the excited state 2s as the target to
focus on the collision process.

An atom can enter excited states by receiving
more energy (for example, by the absorption of a
sufficiently energetic photon) so that the electron can
move into an excited state. The theoretical [9-24] and
experimental [25-28] studies of electron and positron
impact ionization collisions on various cross-sections have
grown increasingly interesting for both ground state [8-14]
and metastable state [15-20]. Following Das and Seal’s [9]
and Das and Dhar’s wave function [28], many works have
been done earlier [11], [15], [16], [17], [18], [19], [20] for
non-relativistic as well as for relativistic atomic ionization.
From an experimental as well as a theoretical perspective,
the study of this process is significant and has applications
in many contemporary areas of interest.

To our knowledge, there have been no
experimental studies on the TDCS for ionization of
metastable hydrogen atoms in 2S states by relativistic
electrons and positrons with intermediate and high
energies. The TDCS of metastable 2S state hydrogen
atoms have not been theoretically estimated for relativistic
purposes. Therefore, experimental results for H(2S)
ionization will be valuable, and our findings will bring a
new dimension to this field of study, both theoretically and
experimentally. The current study significantly used the

Lewis integral [29] for analytical calculation. This integral
is frequently encountered in studies of atomic, molecular,
nuclear, and plasma physics. These integrals appear
naturally when two or more centers of force are present,
and relative coordinates of the interacting particles are
involved. The work explores the following issues to
highlight:

a) Derivation of the First Born (FB) Triple differential
cross section for ionization of a hydrogen atom by
electron impact under various kinematic conditions.

b) Derivation of the Triple differential cross section for
ionization of a hydrogen atom by electron and
positron impact under various kinematic conditions.

¢) The aim of conducting such a study is also to gather
precise information about the similarities or
dissimilarities between particle-matter and
antiparticle-matter interactions.

The current findings are compared with other
theoretical results [21]. The paper is organized as follows:
Section 2 presents the theory of the existing research
study. Section 3 concisely reviews the configurations of
the present TDCS results for the electron and positron
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impact ionization of H for the 2s state, and subsection 3.1,
ionization mechanism, discusses the origin of each
scattering amplitude from the transition matrix element,
while subsection 3.2 presents the proposed direction for
future research. Finally, in Section 4, we conclude by
providing a summary and outlining future goals.

2. MATERIALS AND METHODS

We employ Das and Dhar’s multiple scattering
model [28], which focuses on calculating the energy
spectrum of scattered electrons during K-shell ionization
of silver atoms. Their model integrates relativistic effects
in coplanar geometry and employs appropriate spinors for
the final state. This approach, rooted in multiple scattering
theory, offers a robust framework for studying atomic
ionization, providing detailed and flexible insights into
complex interactions. We derive the symmetric TDCSs for
a hydrogen atom impacted by an electron, focusing on
angular distributions. Additionally, we calculate TDCSs
for the same atom by a positron. Studying these cross-
sections helps us better understand how charged particles
ionize, providing insights into fundamental atomic
interactions. Figure 1 shows the layout of a coplanar (e,
2e) experiment, using clear symbols to help us understand
atomic collisions and the path of electrons. The
mathematical formulation is given below.

Let us begin by considering the single ionization
process of a hydrogen atom:

H+e - H" +2e, (1)

Where H represents a neutral hydrogen atom e is
an incoming (incident) electron. H+ represents a hydrogen

TF1:<W§—)[fae,fpe,csi’ o1 ) Vi (Tae-Tpe )@; ( Fae-Tpe-5; ¢ )D

Here, 7, and 7, represent the position vectors

of the atomic electron and the projectile electron.
(0,,0,) and (c',,0',) are the spin coordinates in the

initial and final states of the two electrons.
Where the perturbation potential V; (fae, fpe) is
given by

a onZ

. 0 0% eff 3

V(e ) - 20 SoZerr G)
Tab »

where zZ.¢ denotes the effective nuclear charge, «

represents the fine structure constant, 7, and 7, are the

distances of the two electrons from the nucleus and 7, is

the distance between them.

positive ion, and 2e- indicates the two outgoing electrons:
one is ejected, and another is a scattered electron.

Y

Figure-1. Diagrammatic representation of a coplanar
(e, 2e) experiment.

In an (e, 2e) reaction, when an incident electron
with momentum Ei and energy E; collides with the
target, it produces two electrons. These electrons have
energies. E. and E; with momenta El and Ez, and

they are emitted into the solid anglesdQe and dQs
centered around the directions (O¢,®.) and (0s,9s).

The component of the transition matrix for the
ionization of hydrogen atoms by electrons, as described by
Das and Seal [9], can be taken

2

The initial channel unperturbed wave function is
given in the following form
ik.fb
— — c _

~ 1 _ M 5
q)zs(rae) ZE(Z_V e)e ae %)

Here, A = 1 @,.(7,,) is the hydrogenic 2s-state wave
2

function and the final-state wave function

q{;f)(,ze,fpe,o-i',o-;) is given in
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Here A(El’Ez) is the normalization constant,

and u(k) represent Dirac free-particle spinors.

Where

pe “7ae 5 pe tlae - Ky —k
2 2 2
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By applying Egs. (3), (4) and (6) into Eq. (2), one
formulates the following equations:

Ty = (Tb + Ty + T —2pr)MiMf (3
where

S ik .73 L
Ty, =<(P(El)(rae)e 2 pe‘Vi‘d)i(rae,rpe,(ri,oif)>

©)
T, = <(P(k_2) (e S Vil (Fac- e )> 1
R Gl G e N D) (11)
oo = (R (e )

and M; = uf, (k,)ug, (0) (13)

M¢ = ul, (k)ug, (k;) (14)

The scattering amplitude may be represented in
the following way.

k). k) = Ay k)L for + fpp + fpg - 20, 1] (15)

Here,fer, for,fee, and fpws are the amplitudes
corresponding to the four terms of equation (6).
In this case of electron impact ionization, the

values of the parameters &, ¢¢,and ¢ are given below:

o, = aokzeff for q = K Ca, = %0 Zyr for q= k, and
1 2
a:-a‘f‘ﬂ' for g=k } (16)

For positron impact ionization,

_ ik, . _
. (plzz)(fpe)e 1rae +(pl£( )(f)e

PR ik, Ttk T _ _
kR _ o M1iae™iy pe:|u L& (1<2)/(2n)3 (6)
Gl Gf

o x,Z . for q=ki> = a0 Z, for g=k,
kl k2
and aofq,;,v forg=k } a7
The direct scattering amplitude gk, ,k,)is then

determined from
k). ky) = (22 Ty (18)

The multiple scattering model [28] used
calculations based on the Transition (T) matrix. However,
this study improves upon the approach by employing the
Scattering (S) matrix to accurately calculate several
differential cross-sections. The S-matrix is preferred
because it includes all possible final states and ensures that
the sum of probabilities of all possible outcomes equals 1.
On the other hand, the T-matrix only describes the
interaction part and may not fully capture the transition
amplitudes needed for accurate ionization cross-sections.
The direct scattering S-matrix component is given by the
relation [30]

S,, =1—24T,, (19)
Here, Sp; represents the scattering matrix, while
Tg; denotes the transition matrix.
The triple differential cross-sections for the direct
scattering matrix component are given by

& _r'kkEEE, 2 (20)
dQdQdE  k,(27)a,’ I"FI

where 19 is the electron’s radius. For computational work,
we used the MATLAB language for computer
programming.

3. RESULTS AND DISCUSSIONS

In the present investigation, various cross-
sections for ionization of the H atom by electron and
positron in the symmetric geometry have been reported.
The energy range is 250 eV<Eig 511002 eV. The
presented findings on TDCS by electron and positron
impact are compared with the existing theoretical
assumptions.

For various kinematic conditions, the ionization
of H(2s) states by relativistic electron and positron impact
is presented. The attained new results are compared with
the theoretical calculations of Jakha ef al. [21]. Figure-2
shows the difference between the S-matrix and T-matrix
for TDCS. In Figure-3, the slow electron scattering angle
0, 1s considered the horizontal axis, ranging from 30 to

60 degrees and 40 to 50 degrees, whereas TDCS is plotted
on the vertical axis. The obtained results correspond to
Figure-3(a), with incident energy (E;) of 250 eV and slow
electron energy (Ec) of 123.3 eV. For Figure-3(b), the
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incident energy is 3250 eV, and the slow electron energy
is 1623.3 eV. In addition, Figure-3(c) pertains to incident
energy of 4250 eV and a slow electron energy of 2123.3
eV. Similarly, the results obtained are related to Figure-
4(a), with an incident energy (E;) of 10000 eV and a slow
electron energy of 4998.3 eV. Figure-4(b) corresponds to
an incident energy of 15000 eV and slow electron energy
of 7498.3 eV. Moreover, Figure-4(c) is associated with
incident energy of 20000 eV and a slow electron energy of
9998.3 eV, while Figure-4(d) entails incident energy of
511002 eV and a slow electron energy of 255499.3 eV.

Present S-matrix Result
Present T-matrix Result

1010 L

TDCS(a.u)

10° |

40 42 46 48 50

2]
e

Figure-2. Cross sections of H(2s) scattering derived from
S-matrix and T-matrix at E= 4250eV, E. = 2123.3 eV.
Theory: Red and green solids represent the present

Ei=250 eV, Ec=123.3 eV

sssss Jhaka et al.
we=_ Present Direct
s Present FB
s Present Positron

electron calculations using the S-matrix and T matrix
respectively.

Figure-2 illustrates the comparison of the
TDCS curve between the S-matrix and T-matrix
derivations. The values of cross-section (TDCS) derived
from the S-matrix are accurate due to the inclusion of the
full scattering amplitude. It is notable that, in symmetric
geometry, the curves from the scattering S-matrix display
much lower TDCS values in comparison to those obtained
from the T-matrix. This points to the constructive impact
of the destructive interference effects captured by the S-
matrix. The S-Matrix curve shows small cross sections in
magnitude (about10¢ a.u.) due to the relationship between
the T-matrix and S-matrix, as given in equation (19).
Additionally, the inclusion of symmetry constraints and
final-state interactions effectively reduces the probability
of scattering events in symmetric geometries. The S-
matrix also actively enforces unitarily and provides a more
accurate treatment of exchange effects, resulting in smaller
cross-section values. Conversely, the T-matrix consistently
generates larger cross-sections in symmetric geometries
due to its limitations in capturing interference and
exchange effects.

E=3250 ¢V, E =1623.3 ¢V

sssws  Jakha et al. result
0.08 = Present Direct
s Present FB
Z 006 g S— Present Positron
oyl . .
7 .
= & m
= 0.04 :. ','
.
o: %
0.02 e s,
.. ‘..
0 "" .'n,

42 48 50

0.06

(b)
Ei=4250 eV, Et=2123.3 eV
sssee  Jakha et al.
= Present Direct
wwww Present FB

0.04

TDCS(a.u)

0.02

Present Positron |

42

(c)

48 50

Figure-3. TDCS for e+ H(2s) scattering at (a) Ei= 250eV, E. = 123.3eV (b) E; = 3250eV, E. = 1623.3¢V,
(c) E=4250eV, E. = 2123.3eV. Theory: (-), the present electron calculations; (-), the present
FBA result, (-) the present positron, blue short dash (---), Jakha et al. result [21].

Figure-3 (a) illustrates the triple differential
scattering cross-section variation for fixed incident and

ejected kinetic energy values, with E; = 250 eV and E. =
123.3 eV. The TDCS curve for electron scattering on the
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H atom aligns with the theoretical calculations of Jakha et
al. [21] since the metal studied is the same. Our curve
exhibits a peak at an ejected angle of around 45 degrees.
Current FB has a higher magnitude than the direct result
due to the consideration of the first term of the amplitude,
as well as the First Born approximation obeys with plane
wave, which gives a higher magnitude. On the other hand,
the present direct results deal with the Coulomb wave,
which gives small magnitudes.

The electron scattering TDCS curve, which is
shown in Figure-3(b), gives the same pattern in the whole
region except at 43° and 47% with the result of Jakha et al.
[21]. Due to the structure of the 2S wave function,
especially near the node, and spin polarization effects in
the relativistic treatment. In comparison, the peak of the
current positron and FB results display almost similar
patterns with different magnitudes. The present electron
configuration, as shown in Figure-3(c), demonstrates a
peak similar to the theoretical calculations of Jakha ef al.
[21], but shifted to the left. The shapes of the current FB
and positron curves exhibit almost identical patterns but
with differing magnitudes. The First Born (FB) and
positron impact ionization are similar because both
processes are governed by the same type of transition
matrix element. In each case, the transition amplitude
consists solely of the direct interaction term.

However, the difference in magnitudes reflects
larger physical differences. The relativistic positron model
used incorporates complete relativistic corrections,
including spin effects that are not fully present in the
simplified FB.

The relativistic symmetric triple differential cross
section (TDCS) for ionization of the hydrogen atom in the
2S state by an electron tends to be higher than that by a
positron due to the nature of the interactions between the
incident particle (electron or positron) and the hydrogen
atom. Several factors play a role within the relativistic
regime. At relativistic energies, the incident electron
moves at a very high velocity, and the repulsive Coulomb
interaction helps focus the energy transfer directly into
ionizing the 2S electron. This focused energy transfers and
increased interaction in the spatial regions with high
electron probability density lead to higher ionization
probabilities and, therefore, a higher triple differential
cross section (TDCS). On the other hand, Positrons
(positively charged) experience the opposite interaction
compared to electrons. Instead of being repelled by the
bound 2S electron, the positron is attracted to it. This
attractive force can result in the positron being pulled
toward regions of lower electron probability, such as the

radial node or closer to the nucleus, where the ionization
probability is lower. The positron might get trapped in
regions with less effective overlap with the electron’s
wave function, reducing the likelihood of direct ionization.
As a result, the positron’s interaction with the 2S electron
is less direct and less focused on regions where ionization
is most probable, leading to a lower TDCS than for
electrons.

Figure-4 (a) depicts the variation of the triple
differential scattering cross-section for a fixed incident
energy and ejected kinetic energy value, E; = 10000 eV, E.
= 4998.3 eV. Our TDCS curve for electron scattering on
the H atom aligns with the theoretical calculations of
Jakha et al. [21]. However, it is slightly shifted to the right
at an ejection angle of approximately 44.7° and to the left
at an ejection angle of around 45.5°. This shift is due to
relativistic wave functions and spin interactions, which
influence the phase structure of the matrix elements. The
current FB has a higher magnitude than the direct result
due to the consideration of the first term of the amplitude.

The present electron scattering TDCS curve
shown in Figure-4(b) overlaps in the recoil from 43° to 44°
with the result of Jakha et al. [21]. In comparison, the
present direct, FB, and positron results display a peak at an
ejected angle of around 45°, with the result of Jakha et al.
[21], but shifted left with a different magnitude.

Present direct, FB, and positron configurations
show a peak in Figure-4(c) similar to the theoretical
calculations of Jakha et al. [21] but with a flatter form.
This behavior is attributed, possibly due to using the same
atomic states across models, to different forms of the
transition matrix. The current electron scattering TDCS
curve, as depicted in Figure-4(d), has a shape that closely
resembles the findings of Jakha ef al. [21] across the entire
range. This close correspondence suggests consistency in
both the angular dependence and underlying collision
dynamics of the ionization process. Additionally, the
current direct, FB, and positron results all show a peak at
45 degrees, which is consistent with the findings of Jakha
et al. [21], although the magnitudes of the peaks differ.
While the angular positions of the peaks align, their
magnitudes vary, likely due to differences in the
interaction dynamics and the transition matrix elements
used in each model. At high energies, the positron's
trajectory is minimally impacted by nuclear repulsion,
enabling it to penetrate the electron cloud efficiently. This
leads to significantly enhanced energy transfer and
ionization, resulting in a definitively higher Triple
Differential Cross Section (TDCS) for positrons at high
energies.
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Figure-4. Same as Fig. 3, butat (a) Ei = 10000eV, E. = 4998.3¢V (b) E= 15000eV, E. = 7498.3¢V,
(¢) Ei = 20000eV, E, = 9998.3¢V and (d) E: = 511002eV, E, = 255499.3¢V.

3.1 Ionization Mechanism

Four different scattering amplitudes, which
correspond to distinct terms of the scattering state wave
function \Pj(,’)(F 7 ) from equation (15), are being

ae’’ pe

considered. In equation (15), for fpws, ‘I’({)(F 7 ) is

ae’ " pe

iky Ty tiky 7, .
et corresponding to the final two

feT 5

Born

given by e
For
first

particles represented by plane waves.

‘Pﬁ‘)(ﬁw,@e)z(pf(‘l)(;ze)e&”“which is  the
amplitude, corresponding to a plane wave for the
scattered electron and a Coulomb wave for the ejected
electron. The amplitude pr’\Il(f‘)(;ie’;@e):(pi?(fpe)eik!-fac

shares similarities with the first Born amplitude , with the
exception that the roles of the electron and projectile are

interchanged. For fpe, \P(f‘)(fae,;i’e)is given by (p%ﬂ(;)eiii,

This term represents the projectile-electron interaction
being accurately treated in the final channel, where the
center of mass moves as a plane wave. Please see Table-1
to understand the ionization mechanism of four scattering
amplitude.

The current form of the scattering amplitude is an
effective tool for understanding and predicting scattering
outcomes. To gain insight into the scattering mechanism,
we analyze the various components of the scattering
amplitude across the entire angular region, as outlined in

the table, for a specific case. We note that, fer (fB ), fre
are large compared to fpr and fpwp in magnitude. The

amplitude of the First Born amplitude fer is higher than
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that of the higher-order born approximations because it
represents the simplest and most probable scattering event,
just a single interaction between the projectile and the
target. Higher-order Born terms, which represent more
complex interactions involving multiple scattering. At

high energies, the First Born amplitude for tends to

dominate because the interaction time is short, and the
likelihood of multiple scattering is reduced. Due to its

thorough accounting of the projectile-electron interaction
in the final state, the amplitude of fp. is likewise bigger

than the fpr and fpws approximations. In this regime, the

FB and fp. can provide a relatively good approximation of
the scattering amplitude.

Table-1. Symmetric H(2S) result for E, =4250 eV Ee =21233 eV

0¢ frws

40 | 0.1000 E-10 -0.1000 E-10i 0.3910 E-09 | 0.2000 E-09i | 0.1380 E-08 | -0.4650 E-09i 0.6250 E-10
41 | 0.0000 E-07 -0.0000 E-07i 0.3260 E-09 | 0.1020 E-09i | 0.1567 E-08 | -0.1199 E-08i | -0.2287 E-09
42 | 0.0000 E-07 -0.0000 E-07i 0.3180 E-09 | 0.8900 E-10i | 0.7010 E-09 | -0.6670 E-09i | -0.2364 E-09
43 | 0.0000 E-07 -0.0000 E-07i 0.3360 E-09 | 0.1170 E-09i | 0.1200 E-10 | 0.2820 E-09i -0.6150 E-10
44 | -0.2700 E-08 | -0.2500 E-09i 0.4590 E-09 | 0.3050 E-09i | 0.6000 E-10 | 0.3268 E-08i -0.1823 E-09
45 | 0.1353 E-07 -0.2299 E-07i 0.1823 E-08 | 0.2399 E-08i | 0.4280 E-09 | 0.3813 E-08i -0.7843 E-09
46 | 0.3000 E-10 -0.3000 E-10i 0.4480 E-09 | 0.2890 E-09i | 0.1161 E-08 | 0.2000 E-101 -0.1850 E-10
47 | 0.0000 E-07 -0.0000 E-07i 0.3350 E-09 | 0.1150 E-09i | 0.1640 E-08 | -0.9720 E-09i | -0.1754 E-09
48 | 0.0000 E-07 -0.0000 E-07i 0.3180 E-09 | 0.8800 E-10i | 0.9940 E-09 | -0.1021 E-08i | -0.2690 E-09
49 | 0.0000 E-07 -0.0000 E-07i 0.3270 E-09 | 0.1030 E-09i | 0.1230 E-09 | 0.1030 E-09i -0.1035 E-09
50 | -0.1100 E-09 0.9000 E-10i 0.3960 E-11 | 0.2090 E-10i | -0.3000 E-11 | 0.6690 E-09i 0.2220 E-10

3.2 Proposed Future Research Directions

The TDCS of metastable 28S state hydrogen atoms
have not been theoretically assessed for relativistic
purposes. As a result, experimental data on the ionization
of H (2S) will be valuable. Our findings will contribute a
new dimension to this field of study, both from a
theoretical and experimental perspective. Further research
on total, single, and double differential cross sections
using the same wave function across different atoms by
electrons and positrons, for both non-relativistic and
relativistic atomic ionization, would be valuable. Future
experimental setups focusing on hydrogen targets prepared
in the 2S metastable state, potentially using atomic beam
methods or laser excitation, may offer a practical pathway
for direct comparison with theoretical predictions. Such
experimental validation would not only test the relativistic
formalism but also enhance our understanding of
fundamental projectile-target interactions projectile-target
interactions.

4. CONCLUSIONS

In this work, the TDCS of atomic hydrogen
ionization by the relativistic electron effect have been
calculated for symmetric coplanar geometry. Furthermore,
the current calculation is in good accord with the ground-
state experimental measurement. The new theoretical
findings might significantly provide many interesting and
potential developments in this research field. A similar
qualitative trend with the ground state measurement is also

reflected in the present work. The current results cannot be
compared because there is no experimental data available
in the literature for the symmetric TDCS outcomes of the
hydrogenic metastable 2s-state ionization process. Current
theoretical calculation reveals additional imaginable
formations of the cross-section curves. More work on
total, single, and double differential cross sections
applying the same wave function in different atoms by
electrons and positrons for non-relativistic and relativistic
atomic ionization will be interesting.
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